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INVERSE OBSTACLE SCATTERING WITH CONDUCTIVE BOUNDARY 
CONDITION FOR A COATED DIELECTRIC CYLINDER 



AHMET ALTUNDAG 



Abstract. The inverse problem under consideration is to reconstruct the conductive function 
of a coated dielectric infinite cylinder from the far field pattern for scattering of a time-harmonic 
E-polarized electromagnetic plane wave. We propose an inverse algorithm that extends the 
approach suggested by Akduman and Kress [1] for an impedance cylinder embedded in an ho- 
mogeneous background medium, ft is based on a system of nonlinear boundary integral equation 
associated with a single-layer potential approach to solve the forward scattering problem. We 
present the mathematical foundations of the method and exhibit its feasibility by numerical 
examples. 



1. Introduction 

The problem is to determine the conductive function defined on the coated boundary from 
scattering of time-harmonic E-polarized electromagnetic plane waves. In the current paper we deal 
with dielectric scattcrcrs covered by a thin boundary layer described by a conductive boundary 
condition and confine ourselves to the case of infinitely long cylinders. 

Let the simply connected bounded domain D C H 2 with C 2 boundary dD represents the 
cross section of an infinitely long homogeneous dielectric cylinder having constant wave number kd 
with Im{kd}, He{fcd} > 0 embedded in a homogeneous background with positive wave number k 0 . 
Denote by v the outward unit normal vector to 3D. Then, given an incident plane wave u l = e lk ° x ' d 
with incident direction given by the unit vector d, the direct scattering problem for E-polarized 
electromagnetic waves by a coated dielectric is modeled by the following conductive boundary 
value problem for the Helmholtz equation: Find solutions u e H^ oc (JR 2 \ D) and v € H" 1 (D) to the 
Hclmholtz equations 

(1.1) Au + fc 2 u = 0 in R 2 \D, Av + k\v = 0 in D 

with the conductive boundary conditions 

,, „. du dv 

(1.2) u = v, tt- = 7^ Yvriv on oD 

av av 

for some complex valued function r\ <E C 1 (dD) with Re{rj} < 0 and the total field is given by 
u = u l + u s with the scattered wave u s fulfilling the Sommerfeld radiation condition 

(1.3) lim r 1 / 2 ( ^- - ik 0 u s ) = 0, r = \x\, 

r^oo \ Or J 

uniformly with respect to all directions. 

The latter is equivalent to an asymptotic behavior of the form 

(1.4) uS(2;) = ^K(r) +0 (r)}' N ^°°< 



Key words and phrases, inverse scattering; Helmholtz equation; transmission problem; singlclaycr approach; 
nonlinear integral equations. 
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ENVERSE OBSTACLE SCATTERING WITH CONDUCTIVE BOUNDARY CONDITION FOR A COATED DIELECTRIC CYLINDER 

uniformly in all directions, with the far field pattern defined on the unit circle S 1 in H 2 
(see[10]). In the above, u and v represent the electric field that is parallel to the cylinder axis, 

(1.1) corresponds to the time-harmonic Maxwell equations and the conductive boundary conditions 

(1.2) model the continuity of the tangential components of the electric and magnetic field across 
the interface dD with the term vqv modelling the boundary layer. 

The inverse obstacle problem we are interested in is, given the conductive layer and the far field 
pattern for one incident plane wave with incident direction d € S 1 to determine the conductive 
function r\. More generally, we also consider the reconstruction of ij from the far field patterns for a 
small finite number of incident plane waves with different incident directions. This inverse problem 
is nonlinear and ill-posed, since the solution of the scattering problem (1.1)— (1.3) is nonlinear with 
respect to the conductive function and since the mapping from the conductive function into the 
far field pattern is extremely smoothing. 

For a stable solution of the inverse problem we propose an algorithm that extends the approach 
suggested by Akduman and Kress [1] for the case of an infinitely long impedance cylinder with 
arbitrarily shaped cross section embedded in a homogeneous background. Representing the solution 
v and u s to the forward scattering problem in terms of single-layer potentials in D and in 1R 2 \ D 
with densities tfd and ipo, respectively, the conductive boundary condition (1.2) provides a system 
of two boundary integral equations on dD for the corresponding densities, that in the sequel we 
will denote as field equations. For the inverse problem, the required coincidence of the far field of 
the single-layer potential representing u s and the given far field Uqo provides a further equation 
that we denote as data equation. The system of the field and data equations can be viewed as 
three equations for three unknowns, i.e., the two densities and the conductive function 77. They 
are linear with respect to the densities and nonlinear with respect to the conductive function. 

To some extend, the inverse problem consists in solving a certain Cauchy problem, i.e., extending 
a solution to the Hclmholtz equation from knowing their Cauchy data on some boundary curve. 
With this respect we also mention the related work of Ben Hassen, Ivanyshyn and Sini [6] , Cakoni 
and Colton [7], Cakoni, Colton and Monk [8], Eckel and Kress [11], Fang and Zeng [12], Ivanyshyn 
and Kress [14], Jakubik and Potthast [15]. For the simultaneous reconstruction of the shape and 
the impedance function in a homogeneous background we refer to Kress and Rundell [19], Liu, 
Nakamura and Sini[21], Nakamura and Sini [23], and Serranho [24]. 

The plan of the paper is as follows: In Section 2, as ingredient of our inverse algorithm we 
provide an existence proof for the solution of the forward scattering problem via a single-layer 
approach followed by a corresponding numerical solution method in Section 3. The details of the 
inverse algorithm are presented in Section 4 and in Section 5 we demonstrate the feasibility of the 
method by some numerical examples. 

2. The direct problem 

The forward scattering problem (1.1)— (1.3) has at most one solution (see Gerlach and Kress [13]). 
Existence can be proven via boundary integral equations by a combined single- and double-layer 
approach (see Gerlach and Kress [13]). 

Here, as one of the ingredients of our inverse algorithm, we follow [4] and suggest a single-layer 
approach. For this we denote by 

^k{x,y):=^H^\k\x-y\), x^y, 

the fundamental solution to the the Helmholtz equation with wave number k in 1R 2 in terms of 
the Hankel function of order zero and of the first kind. Adopting the notation of [10], in a 
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Sobolev space setting, for k — kd and k — fco, we introduce the single-layer potential operators 
by 

(2.5) (S k <p)(x) := 2 / $ k (x,y)<p(y)ds{y), x e dD, 

JdD 

and the normal derivative operators 

K' k : H-V 2 (dD) -> H-V 2 (dD) 

by 

(2.6) (i^)(x) := 2 ^ ^-M/) x e 00. 

For the Sobolev spaces and the mapping properties of these operators we refer to [17, 22]. 
Then, from the jump relations it can be seen that the single-layer potentials 



(2.7) 



v(x) = I $ kd (x,y)tp d (y)ds(y), x e D, 

JdD 

u s (x) = I <S> ko (x,y)(p 0 (y)ds(y), x E TR 2 \ D, 
JdD 



solve the scattering problem (1.1)— (1.3) provided the densities tp^ and tp 0 satisfy the system of 
integral equations 

Sk d fd - S ko (p 0 = 2u l \ dD , 

(2-8) Qul 

<Pd + <Po + ivSk d <Pd + K' kd <Pd ~ K' ko <Po = 2 7r - 

OV dD 

Theorem 2.1. Provided fco is not a Dirichlet eigenvalue of the negative Laplacian for the domain 
D the system (2.8) has a unique solution in H~ 1 / 2 {dD) x H^ 1 ^ 2 (dD). 

Proof. We first establish that (2.8) has at most one solution. If ipj and <po satisfy the homogeneous 
form of (2.8) then the single-layer potentials (2.7) solve the scattering problem with zero incident 
field. Consequently, since the forward scattering problem has at most one solution, we have u s = 0 
in H 2 \ D and v = 0 in D. Then u s is also defined in D and has vanishing trace on dD. Therefore, 
the assumption on fc 0 implies that u s — 0 also in D and consequently ipo — 0 on dD by the jump 
relations. Analogously, v considered in 1R 2 \ D also has vanishing trace on dD and consequently 
using the radiation condition if fc^ is real valued or the exponential decay at infinity if Im fc^ > 0 
we have v = 0 in IR 2 \ D. Again the jump relations imply tpd — 0 on dD and the uniqueness proof 
for the solution of the system (2.8) is completed. 

To establish existence of a solution, we note that due to the assumption on fc 0 the inverse 
operator : 7J 1 / 2 (9I?) — > H^ 1 / 2 (dD) exists and is bounded. With its aid, we can cquivalently 
transform (2.8) into 

¥d + S^[S kd - S ko ]if d - <Po = 2S' fco V|, 9D , 

(2-9) Qul 

Vd + <Po + tvSkaVd + K' kd <Pd ~ K'koVo = 2 



dv 



dD 
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Now (2.9) is of the form 




( s- k y\ dD \ 



= 2 



3D 



J 



with the matrix operators 

A, B : H-V 2 (dD) x H-^ 2 (8D) -> H-^ 2 (dD) x H-^ 2 (dD) 

given by 

S ko[ S kd- s k 0 ] 0 



and 



ir]S kd + K' k 



-KL 



Clearly, A has a bounded inverse and B is compact since its components are compact. In partic- 
ular, S kd - S ko : H~ 1 l 2 (dD) ->■ H l l 2 (dD) is compact because of cancellation of singularities in 
the two single-layer operators. Therefore existence of a solution follows from uniqueness by the 
Riesz-Fredholm theory for compact operators (see [17]). □ 

We note that instead of using Sobolev spaces the existence analysis can also be carried out in a 
classical Holder space setting replacing H~ 1 / 2 {dD) by C°' a (dD). 

3. Numerical solution 

For the numerical solution of (2.8) and the presentation of our inverse algorithm we assume that 
the boundary curve 3D is given by a regular 27r-periodic parameterization 

(3.1) dD = {z{t) :0<t< 2tt}. 

Then, via tp = tp o z. emphasizing the dependence of the operators on the boundary curve, we 
introduce the parameterized single-layer operator 

S k :#- 1/2 [0,2tt] x C7 2 [0,2tt] H^ 2 [0,2tt] 

by 

Sfcty, z){t) := l - J 2 J H$\k\z{t) z(r)|) \z'{r)\ V>(r) dr 
and the parameterized normal derivative operators 

K' k : H-^ 2 [0,2tt] x C 2 [0, 2tt] -> H-^ 2 [0, 2tt] 

by 



ik 



[z'{t)}^-[z{r)-z{t)} 



H[ l >(k\z(t)- z(t)\)\z'(t)\^(t) dr 



2 J 0 \z'(t)\\z(t)-z(r) : 

for t e [0, 2ir]. Here we made use of H^' = —H[^ with the Hankel function of order zero 
and of the first kind. Furthermore, we write a 1 - = (012, — cti) for any vector a = (ai, 02), that is, a 1 - 
is obtained by rotating a clockwise by 90 degrees. Then the parameterized form of (2.8) is given 

by 

S kd (ip d ,z) -S ko (^ a ,z) = 2u l oz, 

(3-2) _ 2 

ipd + ipo + V 0 zS kd (tp d , z) + K' kd (ip d , z) - K' kg (ip 0 , z) = — [z'] 1 - ■ grad u l o z. 
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The kernels 

M(t,r) := l -H^{k\z{t)-z{r)\)\z'{T)\ 

and 



of the operators Sk and K' k can be written in the form 
(3.3) 



M(t, t) =M 1 (t,r) In (4 sin 2 ^— I ) + M 2 (t,r), 



where 



L(t,r)=L 1 (i,T)ln(4sin 2 '— - I + L 2 (t,r), 



Mi(t,r) :=-^Jo(k\z(t)-z(T)\)\z'(r)\, 
M 2 (t,r) := M(i,r) - Mi(t,r)ln (4 sin 2 ^— - 



£ 2 (t,r) := L(t,r) - Li(i,r)ln [4sin 2 *^ 



The functions Mi, M 2 , L\, and L 2 turn out to be smooth with diagonal terms 



M 2 {t,t) = 

in terms of Eulcr's constant C and 



C - 1 ln( k -\z'(t)\ 



2 7T 7T V2 



\z'(t)\ 



L 2 (t,t)- 1 W-^W 



2^ |4(t)P • 

For integral equations with kernels of the form (3.3) a combined collocation and quadrature meth- 
ods based on trigonometric interpolation as described in Section 3.5 of [10] or in [20] is at our 
disposal. We refrain from repeating the details. For a related error analysis we refer to [17] and 
note that we have exponential convergence for smooth, i.e., analytic boundary curves dD. 

For a numerical example, we consider the scattering of a plane wave by a dielectric cylinder with a 
non-convex kite-shaped cross section with boundary dD described by the parametric representation 

(3.4) z(t) = (cost + 0.65 cos 2t - 0.65, 1.5 sin t), 0 < t < 2ir. 

The following conductive functions are chosen in our experiments. 
• 

(3.5) 771 = -sin 4 (0.5f) + icos 4 (0.5t) 



(3.6) 



rj 2 = —1.5 — sin 3 t + isint 
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(3.7) t] 3 = -0.5e- ( *- pi)2 + i(0.6 + 0.2 sini) 

From the asymptotics for the Hankel functions, it can be deduced that the far field pattern of 
the single-layer potential u s with density <po is given by 

(3.8) u 00 {x)= 1 ( e-^ s -y^ 0 (y)d S (y), xeS 1 , 

JdD 

where 

7 = — 

The latter expression can be evaluated by the composite trapezoidal rule after solving the system 
of integral equations (2.8) for ipo, i.e., after solving (3.2) for ipQ. Table 3.1 gives some approximate 
values for the far field pattern u co (d) and Uoo(— d) in the forward direction d and the backward 
direction — d. The direction d of the incident wave is d = (1, 0) and the wave numbers are k 0 = 2.8 
and kd = 1 + li, and the conductive function 771 is chosen. Note that the exponential convergence 
is clearly exhibited. 

Table 3.1. Numerical results for direct scattering problem 



n 


Re Woo (d) 


Imuoo(ef) 


Re «oo(— d) 


ImUoo(— d) 


8 


-2.5727739209 


0.4381005402 


-2.4613551693 


0.6118414535 


16 


-2.6086999117 


0.5099897666 


-2.4645038927 


0.5815194742 


32 


-2.6087198359 


0.5099895695 


-2.4645127478 


0.5815282913 


64 


-2.6087198065 


0.5099895747 


-2.4645127414 


0.5815282789 



4. The inverse problem 

The inverse scattering problem that we are concerned with is, given the shape of the scatterer, 
to determine the conductive function 77 from a knowledge of the far field pattern for one or several 
incident plane waves. The inverse problem is ill-posed since the mapping taking conductive function 
77 into the farfield pattern associated with the scattering problem (1.1) and (1.2) is highly smoothing 
since the far field is an analytic function. We will handle this issue of ill-posedness by using 
Tikhonov rcgularization. We note that the far field pattern for one incident plane wave uniquely 
determine the conductive function 77. As a consequence of Rellich's lemma (see [10]), the far field 
pattern uniquely determine u s in M 2 \D provided Imkd > 0. Then from the first condition in (1.2) 
using Imfcrf > 0 we observe that v is also uniquely determined in D. From (1.2) we can read off 
the uniqueness of conductive function 77 if we assume that dD is analytic since in this case v can 
not vanish on open intervals of dD. 

We now proceed describing an algorithm for approximately solving the inverse scattering prob- 
lem by extending the method proposed by Akduman and Kress [1]. After introducing the far field 
operator 5^ : H~ 1 / 2 {dD) -> L^S 1 ) by ' 

(4.1) ($»¥>)(*):= 7 / e- ik °*-y<p(y)ds(y), xeS 1 , 

JdD 

from (2.7) and (3.8) we observe that the far field pattern for the solution to the scattering problem 

(1.1) — (1.3) is given by 

(4.2) Uoo = Sooipo 
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in terms of the solution to (2.8). Here S 1 denotes the unit circle in IR 2 . Therefore we can state 
the following theorem as theoretical basis of our inverse algorithm. 

Theorem 4.1. For a given incident field u 1 and a given far field pattern u^, assume that dD and 
the densities <pd and Lpo satisfy the system of three integral equations 

Sk d fd - S ko tp Q = 2u\ 
( 4 - 3 ) + <Po + ir]Sk d Vd + K' kd ip d - K^ipa = 2 , 

Then r\ solves the inverse problem. 

Given the far field pattern u^, the density ip 0 is found by solving the third equation in (4.3), 
i.e., the data equation 

(4.4) Sooipo = Woo- 
Since the operator : L 2 (dD) — > L 2 (S' 1 ) is compact, it can not have bounded inverse. Therefore 
the equation (4.4) is ill-posed. 

We also require the parameterized version 

Soo : ff- 1/2 [0,2^] x C 2 [0,2tt] -> L^S 1 ) 
of the far field operator as given by 

(4.5) Sn^z^x) :=7 / e~ lk ° "^^(t) dr, xGS 1 . 

Jo 

Then the parameterized form of (4.3) is given by 

Sk d (i>d,z)-S ko (i>o,z) = 2u l oz, 

~ ~ ~ 2 

(4.6) ip d + ipo+iV° zS kd (ip d ,z) + K' kd (tp d ,z) - K' ko (tp Q ,z) = ^ [z 1 ] 1 - ■ gradu* o z, 

#00(^0, ^) = Uoo- 

The third equation of (4.6) requires stabilization and for this we use Tikhonov regularization, 
i.e., the ill-posed data equation is replaced by 

(4.7) aipo + S^S^ipo = S^uoo, 

with some positive regularization parameter a and the adjoint operator S* : L 2 (S' 1 ) — > L 2 [0, 2ir] of 
Soo. After finding the density ipo from the (4.7) we can now find density ipd from the first equation 
of (4.6). 

(4.8) ^ d = S£(2u* o z - 5 fed (^ 0 , z)) 

Now it remains to find the conductive function rj from the second equation of (4.6). 

(49) voz= , - - 1>*- K d (iPd, z) + < (Tfa, z) 

S kd {ipd,z) 

The reconstruction of the conductive function from equation (4.9) will be sensitive to errors due to 
the fact that it blows up in the vicinity of zeros of the S kd (ipd, z). To obtain a more stable solution 
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(see Akduman and Kress [1] ) , we express the unknown conductive function in terms of some basis 
functions j — 0, ±1, ±2, . . . , ±N as a linear combination 



N 



(4.10) 



j] = ^ ajfij on dD. 

j=-N 



A possible choice of basis functions consists of splines or trigonometric polynomials. We satisfy 
the second equation of (4.6) in a least square sense, penalized via Tikhonov rcgularization, for the 
unknown coefficient a_jv, . . . , ojv i.e., we determine the coefficients a_jv, . . . , a at in (4.10) such that 
for a set of grid points z\,...,zm on dD the least square sum 



M 



(4-H) E 



N 



il>d{z m )+i>o(.z m )+i ^2 a J ^ j (z m )Sk d tpd{z m )+K / kd -tp d (z m )~K / ko 'ipo{zr, 

j=-N 



du l 
dv 



(Zm) 



is minimized. 

The above algorithm has a straightforward extension for the case of more than one incident wave. 
Assume that u\, . . . , u l P are P incident waves with different incident directions and u^i, . . . , Uoo,p 
the corresponding far field patterns for scattering from dD. Then the inverse problem to deter- 
mine the unknown conductive function rj from these given far field patterns and incident fields is 
equivalent to solving 

S k Md, pi z) - S ko (ipo, p ,z) = 2u l p oz, 



(4.12) i>d, P + iV ° zSkAfa,p, z) + K^ d (4> dtP , z) + i> 0 ,p - K'^(ip 0 , p , z) = j—r 



Soo(i>0,p, z) 



[z 1 ] 1 - ■ gradup o z, 



for p = 1, . . . , P. We first solve the first field and data equations in (4.12) for p = 1, . . . , P to 
obtain 2P densities • • • ^d.p an d V'o.ii • ■ ■ iV'o.p- We satisfy second equation of (4.12) in a 
least square sense, penalized via Tikhonov rcgularization, for the unknown coefficient a_Ar, . . . , 
such that for a set of grid points z\,...,Zm on dD the least square sum 
(4.13) 



P M 

EE 

p— 1 m— 1 



N 



-N 



V'<i,p(Zm)+l/'0,p(2 ; >n)+i E a i^3 ( Z "i) Sk d lpd,p (z m ) + K 'k d ^d,p (z m ) ~ K ' ka 1pQ tP (z m ) - (z m ) 

is minimized. 



5. Numerical examples 

To avoid an inverse crime, in our numerical examples the synthetic far field data were obtained by 
a numerical solution of the boundary integral equations based on a combined single- and double- 
layer approach (see [9, 18]) using the numerical schemes as described in [10, 16, 17]. In each 
iteration step of the inverse algorithm for the solution of the field equations we used the numerical 
method described in Section 3 using 64 quadrature points. The equation (4.11) was solved by 
Tikhonov regularization with an H 2 Sobolev penalty term and with regularization parameter A. 
The regularized equation is solved by Nystrom's method with the composite trapezoidal rule again 
using 64 quadrature points. In addition, the regularized data was solved by Tikhonov rcgularization 
with an I? penalty term and with regularization parameter a. 
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In all our example we used N = 10 as degree for the approximating trigonometric polynomials 
in (4.10), and the wave numbers k 0 = 4.5 and = 2 + 2i, and the regularization parameters 
a = 10~ 7 and A = 1. In order to obtain noisy data, random errors are added point- wise to Uqo, 

■ Ikooll 



(5.1) 



L oo — u 'OG 



5& 



with the random variable £ <E C and {i?e£, Jm£} £ (0, 1). 



Table 5.2. 


Parametric representation of boundary curves. 


Counter type 


Parametric representation 


Apple-shaped : 
Kite-shaped : 
Peanut-shaped : 
Rounded triangle : 


z(t) = { 0 - 5+ ^ os ; c + o ° si lsin 2t (cost, sin t) : t g [0,2tt]} 
z(t) = {(cost + 1.3 cos 2 t- 1.3, 1.5 sin t) : t G [0,2vr]} 
z(t) = {Vcos 2 t + 0.25 sin t (cost, sin i) : t G [0, 2?r]} 
z(t) = {(2 + 0.3cos3t)(cost,sint) : t G [0,2tt]} 



In all the following examples, the green curve represents exact graph of conductive function 77, 
the blue curve represents the reconstruction obtained from noisy data and the red curve represents 
the reconstruction obtained from noiseless data. In all examples we represent reconstructions 
from exact data and perturbed data with 1% relative error in the L? norm. In the figures 1, 2,3, 
and 4, the scatterers are apple-shaped, kite-shaped, peanut-shaped, and rounded-triangle-shaped 
respectively. 




Figure 1. Reconstruction of ry 2 (3.6). Real part of rj 2 obtained for P=l (the left 
figure), imaginary part of 7/2 obtained for P=l (the middle left fig.), real part of 
rji obtained for P=8 (the middle right fig.), imaginary part of r\i obtained for P=8 
(the right fig.). 
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FIGURE 2. Reconstruction of 771 (3.5). Real part of rji obtained for P=l (the left 
figure), imaginary part of 7/1 obtained for P=l (the middle left fig.), real part of 
r)i obtained for P=8 (the middle right fig.), imaginary part of r\\ obtained for P=8 
(the right fig.). 




FIGURE 3. Reconstruction of 773 (3.7). Real part of 773 obtained for P=l (the left 
figure), imaginary part of 773 obtained for P=l (the middle left fig.), real part of 
773 obtained for P=8 (the middle right fig.), imaginary part of 773 obtained for P=8 
(the right fig.). 




Figure 4. Reconstruction of 772 (3.6). Real part of rj 2 obtained for P=l (the left 
figure), imaginary part of 7/2 obtained for P=l (the middle left fig.), real part of 
772 obtained for P=8 (the middle right fig.), imaginary part of 772 obtained for P=8 
(the right fig.). 

Our examples clearly indicate the feasibility of the proposed algorithm with a reasonable stability 
against noise. From our further numerical experiments it became obvious that using more than 
one incident wave improved on the accuracy of the reconstruction and the stability. 

Further research will be directed towards applying the algorithm to real data, to extend the 
numerics to the three dimensional case. One can also extend this inverse scattering problem to 
a simultaneous reconstruction of the conductive function and the shape of the scatterer. Similar 
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problems have recently been considered by Kress and Rundcll [19] and Serranho [24] for impenetra- 
ble scatterers. The shape reconstruction of transmision problem via single- layer potential approach 
was investigated by Altundag and Kress [4] and [5] and by Altundag [2] , [3] . Uniqueness in inverse 
obstacle scattering with the conductive boundary condition was established by Gerlach and Kress 
[13]. However, there is no uniqueness result for one or finitely many incident fields for conductive 
transmission problem for shape reconstruction. 
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Abstract: In this paper, the authors study some impulsive fractional-order neural net- 
work with mixed delay. By the fractional integral and the definition of stability, the existence 
of solutions of the network is proved, the sufficient conditions for stability of the system are 
presented. Some examples are given to illustrate the main results. 
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Introduction 

In this paper, we study some impulsive fractional-order neural network with mixed delay 

c D?x{t) = -Cx(t) + AF(x(t)) + BG(x(t - r)) 

+ Df t _ oo K(t-rj)H(x(rj))drj + J : 0<t<b,t^t k , 
Ax(t k ) = I(x(t k )), k = 1,2,3,- ■■ ,m 
^x(rj) = ip{rj), r?e(-oo,0] 

where C D^ is the standard Caputo fractional derivative of order a, a £ (0, l),x(t) = 
(xi(t),x 2 (t), • • • , x n (t)) T is the neuron state vector of the neural network; C = diag{c\,c 2 , ■ ■ ■ ,c n ) 
is a diagonal matrix and q > 0,i e N = 1, 2, • • • , n, A = (a i:j ) nxn , B = (b i:j ) nxn , D = (dij) nxn 
are the connection weight matrix, the delayed weight matrix and the distributively delayed 
connection weight matrix, respectively; J = (J±, J%, ■ ■ • , J n ) T is an external input; F(x(-)) = 

(/iMO), / 2 (S 2 (.)), • • • , fn{Xn{-))) T , G(X(.)) = (<?!(*!(•)), 92{X 2 {-)), 9n (x n (W , ^(0) = 

(hi(xi(-)), h,2{x 2 {-)), ■ ■ ■ , h n (x n (-))) T represents the neuron activation function; r = (Tij) nxn 

*Project supported by Zunyi science and technology mutual fund, Guizhou Province Education Science 
and planning issues 

^Corresponding author: Xianghu Liu; E-mail addresses: liouxianghu04@126.com; 

1 



Dynamic Analysis of Some Impulsive 
Fractional Neural Network with Mixed Delay, 
LI Yanfang.LIU Xianghu 

24 



is the transmission delay of the neural network satisfies 0 < r^- < 5, where 5 is a pos- 
itive constant; K(-) = diag(ki(-), k 2 (•),•' ' ?^n(')) * s the delay kernel function and satis- 
fies J 0 °° ki(t)dt = 1, the function 1^ : X — > X is continous, and 0 = in < ^i < ^2 < 
■ ■ ■ < t k < • • ■ < t m = b,Ax(tk) = x(tfr) — x(t^), x{t~l) and x(t k ) denote the right and 
the left limits of x{t) at t = tk, (fi(rj) = (ipi(t) , (p2(t) , • • • ,tp n {t)) T is the initial function 
and (fi(rj) G C([— oo, 0], R), i G N,<fi(0) = 0, the norm of C([— oo, 0], R) is denoted by 

lk(0ll = Er=i«MI^(0l}- 

It is well known that the delayed and impulsive neural networks exhibiting the rich and 
colorful dynamical behaviors are important part of the delayed neural systems. The delayed 
and impulsive neural networks can exhibit some complicated dynamics and even chaotic 
behaviors. Due to their important and potential applications in signal processing, image 
processing, artificial intelligence as well as optimizing problems and so on, the dynamical 
issues of delayed and impulsive neural networks have attracted worldwide attention , many 
interesting stability criteria for the equilibriums and periodic solutions of delayed or impul- 
sive neural networks have been derived via Lyapunov-type function or functional approaches. 
For example, Wang and Zheng W investigated the global asymptotic stability of the equilib- 
rium point of a class of mixed recurrent neural networks with time delay in the leakage by 
using the Lyapunov functional method, linear matrix inequality approach and general con- 
vex combination technique term under impulsive perturbations. Sebdani et al J 2 ' considered 
bifurcations and chaos in a discrete-time-delayed Hopfield neural network with ring struc- 
tures and different internal decays. M.U. Akhmet, E. ylmaz'^got a criteria for the global 
asymptotic stability of the impulsive Hopfield-type neural networks with piecewise constant 
arguments of generalized type by using linearization. 

For the last decades, fractional differential equations I 4-11 ! have received intensive atten- 
tion because they provide an excellent tool for the description of memory and hereditary 
properties of various materials and processes, such as physics, mechanics, chemistry, engi- 
neering, etc. Therefore, it may be more meaningful to model by fractional-order derivatives 
than integer- order ones. Recently, fractional calculus is introduced into artificial neural 
network . For example, Boroomand and Menhajas ^ investigated stability of fractional- 
order Hopfield-type neural networks through energy-like function analysis, Chen et alJ 13 ! 
studied uniform stability and the the existence, uniqueness and stability of its equilibrium 
point of a class of fractional-order neural networks with constant delay . The authors I 14-17 ! 
analyzed the stability of some other neural networks with delay. We all know that the de- 
lay is not always a constant, it maybe change in the network. Time-verying delays and 
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distributed delays may occur in neural processing and signal transmission, which can cause 
instability, oscillations, there are few papers that consider the problems for fractional-order 
neural network with mixed delay and impulse. Thus, it is worth investigating some impulsive 
fractional-order neural network with mixed delay 

To the best of our knowledge, the system(l) is still untreated in the literature and it is 
the motivation of the present work. The rest of this paper is organized as follows: In section 
2, some notations and preparations are given. In section 3, some main results of (1) are 
obtained. At last, some examples are given to demonstrate the main results. 

1 Preliminaries 

In this section, we will give some definitions and preliminaries which will be used in the 
paper. 

In order to define the solution of (1), the authors consider the following spaces PC (J, R) = 
{x : J — >• R : x(t) G C(t k ,tk+i],k = 0, • • • , m, there exist x(t^) and x(t k ) with x(t k ) = 
x(t k ),k = l, -- ,m}. The norm ||x||pc = sup{\\x(t)\\ c : t G J}.PC 1 ( J, X)={x : J ->■ 
X, x G C 1 ((tfc, t k+ i],X), k — 0, 1, 2, • • • , n, there exist x'(t%), k — 1, 2, • • • , n, }. The norm 
||x||pci = sup{\\x(t)\\ pc , \\x'(t)\\ pc :teJ}. Obviously PC(J,X) and PC 1 (J,X) are Banach 
spaces. 

Let's recall some known definitions of fractional calculus. For more details, one can 
see [4,5,6]. 

Definition 1 The integral 

It fit) = -±- !\t - sY- 1 f{s)ds, a>0, 

r(«) Jo 

is called Riemann-Liouville fractional integral of order a, where T is the gamma function. 
For a function f(t) given in the interval [0, oo), the expression 

where n — [a] + 1, [a] denotes the integer part of number a, is called the Riemann-Liouville 
fractional derivative of order a > 0. 

Definition 2 Caputo's derivative for a function / : [0, oo) — > R can be written as 

n— 1 k 

c D?f(t) = L D?[f\t) - ^/ (fc) (0)], n=[a] + 1, 

k=0 
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where [a] denotes the integer part of real number a. 

Theorem 1 According to the Lemma2.6' 18 l, one can get that if u(t) E PC 1 (J, X), then 



I q c D q u{t) = 



u(t)-u(0), te[0,h], 



^u(t) -Y:- =1 h(u(ti)) - u(0),t e (t k ,t k+1 ],k> l. 

Proof: If t G [0, ti], then 

= [ u'(r)dT 
Jo 

= u(t) -«(0). 
If t G (tfc, t k+ i], k > 1, then 

1 





sr 1 / 


/o 








/V 


- *r* i 


/o 






rU+i 



(s — r) q u {r)drds 

Jo Jo 

k-l 

I / • ' / _ , 

r) % (r)drds 



+ mk^)L} t - s), ~ 1 iy TTqu(T)iTis 

+ / (s - r)"%'(r)dT]ds 

_ S5 _L_ J £„. (T ) rfT ^ (( _ srl(s _ T )-. ds 
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fc-1 



u (t) -^r,ii(u(ti)) -u(o), 



with the help of the substitution s = z(t — r) + r, 



J (t- S ) q - 1 (s-T)- q ds = J (1- Z ) q - l Z- q dz 

T{l-q)T(q) 



r(i-g)r( g ) 



r(i) 

The proof is completed. 



r(i-g)r( g ). 



Let recollect the definition of stability which can be found in [13] and will be used in our 
main results. 

Definition 3 The solution of system (1.1) is said to be stable if for any e > 0, there exist 
S(t 0 , e) > 0, such that 0 < t 0 < t, \\<p(t) - 4>{t) \\ < 5 imply | \y(t, t 0 , <p(t)) - x(t, t 0 , (f)(t))\ | < e 
for any two solutions y(t,t 0 ,(p(t)),x(t,to,(fi(t)) associated with ip(t),(f)(t) that are the initial 
function. It is uniformly stable if the above 5 is independent of t 0 . 

2 Existence and uniqueness of solution 

In this section, we will investigate the existence and uniqueness of solution for im- 
pulsive fractional-order neural network with mixed delay. Without loss of generality, let 
t E (t k ,t k+1 \, 1 < k < m - 1. 

For sake of convenience ,the authors adopt the following notations and assumptions: 
H(l): For j — 1, 2, • • • , n, the functions fj, gj, hj, I k : X — > X satisfy: 

There exist Lipschitz constants L/j > 0,L g j > 0,Lhj > 0, Lj k > 0, such that \fj(x) — 
fj(y)\ < L fj \x-y\, \gj(x) - gj(y)\ < L gj \x-y\, \hj(x) - hj(y)\ < L hj \x-y\, \I k (x) - I k (y)\ < 
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Ljk\x — y\, for all x,y G X. 

H(2): The delay kernel function K(-) = diag(ki(-), k 2 (-), • ■ ■ , k n (-)) satisfies 

/ ki(t)dt = l, k* = / fcj(i)e~*di < oo, i = l,2,---,n. 
Jo Jo 

H(3):Cj, ajj, fojj, djj and L/j, L ffJ -, L^-, Lj^ satisfy the following conditions: 

(i) IKII = E?=i I a? I = Er=iSu Pvj {|%l^}, ll^ll = EIUK*I = E^MWtt}. 

ii^ii = Er=i k*i = Er=i^Pv,{i^i^}, = Er=i 1^1 = e^wi^i},™ < n- 

(ii) Cmax = max{c J },C min = rnin{cj}; 

(iii) M = ||/*|| + r^(C max + |L4*|| + + ||£>*||) < 1. 

Theorem 2 If the assumption H(1),H(2) and H(3) hold , for each x° = (x®, x\, ■ ■ ■ , x^ ), the 
system(l) has a unique solution. 

Proof: Consider the system (1), we will study the solvability and stability of it. 
(l)Existence. 

By Theorem 1, it is showed that the (1) is equivalent to the following integral equation 



Xi(t) = Xi(0) + I ( X i( t l )) + I a [-CiXi(t) + a ijfj( X j(t)) + b ij9(Xj(t - Tij)) 

1=1 3=1 3=1 

n pt 

+ Yl di i / fc J'(* ~~ V)hj(xj(r}))dri + Ji] 

j=l J ~™ 

k 1 n n 

i=i n<x)Jo j=1 j=1 

n rs 

+ di i / k i( s ~ ^hjixjirf^dr) + Ji}ds. (2) 

j=l 

Constract the following sequences zf, = x°, 

k 



z? +1 



(0=*°+£w(O) + t^ / (*-«) a_1 [-^?(s)+E^W a )) 

Z=l w - 70 j=l 

n n » s 

+ b i39(Zj(t - nj)) + c% / fcj(s - r])hj(zj(r]))dr] + J^ds, 

„-_l „'_1 J— OO 



j=l J"=l 

we can calculate that 

\\zr\t) - z?(t)\\ = su P {\ z r\t) - z ?(t)\} 
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<sup\^{i(z^t-))-i(zr\t-))) 

1=1 

i r* n 

7-t / (t - s^wis) - zr\s)\ + e K\\(fAz?(s)) - fi{*r\*)))\ 

\ a ) Jo =1 



r(c 

n 

+ E K\\W*i(* - ra)) - g(zr\s - r i3 )))\ 



3=1 



b a 

< (\\n + f^iy^-x + \\a*w + iiirii + \\D*\\))\\zm - zrnrn 

<M n \\zl(t)-z°(t)\\ 
<M n (M-\\r\\)\\z% 

so the sequences zf are convergent and the limits satisfy (2), the existence is proved . 
(2) Stability. 

Assume that x(t) = (x 1 (t),x 2 (t), ■ ■■ , x n (t)) T and y(t) = (yi(t) , y 2 (t) , ■■■ , y n (t)) T are the 
two solutions of (1) with the different initial condition Xi(rf) = 4>i(rf) G C((— oo, 0], R), 
0,(0) = 0, Vi (ri) = <pi(ri) G C((-oo, 0], R), ^(0) = 0,i 6 iV. We have 

n 

c D«{ Vi {t) - Xi (t)) = - Ci ( yi (t) - Xi (t)) + E a «(/i(%-(*)) " + 

j'=i 

»t 

fcj(t - r))(hj(yj(r))) - h 3 {x 3 {r])))dr]. 



E b MVj(t - Ttj)) - g(x 3 (t - Tij))) + E rf y / 

.7=1 .7=1 J ~ ( 



According to the Definition 2 and the initial function ipi(0) — 0, if n — 1, 0 < q < 1, 

I q D q u(t) = u(t) -u(0). 
So the solution of the (1) can be denoted by the following form 

A; ra 

y .(t) - ^(0 = E HviitT) - ^(*D) + ^ a [-Ci(j/<(*) - ^(0) + E a M(vM) - £fo(*))) + 



j=i 



E - T a)) ~ 9Mt - Tij))) + E d H I fc i(* ~ V)(hj(yj(v)) - h 3 (x 3 (rj)))drj] 

j=l j=l J ~™ 

E^(^r) - ^(V)) + ^r- {t- sY-^-aiy^s) - Xi (s)) l^^/jd/jfs)) - fj{xj(s))) + 

1 = 1 ^ ' J0 9 = 1 
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n n ps 

Y b a(9j{yj{s - nj)) - g(xj(s - Tij))) + Y d v / M s - v)(hj(yj(v)) - hj(xj(ri)))dri\ds. 



3=1 3=1 

Then 



\ yi (t)- Xl (t)\<J2i^(t7)-x t (t;)) 
1=1 

+^ /V - sT-'icMs) - Xi ( 8 )\ + £ M\(fM*)) - f,M*)))\ 

i \ a ) Jo j=1 

n 

+ Y \ b v\\(9j(Vj( s - T a)) ~ 9(xj( s - T ij)))\ 

3=1 
n „ s 

+ Y 1^1 / k i( s " ^MVjiv)) ~ hjixji^d^ds 
j= i J ~™ 

m 

<Y L 3k\yi(tr)- x i(tT)\ 

rT^ Ci I (t - sT^lyiis) - Xi {s)\ds 
1 («) Jo 



i=i 
+ 



n j r-t 

7=1 v > ° r i-i 



+ 1] l a yl L /JTv7A / (* - S ) Q_1 |%( S ) - Zj(s)|ds 
r (") Jo 

(t - s) a_1 |%-(s - Tij) ~ Xj(s - Tij)\ds 

i 

1 /"* 

+ 5^ l^'l^fV) i 0 ^ ~ s ^~ 1 |^'^ 1 ) ~ x A r li)\ ds 0 < 771 < t 

n 1 /"* 

+ / (i-s)"- 1 ]^.^)- ^-(^Ids -oo<7?<0 

m 

< Y L 3k\yi(t7) - x i(t7)\ 
i=i 

+c l sup{\y i {t)-x i {t)\}— / (i-s^ds 

+ E K\ L 9i s M\fj(t) - ^(*)l}p^y I 3 (* " ( 3 ) 
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J 

From(3), one can get 



n If 1 

+ ^\b ij \L gj 8uv{\y j (t)-x j (t)\}^- / (t-s) a ^ds 

j = l ^ ' J T ij 

n If 

+ Y J Jd ij \L hj sup{\y j (r )l ) - Xjirj^l}^-^ 

+ ^\d ij \L hj ^{\ Vj {r 1 ) - (j)^}—— / {t-s) a - l ds, 
• =1 1 K a ) Jo 



t 

a-l 



(t - s) a ' l ds 0 < rj! < s 

— OO < Tj < 0. 



\\y(t) - x{t)\\ = irsup{\ yi - Xi \}< + — ^— (CU, + \\A*\\ + \\B*\\ + \\D*\\))\\y{t) - x{t)\\ 

1=1 

+ f ^ I y(P*|| + II^IDH^) -0(011, 

which implies that 



For Ve > 0, there exists 6 = ^±^±^ such that \\y(t) - 

x(t)\\ < e, when \\<f(t) — <fi(t)\\ < 5 , so the solution x(t) is uniformly stable, which means 
that the network(l) is uniformly stable. 



3 Some examples 

In this section, according to the impulsive fractional-order neural network (1), some ex- 
amples are given to illustrate the main results. 



Example 3.1 Choose C = diag(-0M, 0.01), A — , B = J , D 





, fjixjit)) = gj{xj{t)) = hj(xj(t)) = 1+e - Xj( t) , let 



-5 l) \ 0 .H) \ 0 .1 

Lfj = L g j = L h j = Yooi5' m = 30 , for the convenience, the authors take the interval 1 , it is 
easily to prove that the assumption (H1)(H3) hold, so example 3.1 is uniformly stable . For 
the convenience of studying the local and the whole conditions, the authors take the time 
t=40(figl) and t=400(fig2) and get the unique equilibrium point x*=(-2.6047,-1.3012). 
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Lgj = Lhj = jooojWi = 30, the interval is 1, it is proved that the assumption (H1)(H3) 
hold, so example 3.2 is uniformly stable . The authors also choose the time t=40(fig3) and 
t=4000(fig4) and get the unique equilibrium point x*=(l. 4574,-0. 8297). 



7r 6r 




4 Conclusions 

In this paper,by the fractional integral, the authors changed the derivative equation to 
integral one, for the convergence of sequences and the definition of stabilty, the existence 
of solutions of the network has been proved, the sufficient conditions for stability of the 
system have been presented. The authors also gave two examples and designed the relevant 
experimental procedures, after some experiments, the results have been illustrated .1 think 
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that the design of impulsive item is difficult. The finite item is proved to be feasible, but how 
the infinite one or the variable one , this can be our future work. 
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Abstract 

We investigate the basins of attraction of equilibrium points and period-two solution of the difference 
equation of the form 

Bx n x n _i + Cx n _ 1 
x n+1 = ^— , n = 0,l,..., 

where the parameters a,b,C,B are positive numbers and the initial conditions x~i,x 0 are arbitrary 
nonnegative numbers. We show that this equation exhibits global period-two bifurcation, as certain 
parameters are pasing through the critical value. 
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1 Introduction and preliminaries 

We investigate global behavior of the equation 

BXnXn— 1 

x n+ i = , n = 0,1,2,..., (1) 

ax n t 0X n X n —\ 

where the parameters a,b,C,B are positive numbers and the initial conditions x-±,xq,X-i + xq > 0 are 
arbitrary nonnegative numbers. It is a special case of the second order homogeneous quadratic fractional 
equation 

Ax\ + Bx n x n —\ + Cx^_^ 
ax\ + bx n Xn-i + cxl_ 1 
and of the general second order quadratic fractional equation 



x n+ i = J— ■ g ' " = 0,1,2,.... (2) 



Axl + Bx n xn-i + Cxl^ + Dx n + Ex n -i + F 

x n +l = 2 i Z , 2 7~i ! 7~e — ' " = 0,1,2,... (3) 

ax^ + bx n x n -i + cx^-i + dx n + ex n _i + / 

which global dynamics is under investigation. Some special cases of Eq.(3) have been considered in the series 
of papers [3, 4, 9, 10, 17]. Some special second order quadratic fractional difference equations have appeared 
in analysis of the systems of linear fractional difference equations in the plane, see [5, 7, 8, 14, 15, 16]. 
Describing the global dynamics of Eq.(3) is formidable task as this equation contains as a special cases 
many equations with well known but complicated dynamics, such as Lynes' equation. Equation (3) contains 
as a special case linear fractional equation which dynamics was investigated in great details in [11] and in 
many papers which solved some conjectures and open problems posed in [11]. Equation (2) can be brought 
to the form 

a(^-Y + b(^-) +C 



x n +i = ; to ; : , n = 0,1,2,... (4) 



and one can take the advantage of this auxiliary equation to describe the dynamics of Eq.(2). In this paper 
we take a different approach based on the monotonic properties of the right hand side of Eq.(2) and theory 
of monotone maps, and use it to describe precisely the basins of attraction of all attractors of that equation. 
The special cases of Eq.(l) when C = 0 or a = 0 are linear fractional difference equations which global 
dynamics is described in [11]. We show that Eq.(l) exhibits three types of global behavior characterized 
by the existence of a unique positive equilibrium solution and a unique minimal period-two solution, which 
stable manifold serves as the boundary of the basins of attraction of locally stable equilibrium and points 
at infinity (0, oo) and (oo, 0). In fact, Eq.(l) exhibits period-two bifurcation studied in great details in [12]. 
Equation (1) is a special case of the general second order difference equation 

Xn+i = f{x n ,x n -i) , n = 0,1,2,..., (5) 

where 

, , . Buv + Cv 2 

f{u,v) = y— . 

au z + buv 

The next result is important for the general second order difference equation of the form (5), see [2]. 

Theorem 1 Let I be a set of real numbers and f : I x I —> I be a function which is non-increasing in the 
first variable and non- decreasing in the second variable. Then, for ever solution {x n }^ = _ 1 of the equation 



x n +i = f {x n , x n -i) , x-i,x 0 e I, n = 0, 1, 2, . 



(6) 
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the subsequences {x2n}^Lo an( ^ { x 2n-i}^Lo °f even an d °dd terms of the solution do exactly one of the 
following: 

(i) Eventually they are both monotonically increasing. 

(ii) Eventually they are both monotonically decreasing. 

(Hi) One of them is monotonically increasing and the other is monotonically decreasing. 
We now give some basic notions about monotone maps in the plane. 

Consider a partial ordering < on M 2 are said to be related if x ^ y or y ■< x. Also, a strict inequality 
between points may be denned as x -< y if x ■< y and x ^ y. A stronger inequality may be defined as 
x = (xi,x 2 ) < y = (2/1,2/2) if x ■< y with x 1 / 2/1 and x 2 / y 2 . 

A map T on a nonempty set TZ C M 2 is a continuous function T : TZ — > TZ. The map T is monotone 
if x ^ y implies T(x) ■< T(y) for all x,y G TZ, and it is strongly monotone on 1Z if x -< y implies that 
T(x) <C T(y) for all x, y G TZ. The map is strictly monotone on TZ if x -< y implies that T(x) -< T(y) for 
all x, y G TZ. Clearly, being related is invariant under iteration of a strongly monotone map. 

Throughout this paper we shall use the North-East ordering (NE) for which the positive cone is the 
first quadrant, i.e. this partial ordering is defined by (xi,yi) -< n e (x 2 ,y 2 ) if x\ < x 2 and y\ < y 2 and the 
South-East (SE) ordering defined as (xi,y±) ^ se (x 2 ,y 2 ) if x\ < x 2 and 2/1 > 2/2- 

A map T on a nonempty set TZ C M 2 which is monotone with respect to the North-East ordering is 
called cooperative and a map monotone with respect to the South-East ordering is called competitive. 

If T is differentiable map on a nonempty set TZ, a sufficient condition for T to be strongly monotone 
with respect to the SE ordering is that the Jacobian matrix at all points x has the sign configuration 

(7) 

provided that TZ is open and convex. 

For x £ M 2 , define Qe(x) for i = 1, ... ,4 to be the usual four quadrants based at x and numbered in 
a counterclockwise direction, for example, Qi(x) = {y G R 2 : x± < 2/1, x 2 < y 2 }. Basin of attraction of 
a fixed point (x, y) of a map T, denoted as B((x,y)), is defined as the set of all initial points (xo,2/o) for 
which the sequence of iterates T n ((xo, 2/0)) converges to (x,y). Similarly, we define a basin of attraction 
of a periodic point of period p. The next five results, from [13, 12], are useful for determining basins 
of attraction of fixed points of competitive maps. Related results have been obtained by H. L. Smith in 
[18, 19]. 

Theorem 2 Let T be a competitive map on a rectangular region Kcl 2 . Let x G TZ be a fixed point ofT 
such that A := TZ n int (Qi(x) U Q3(x)) is nonempty (i.e., x is not the NW or SE vertex ofTZ), and T is 
strongly competitive on A. Suppose that the following statements are true. 

a. The map T has a C 1 extension to a neighborhood o/x. 

b. The Jacobian Jt(x) of T at x has real eigenvalues X, fi such that 0 < |A| < \i, where |A| < 1, and 
the eigenspace E x associated with A is not a coordinate axis. 

Then there exists a curve C C TZ through x that is invariant and a subset of the basin of attraction of x, 
such that C is tangential to the eigenspace E x at x, and C is the graph of a strictly increasing continuous 
function of the first coordinate on an interval. Any endpoints of C in the interior of TZ are either fixed 
points or minimal period-two points. In the latter case, the set of endpoints of C is a minimal period-two 
orbit ofT. 

We shall see in Theorem 4 that the situation where the endpoints of C are boundary points of TZ is of 
interest. The following result gives a sufficient condition for this case. 



sign (Jr(x)) = 



+ - 
- + 
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Theorem 3 For the curve C of Theorem 2 to have end-points in dTZ, it is sufficient that at least one of the 
following conditions is satisfied. 

i. The map T has no fixed points nor periodic points of minimal period two in A. 

ii. The map T has no fixed points in A, det Jt(x) > 0, and T{x) = x has no solutions x G A. 

Hi. The map T has no points of minimal period-two in A, det Jt(x) < 0, and T(x) = x has no solutions 
x G A. 

For maps that are strongly competitive near the fixed point, hypothesis b. of Theorem 2 reduces just 
to |A| < 1. This follows from a change of variables [20] that allows the Perron-Frobenius Theorem to be 
applied. Also, one can show that in such case no associated eigenvector is aligned with a coordinate axis. 
The next result is useful for determining basins of attraction of fixed points of competitive maps. 

Theorem 4 (A) Assume the hypotheses of Theorem 2, and letC be the curve whose existence is guaranteed 
by Theorem 2. If the endpoints of C belong to dTZ, then C separates TZ into two connected components, 
namely 

W- := {x £K\C :3y £ C with x ^ se y} and W+ := {x G TZ \ C : 3y G C with y ^ se x} , (8) 

such that the following statements are true. 

(i) W- is invariant, and dist(T n (x), Q2(x)) — > 0 as n — >■ oo for every x G W_. 

(ii) W+ is invariant, and dist(T n (x), Q±(yCf) — > 0 as n — > oo for every x G W+. 

(B) If, in addition to the hypotheses of part (A), x is an interior point oflZ and T is C 2 and strongly 
competitive in a neighborhood ofx, then T has no periodic points in the boundary of Qi(x) U Qs(x) except 
for x, and the following statements are true. 

(in) For every x G W_ there exists no G N such that T n {x) G intQii^) for n > uq. 

(iv) For every x G W+ there exists no G N such that T n {x) G intQ^x) for n > uq. 

If T is a map on a set TZ and if x is a fixed point of T, the stable set W s (x) of x is the set {x G TZ : 
T n {x) — > x} and unstable set W n (x) of x is the set 

< x G TZ : there exists {x n }n=-oo c ^ s -*- T(x n ) = x n+ ±, xq = x, and lim x n = x 

[ n— >— oo 

When T is non-invertible, the set W s (x) may not be connected and made up of infinitely many curves, or 
W u (x) may not be a manifold. The following result gives a description of the stable and unstable sets of 
a saddle point of a competitive map. If the map is a diffeomorphism on TZ, the sets W s (x) and W^x) are 
the stable and unstable manifolds of x. 

Theorem 5 In addition to the hypotheses of part (B) of Theorem 4, suppose that a > 1 and that the 
eigenspace associated with a is not a coordinate axis. If the curve C of Theorem 2 has endpoints in &TZ, 
then C is the stable set W s (x) ofx, and the unstable set W"(x) ofxis a curve in TZ that is tangential to 
Ft 1 * at x and such that it is the graph of a strictly decreasing function of the first coordinate on an interval. 
Any endpoints ofW u (x) inTZ are fixed points ofT. 

Remark 1 We say that f(u, v) is strongly decreasing in the first argument and strongly increasing in 
the second argument if it is differentiable and has first partial derivative D±f negative and first partial 
derivative -D2/ positive in a considered set. The connection between the theory of monotone maps and the 
asymptotic behavior of Eq.(6) follows from the fact that if / is strongly decreasing in the first argument 
and strongly increasing in the second argument, then the second iterate of a map associated to Eq.(6) is a 
strictly competitive map on I x I, see [13] . 
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Set x n -\ = u n and x n = v n in Eq.(6) to obtain the equivalent system 

U n +1 =V n _ 

£/ \ 1 ^1 U, 1, . . . . 

Vn+1 = j{Vn,U n ) 

Let T(u, v) = (v, f(v, u)). The second iterate T 2 is given by 

T 2 (u,v) = (f(v, u), f(f(v,u),v)) 
and it is strictly competitive on I x I, see [13]. 

Remark 2 The characteristic equation of Eq.(6) at an equilibrium point (x,x): 

\ 2 -D 1 f(x,x)X-D 2 f(x,x) = 0, (9) 

has two real roots X,fi which satisfy A < 0 < fx, and |A| < fj,, whenever f is strictly decraesing in first 
and increasing in second variable. Thus the applicability of Theorems 2-5 depends on the nonexistence of 
minimal period-two solution. 

There are several attractivity results for Eq. (6). Some of these results give the sufficient conditions for 
all solutions to approach a unique equilibrium and they were used efficiently in [11]. See also [1, 6]. Next 
result is from [6]. 

Theorem 6 Consider Eq. (6) where f : I x I I is a continuous function and f is decreasing in the 
first argument and increasing in the second argument. Assume that x is a unique equilibrium point which 
is locally asymptotically stable and assume that (cp, ip) and (tp, 4>) are minimal period-two solutions which 
are saddle points such that 

Then, the basin of attraction B ((x,x)) of (x,x) is the region between the global stable sets W s ((4>, ip)) and 
W s ((V>, 4>)) ■ More precisely 

B((x,x)) = {(x,y) : 3y u , Vl : y u < y < y h {x,yi) G W s ((</>, Y>)) , (x, y u ) G W s ((^, </>))}. 

The basins of attraction B(((p,ip)) = W s ((0,-0)) and B((ip,(j))) = W s ((ip,(f))) are exatly the global stable 
sets of (cf), tp) and (ift,4>). 

If (x-±,Xq) £ W+ ((ip,(t>)) or (x-±,xo) G WL ((cp,ip)), then T n ((x-i, xo)) converges to the other equi- 
librium point or to the other minimal period-two solutions or to the boundary of the region I x I. 

2 Local stability analysis 

First, notice the function f (u,v) is decreasing in the first variable and increasing in the second variable. 
By Theorem 1, for every solutions {x n }^L_ 1 of Eq. (1) the subsequences {x2n}^Lo an< ^ { x 2n-i}^Lo are 
eventualy monotonic. 

It is clear that Equation (1) has a unique positive equilibrium point x = If we denote 

, , . Buv + Cv 2 

f{u,v) = ^— , 

au z + buv 

then a linearization of Equation (1) is of the form 



y n+ i = sy n + ty n -i, 



SECOND ORDER QUADRATIC FRACTIONAL DIFFERENCE EQUATION, M. KULENOVIC ETAL 



5 

40 



where 

df , _. ( -aBu 2 v - 2aCuv 2 - bCv 3 \ ,_ _ N 

s = —t = — (x,x)=[ k {X,X) 

du K ' V (an 2 + buvf ) V ' 

_ aBx 3 + 2aCx 3 + bCx 3 _ 1 aB + 2aC + bC 

(ax 2 + bx 2 f ~ (a + 6) 2 

aB + 2aC + bC 

~ {a + b){B + CY 

Lemma 1 Equation (1) has a unique positive equilibrium point x = B a ^£ ■ 

i) If (3a + b) C < (b — a) B, then the equilibrium point x is locally asymptotically stable. 

ii) If b < a or if b > a and (3a + b) C > (b — a) B, then the equilibrium point x is a saddle point. 

Hi) If (3a + b) C = (b — a) B, then the equilibrium point x is non-hyperbolic (with eigenvalues Ai = — 1 
and A2 = \). 



Proof, i) Equilibrium point x is locally asymptotically stable if 



\s\<\-t <2<&\s\<\ + s <2<& ~< s <\. 



Since s < 0, we have 



1 aB + 2aC + bC 1 
S > ~2 ~(a + b)(B + C) > ~2 

2{aB + 2aC + bC) < (a + b) (B + C) = aB + aC + bB + bC 
aB + 3aC + bC < bB ^ (3a + b) C < (b - a) B, 

which implies that b — a > 0. Therefore, the equilibrium x is locally asymptotically stable if (3a + b) C < 
(b-a)B. 

ii) If |s| > |1 — t\ and s 2 + At > 0, then the equilibrium point a; is a saddle point. We obtain 

s 2 + At > 0 t 2 + At > 0, 

which is satisfied by t > 0, and 

\s\ > |1 - t\ O -s > |1 + s\ 44> s < 1 + s < -s s < 

aB + 2aC + bC 1 . ^ 
*» - (a + l ,)(i 3 + C) < -2 Q(3 ° + '" C> "'-° )R 

Notice that, if 6 — a < 0 then (3a + b) C > (b — a) B is satisfied, so equiilibrium point a; is a saddle point 
if b < a or if b > a and (3a + b) C > (6 - a)B. 

iii) Equilibrium point x is non-hyperbolic point if 

| s | = |l - t\ & s = -- & (3a + b) C = (b - a) B. 
Since s = — t = — ^, then the characteristic equation at the equilibrium point is of the form 

with eigenvalues Ai = — 1 and A2 = \. □ 
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3 Periodic solutions 

In this section we present results about existence of minimal period- two solutions of Eq. (1). 

Theorem 7 If b < a or B < C or (3a + b) C > (b — a)B, then Eq. (1) has no minimal period-two 
solutions. 

b) If b > a and (3a + b) C < (b — a) B, then Equation (1) has minimal period-two solution: 

4>, if), (p, if), . . . ((f) ip and (f) > 0 and if) > 0) , 

where 



B-C (_ , B-C ^\ „ . 4aC 

(b -a) (B-C) 



> 0. 



Proof. Notice that b > a and (3a + b) C < (b — a) B imply that B > C. 

Suppose that there is a minimal period-two solution {(f), if), <f>, if), . . .} of Eq.(l), where (f> and if) are 
distinct positive real numbers. Then, we have 



0 _ Bj,<t>+C4> 2 



(10) 



atp 2 +btp<j) 
, _ B<t»f>+C4> 2 
V a<t> 2 +b<t>ij) ' 

from which we obtain (since that <j> > 0 and if) > 0) 

+ C<^> = aY> 2 + bij)(f>, (11) 

B(f) + Cif) = a(p 2 + 60V>. (12) 
Subtracting Eq.(12) from Eq.(ll), we have 

B (if) - <f>) + C [(f) - if)) = a(if) 2 - (f) 2 ) , 

i.e. 

if) + ( f) = ^-^. (13) 

Adding Eq.(ll) to Eq.(12) we obtain 

B (if) + (f>) + C ((f) + if)) = a (if) 2 + if 2 ) + 2bif)0 

i.e. 

(B + C) (if) + <f>) = a (Y> + (f>) 2 + 2 (6 - a) ^. (14) 
Substituting (13) into (14), we have 

r> / r> (~'\ ^ 

(B + C) - = a[ -J +2(b-a)if)(f) 

a \ a J 

^= CB ^. (15) 
a b — a 

From (13) and (15) we see that Eq.(l) has no minimal period-two solutions if 

B-C<0oib-a<0. 
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By (13) and (15) we have that positive 0 and tp satisfy the quadratic equation 



£t C B C 

(j? </» + : = 0, (b > a and B > C) 

a a b — a 

with solutions 
where 

r. i AaC B(b-a)-C(3a + b) 

Equation (13) implies that 

V>± = <A± = <Pt- 



By substitution 
Eq.(l) is transformed to the system of equations 



•En— 1 — ^"nj 



U n +l = V n 

Bu n v n + Cv? n ■ 
The map T corresponding to the system (16) is of the form 



h (u, v) J ' 



, . , Buv + Cu 2 
where h (u, v) = 9 ; . The second iteration of the map T is 



av 2 + buv 



2 / u 



where 



v 

h (u, v) 



k (u, v) = 



h (u, v) 
h (v, h (u, v)) 



Bvh(u,v) + Cu 2 
ah 2 (u, v) + bvh (u, v) ' 



h (u, v) 
k (u, v) 



and the map T 2 is competitive by Remark 2 . The Jacobian matrix of the map T 2 is 



Jy2 



dh 


dh 


du 


dv 


dk 


dk 


du 


dv 



Now we obtain that Jacobian matrix of the map T 2 at the point (4>, tp) is of the form 



where 
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dh /cA _ aBiP 2 + 2aCcpip + bCcp 2 
du \ip) ~ ip(aip + bcf)) 2 

dh (<p\ <p (aBip 2 + 2aC</np + bCcp 2 ) 
dv \ip 



(aip 2 + b(j)ip) 2 
(aBip 2 + 2aC(pip + bCcp 2 ) (aBcp 2 + 2aC<pip + bCip 2 ) 
(p 2 {ail) + b(f>) 2 (a<j> + bi>) 2 
dk (4>\ aB<p 2 + 2aC<pip + bCip 2 ( aBip 2 + 2aC(pip + bC(p' 



dk((p 
du \ip 



1 + 



dv\ip) <f> {a<f> + bip) 2 

The corresponding characteristic equation is 

A 2 - p\ + q = 0, 



ip (aip + 60) ' 



where 



dh /<A dk /«A _ aBip 2 + 2aC(pip + bCcp 2 
du\ip) dv\ip) " V (aip + 60) 2 

q£0 2 + 2aC0V> + 6Cy 2 / a^ 2 + 2aC(pip + 6C0 2 



l.e. 



where 



Notice that now is 



so that 



4> (a<j) + bip) \ -0 (aip + 6</>) z 

p = a* + 6* (1 + a*) =a* + b* + a*6*, 



„ aS^ +2aCW> + 6C0 2 a50 2 + 2aC0V> + bCip 2 

a = k , b = — 



ip (aip + b(py 



> (a<p> + btpy 



dh(<t> 



(J) 



dh/<t>\ _ 
dv \tp) ip 



a 



du \ip 



q = det J T 2 = a*6* (1 + a*) - a* 2 6* = a*b* 
p = a * + b* + a*b*. 
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(17) 
(18) 
(19) 
(20) 



Theorem 8 Suppose that Eq.(l) has the minimal period-two solution. Then, this solution is a saddle 
point. 

Proof. We need show that 

\p\ > |1 + q\ and p 2 - Aq > 0. 

Indeed, 

(i) p 2 - 4q > 0 (a* + 6* + a*6*) 2 - 4a*6* > 0 

a* 2 + 6* 2 + a* 2 b* 2 + 2a* 2 6* + 2a* b* 2 > 2a* b* , 
which is sasfied because of a* 2 + b* 2 > 2a* b*. 
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(ii) 

\p\ > \l + q\ <5 p > 1 + q <5 a* + b* > I 



aBip 2 + 2aC<jnp + bCcp 2 aB<p 2 + 2aC<fnp + bCip 2 
•w> ; : — . .. 1 : : — .> > 1 



ip (cn/> + b(py 



<f> {a<t> + bipy 



{aBip 2 + 2aC# + bC<p 2 ) <j> (a<p + bipf + (a£0 2 + 2aC0V + bCip 2 ) ip (aip + b(p) 2 
> (pip (a(f> + bip) 2 ( a 4> + H) 2 ■ 

By (11) and (12) we have 
\p\ > \l + q\ 

{aBip 2 + 2aCW> + 6C0 2 ) <j> (a(f> + 6^) 2 + {aB(f> 2 + 2aC(pip + ^C^ 2 ) ip (aip + 60) 2 
> (BiP + C</>) (a^ + bcj)) (B<j> + CY>) (a0 + bip) 

^ L = abBC (cp A + V 4 ) + 2aC (aB + bC) (pip ((p 2 + ip 2 ) + (a 2 # 2 + 3a 2 C 2 + b 2 C 2 + 2a6.BC - b 2 B 2 ) (f> 2 ^ 2 > 0 
L = abBC (fi 2 + V 2 ) 2 + 2aC (aB + 6C) ^ {<p 2 + V> 2 ) + (a 2 ^ 2 + 3a 2 C 2 + b 2 C 2 - b 2 B 2 ) (\> 2 i\) 2 > 0. 

Using (13) and (15) we have 

bB-aB-aC - bC 



+ ^ 2 = (<j) + VO' - 20V = (B — C) 



a 2 (b - a) 



which implies 



L 



abBC 



(B-C) 



bB-aB-aC- bC 



1 2 



a 2 (b - a) 



+ 2aC {aB + bC) 



C(B- Cf (bB -aB-aC - bC) 
a 3 (6 - af 



+ {a 2 B 2 + 3a 2 C 2 + b 2 C 2 - b 2 B 2 ) 



C(B- Cf [(b - a) B — (3a + b) C] 



c 2 (b - cy 

a 2 (6 -a) 2 
bB-aC 



a 3 (6 - a) 



> 0, 



which is satisfied because B—C > 0, b— a > 0 and (3a + b)C < (b — a) B . Therefore, L > 0 <^ \p\ > |1 + q\, 
i.e. the minimal period-two solution of Eq.(l) is a saddle point. □ 



4 Global results and basins of attraction 

In this section we present results about basins of attraction of Eq.(l). 

Theorem 9 If (3a + b) C < (b — a) B, then Eq.(l) has a unique equilibrium point x which is locally asymp- 
totically stable, and two minimal period-two points ((p, ip)and (ip, (p) which are saddle points. Then, the basin 
of attraction B ((x,x)) of (x,x) is the region between the global stable sets W s (((p, ip)) and W s ((ip,(p)). The 
basins of attraction B (((p, tp)) = W s ((0, ip)) and B ((ip, (p)) = W s ((ip, <p)) are exatly the global stable sets 
of (<p,ip) and (ip,(p). Furthermore, 

i) if (x-i,Xq) 6 W- (((p>,ip)), then lim X2 n = °o and lim X2 n +i = 0; 

n— >oo n— >oo 

ii) if (x-i,xq) £ W+ (ip,(p), then lim xm = 0 and lim X2 n +i = °o- 

71— !>00 71— >00 
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Figure 1: The orbits of solutions with B = 4, C = 1, a = 1, b = 3. 



Proof. Using assumption (3a + b) C < (b — a) B and its consequence ^0 ■ ^pg, it is easy to check 
that (4>,i/j) ^ se (x,x) -< se (ip,(j)), where 



2a 



D 



2a 

B(b-a)-C(3a + b) 
(b-a) (B-C) ~ (6 - a) (B - C) ' 



4aC 



i.e. 



(f) < x < ip. 

Since the equilibrium point (x, x) is locally asymptotically stable for T it is also locally asymptotically stable 
for T 2 . Equation (1) corresponds to the system of difference equations (16) which can be decomposed into 
the system of the even-indexed and odd-indexed terms as follows: 

( 



U2n = U2n-1 3 
U2n+1 = V2n, 



V2n 



V2n+1 



Bu2n-\V2n-\ + Cv\ n _ x 
aU 2n-l + bu 2n -lV2n-l 
_ Bu 2n V2n + Cv\ n 
au\ n + bu2nV 2n ' 



(21) 



The conclusion folows from Lema 1 and from Theorems 6, 7 and 8 and using the facts: 
i) if («o,«o) G VM(0,V)), then 



(U 2n , V2n) = T n ((u 0 , Vq)) ->■ (0, Oo) and (u 2n +l,V2n+l) 



i2n+l 



((n 0 , u 0 )) -> (oo,0) ; 
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ii) if (uo,«o) G W+ ((if>,4>)), then 

(u2n,v 2n ) = T 2n ((u 0 ,v 0 )) -> (oo,0) and (tt 2n +i, «2n+l) = T 2n+1 ((u 0 ,«o)) -> (0,oo) . 
Consequently, 

i) if (a?_i, so) G W- ((0, ^)), then T 2n ((x_i, x 0 )) -> (0, 00) and T 2n+1 ((x_i, x 0 )) -> (00, 0), i. e. 

lim X2n = 00 and lim X2n+i = 0; 

n— >oo n— >oo 

ii) if (x-i,x 0 ) G W+((^,^)), then T 2n+1 ((x_i, x 0 )) -> (0, 00) and T 2n ((x_i, x 0 ))-> (00, 0), i. e. 

lim = 0 and lim X2n+i = °o- 
(See Figure 1 and Figure 2.) □ 




Figure 2: The orbits of solutions with B = 4, C = 1, a = 1, b = 3. 



Theorem 10 // b < a or if b > a and (3a + b)C > (b—a)B), then Eq.(l) has a unique equilibrium 
point x which is saddle point and has no minimal period-two solutions . There exists a set C which is an 
invariant subset of the basin of attraction of (x, x) . The set C is a graph of a strictly increasing continuous 
function of the first variable on an interval (and so is a manifold) and separets 1Z = (0, 00) x (0, 00) into 
two connected and invariant components W_ ((at;, x)) and W+ ((x, x)) which satisfy: 

i) if (x-i,xo) G W_ ((x,x)), then lim X2n = 00 and lim X2n+i = 0; 

n— >oo n— >oo 

ii) if (x_i,xo) G W+ ((x,x)), then lim X2 n = 0 and lim X2 n +i = 00. 

n— ¥00 n— >oo 
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Proof. It is easy to check that (x, x) is a saddle point for the strictly competitive map T 2 as well. The 
existence of the set C with stated properties follows from Lema 1 and Theorems 7, 2 and 4. Therefore, 
using (21), we obtain: 

i) if (uo, vq) G W_ ((x, x)) , then 

(u 2n , v 2n ) = T 2n ((n 0 , v 0 )) -> (0, oo) and (u 2n +i, «2n+l) = T 2n+1 ((u 0 , u 0 )) -> (oo, 0) ; 

ii) if (uo,vo) G W+ ((x, x)), then 

(u2n,V2n) = T 2n ((u 0 ,Vo)) -> (oo, 0) and («2n+l, v 2n +i) = T 2n+1 ((-iio,«o)) -> (0,oo) . 
Consequently, 

i) if (x_i,x 0 ) G W- ((x,x)), then T 2n ((x_i,x 0 )) (0,oo) and T 2n+1 ((x_i,x 0 )H (oo,0), that is 

lim X2n = o° and lim X2n+i = 0; 

ii) if (x_i,x 0 ) G W+ ((x,x)), then T 2n+1 ((x_i,x 0 )) -> (0,oo) and T 2 ™ ((x_i, xo))— >■ (oo,0), that is 

lim X2n = 0 and lim X2n+i = oo. 

n— >oo n— >oo 

(See Figure 3.) □ 




Figure 3: The orbits of solutions with B = 4, C = 1, a = 2, b = 1. 
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Theorem 11 If (3a + b) C = (b — a)B, then Eq.(l) has a unique equilibrium point x which is non- 
hyperbolic and has no minimal period-two solutions. There exists a set C which is an invariant subset 
of the basin of attraction ofx. The set C is a graph of a strictly increasing continuous function of the first 
variable on an interval and separates 1Z = (0, oo) x (0, oo) into two connected and invariant components 
W_ ((x, x)) and W+ ((x, x)) which satisfy: 

i) if (x-i,xo) G W_ ((x,x)), then lim xm = oo and lim X2n+i = 0; 

n— >oo n— >oo 

ii) if (x_i,xo) G W+ ((x, x)), lim xm = 0 and lim X2 n +i = oo. 




Figure 4: The orbits of solutions with B = 5, C = 1, a = 1, b = 2. 



Proof. By Lema 1, the eigenvalues of the map T at the equilibrium point (x, x) are Ai = —1, A2 = 5, 
which means that \i\ = Xf = 1 and ^2 = ^2 = ! are eigenvalues of the map T 2 . Using (17), (18), (19) and 
(20) we obtain 

( R -R \ 

J T 2(x,x) = , 
1 ^ \ -R 2 R(l + R) J 

where R = ( a +b)(B+c) ' '^^ ie straight-forward calculation shows that the eigenvector corresponding the 
eigenvalue fj,^ = 4 is of the form 

v -U-l)J'- eRV{0} ' 

which shows that eigenvector V2 is not parallel to coordinate axes. Therefore all conditions of Theorem 2 
are satisfied for the map T 2 with 1Z = (0, 00) x (0,oo). As a consequence of this and using (21), we have: 
i) if (u 0 ,v 0 ) G W- ((x,x)) , then (u 2 n,v 2 n) -> (0,oo) and (u 2n+ i, v 2n +l) -> (00, 0); 
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ii) if (u 0 ,v 0 ) G W+ {(x,x)), then (u 2n ,v 2n ) -> (oo,0) and (u 2n+1 , v 2n +i) -> (0,oo). 
It means that: 

i) if (x_i,x 0 ) G W_ ((x,x)), then T 2n ((x- 1} x 0 )) -> (0, oo) and T 2n+1 ((x_i,x 0 ))-> (oo,0), i.e. 

lim X2n = oo and lim x 2n+ \ = 0; 

n— >oo n— >oo 

ii) if (x_i,x 0 ) G W+ ((x,x)), then T 2n+1 ((x_i,x 0 )) -»• (0, oo) and T 2n ((x_i, ar 0 ))-> (oo,0), i.e. 

lim x 2 n = 0 and lim x 2n +i = oo. 

n->oo n— 5>oo 

(See Figure 4.) □ 

Remark 3 As one may notice from the figures all stable manifolds of either saddle point equilibrium 
points or non-hyperbolic equilibrium points or saddle period-two solutions are asymptotic to the origin, 
which is the point where Eq.(l) is not defined. These manifolds can not end in any other point on the axes 
since the union of axes without the origin is an invariant set, Thus the limiting points of the global stable 
manifolds of either saddle point equilibrium points or saddle period-two solutions have end points at (0, 0) 
and (oo, oo). 
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Abstract 

Making use Salagean operator and Ruscheweyh derivative,we introduce a new class of analytic functions 
£(7, a, 0) defined on the open unit disc, and investigate its various characteristics. Further we obtain dis- 
tortion bounds, extreme points and radii of close-to-convexity, starlikeness and convexity and neighborhood 
property for functions belonging to the class £(7, a, (3). 

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property, 
Salagean operator, Ruscheweyh operator. 
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1 Introduction 

Let A denote the class of functions of the form f(z) = z + Y^=2 a 3 z '' > wmcn are analytic and univalent 
in the open unit disc U = {z : z £ C : \z\ < 1}. T is a subclass of A consisting the functions of the form 
f(z) = z — Ylj°=2 \ a j \ ^ ■ For functions f,g £ A given by f(z) = z + 5Z°1 2 a j z K g{ z ) = z + Y^f=2 ^3 Z " '> we define 
the Hadamard product (or convolution) of / and g by (/ * g){z) = z + Y^=2 a j°j z K z £ U. 

Definition 1.1 Salagean [5]) For f £ A, n £ N, the operator S n is defined by S n : A — > A, 

S°f(z) = f(z) 
S'fiz) = zf'(z),... 
S n+1 f(z) = z(S n f(z))', z£U. 

Remark 1.1 If f £ A, f(z) = z + a i z ' J then Sn f ( z ) = z + E^L 2 3 na j zJ > zeU - 

IffeT, f(z) = z - £°1 2 a jZ i, then S n f (z) = z - £~ t+1 j n aj z* , z £ U. 

Definition 1.2 (Ruscheweyh [4]) For f £ A, n £ N, the operator R n is defined by R n : A — > A, 

R°f( z ) = f( z ) 

= zf'(z), ... 
(n + 1) R n+1 f (z) = z{R n j{z))'+nR n j{z), z £ U. 

Remark 1.2 /// £ A, f(z) = z + £~ 2 a jZ j , then R n f (z) = z + £°L 2 ^-1)1 a o zi > Z ^ U - 
Iff&T, f(z) = z - £°1 2 ajz*, then R n f (z) = z - W^W a ^ 3 ' z G U - 

Definition 1.3 [1], [2] Let 7 > 0, n £ N. Denote by L™ the operator given by L™ : A — > A, 

L;f(z) = (1 - !)R n f{z) + 1 S n f{z), z £ u. 

Remark 1.3 If f £ A, f(z) = z + , then L^f(z) = z + £~ 2 [lj n + (1 - 7) (j ^§} "j**, z e U. 

If f G T, f(z) = z £~ 2 then L^f(z) = z £°°=t+i { 7 j™ + (1 - 7) z £ U. 
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Following the work of Sh.Najafzadeh and E.Pezeshki [3] we can define the class £(7, a, (3) as follows. 

Definition 1.4 For 7>0,0<a<l and 0 < (3 < 1 , let £(7, a, (3) be the subclass ofT consisting of functions 
that satisfying the inequality 

L^ n f{z) - 1 



2u(L^ n f(z) -a)- (L^f(z) 1) 



where 



0 < v < 1. 



l£' n f(z) = (!-») 



L n J{z) 



Remark 1.4 If f £ T, f(z) = z — "Y^f=i a 3 z ^ ' ^en 

L^f(z) = 1 - E°°=t+1 [1 + M U 1)] {l3 n + (1 - 7) T^f } * 6 U. 



2 Coefficient bounds 

In this section we obtain coefficient bounds and extreme points for functions is £(7, a, (3). 
Theorem 2.1 Let the function f gT. Then f £ £(7, a, /3) i/ and onfo/ if 

£ (1 + M (i - !))[! + (3{2u 1)] { 7 j" + (1 - 7) °i < - <*)■ 



n!(i-l)! 



T/ie resw/i is sftarp for the function F(z) defined by 

2[3v{l-a) 



F{z) = z 



(1 + n(j I)) [I + (3{2v 1)] { 7 j« + (1 - 7) } 
Proof. Suppose / satisfies (2.1). Then for \z\ < 1, we have 

|L*"/(*) - 1| - (3 \2u{L^f{z) -a)- (L^f(z) - 1)| 



J" > * + 1- 



OO 

E (i + Mi-i)) 7i" + (i- 



7) 



j=t+i 



(n + j-l)! 
n!(i-l)! 



a 7 Z' 



j'-i 



/3 



2i/(l-a)-(2 I /-l) ^ j 7J" + (1 - 7) ( " T/ ^ M 1 + M (J - !)] 1 



j=t+i 



n\(j-l)\ 



< 



E [ 1 + M(j-l)]^7j" + (l-7) ( !,t J ^ "2 Ml - " '• + 



j=i+i 



n! (j - 1)! 



E 0(2" 1)(1 + M(i - 1)) 7 [1 + (J - 1) A]" + (1 - 7) 



j=t+i 



(n + j-1)! 
n\{j-l)\ 



E [1 + m(j - 1)] [i + i)] \ u n + (i - 7) ( !,t J t^t r -^HJ -n)< 0 



j=t+l 



n! (j - 1)! 

Hence, by using the maximum modulus Theorem and (1.1), / <G £(7,0;,/?). Conversely, assume that 

L^ n f(z) - 1 



2v(L^ n f{z) - a) - L^ n f(z) - 1) 



E°°=* + i [1 + M(i - 1)] {7J" + (1 - 7) t^f } 



21/(1 - a) £7=*+i [1 + M(J - 1)] (21/ - 1) {l3 n + (1 - 7) } 



< (3, zeU. 



(1.1) 

(1.2) 



(2.1) 
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Since Re(z) < \z\ for all z £ U, we have 

\ 2v(l - a) - T.T.W [1 + V <J - D] (2" - 1) {li" + (1 - 7) S ^§} -J*'"' J 

By choosing choose values of 2 on the real axis so that L^ n f{z) is real and letting z — > 1 through real values, 
we obtain the desired inequality (2.1). ■ 

Corollary 2.2 IffeT be in £(7,0,0), then 

aj < r— T , *>* + !, (2.3) 

[1 + M (j - 1)] [1 + 0(21/ - 1)] { 7J « + (1 - 7) { ~^§ } 

wii/i equality only for functions of the form F(z). 
Theorem 2.3 Let fi(z) = z and 

= * rr-^r^ 3>t + i, (2-4) 



[1 + p(j 1)] [1 + 0(2„ 1)] { 7 j« + (1 - 7 ) } ' 



/or 0 < a < 1, 0 < 0 < 1, 7 > 0 and 0 < v < 1. T/ien /(z) is in i/ie c/ass £(7, a, 0) if and onij/ if it can be 
expressed in the form 

00 

/(*) = £>/,■(*), (2-5) 

w/iere > 0 and X^jli w j = 1- 

Proof. Suppose f(z) can be written as in (2.5). Then 

201/(1 - a) 



/(*)=*- E 



W ^ [1 + M(J - 1)] [1 + 1)] {lJ n + (1 - 7) } ' 



Now, 



E 



[1 + - 1)] [1 + 0(2*, 1)] { 7 j" + (l - 7) } 



= E Wj- = 1 - wi < 1. 



201/(1 - a) 

201/(1 - a) 

[1 + Mj - 1)] [1 + 0(2^ - 1)] { 7 jn + (1 - 7 ) ^fef} _ 

Thus fe £(7, a, 0). 

Conversely, let / € £(7, a, 0). Then by using (2.3), setting 

[1 + M (i - 1)] [1 + 0(2^ - 1)] { 7 J" + (1 - 7) 

= 2MM °* + 1 

and W\ = 1 — w i> we nave = 5Zj=t ^jfji 2 )- And tms completes the proof of Theorem 2.3. 

3 Distortion bounds 

In this section we obtain distortion bounds for the class £(7, a, 0). 



3 



UNIVALENT HOLOMORPHIC FUNCTIONS, ALINA LUPAS 



Theorem 3.1 If f e £(7, a,f3), then 



2f3v{l - a) 



(1 + nt)[l + (3(2v - 1)] 7 (i + 1)™ + (1 - 7) iJ±I ^ 



n\t\ 



r t+1 < \f(z)\ 



<r + 



2(3v{l - a) 



„t+i 



(1 + ^)[1 + (3{2v 1)] 7 (t + 1)» + (1 - 7) 



ZioZds if the sequence {0^(7, /?, v)}JL t+1 is non- decreasing, and 

2/Ml-a)(*+l) 



< 1 



Zioicfe i/f/ie sequence {- 2 —j-^} C jLt+i * s rlon_ decreasing, where 

vjfr, (3, u) = [1 + M(j - 1)] [1 + /J(2* - 1)] | 7J " + (1 - 7) 

The bounds in (3.1) and (3.2) are sharp, for f(z) given by 

2f3v{\ - a) 



(1 + ^)[1 + (3{2v 1)] [ 7 (i + 1)« + (1 - 7) W 
2/3^(1 - a)(i + l) 



(1 + /xt)[l + /3(2i/ - 1)] 7(* + 1)" + (1 - 7) i!±! ^ 



rait! 



(n + j-1)! 
n! (j - 1)! 



/(*) = * 



(1 + ^)[1 + (3{2v 1)] [ 7 (t + 1)« + (1 - 7) (^11 
Proof. In view of Theorem 2.1, we have 



z*+\ z = ±r. 



< 



2/3^(1 - a) 



E a 

" (l+/rf)[l + /J(2i/-l)] 7 (t+i)n + (i_ 7 ) 



(t+ra)! 
nit! 



We obtain 



Thus 



-M t+1 E %<i/wi<M + M t+1 E ^- 
j=t+i j=t+i 



r — 



2(3v{l -a) 



(1 + + 0(2^ - 1)] [ 7 (t + 1)" + (1 - 7 ) 
2/fr(l - a) 



r t+i < \m\ 



<r + 



„t+i 



(l + /it)[l + /^-l)] 7 (t + !)« + (!- 7) 



Hence (3.1) follows from (3.5). Further, 



2/?z/(l-a) 



(l + A*t)[l+/?(2i/-l)] 7 (* + !)" + (! -7) 



rait! 



Hence (3.2) follows from 



l-r* £ J«,<|/'WI<l+r* ]T j 0j , 
i=t+i j=t+i 
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4 Radius of starlikeness and convexity 

The radii of close-to-convexity, starlikeness and convexity for the class £(7, a, (3) are given in this section. 

Theorem 4.1 Let the function f GT belong to the class £(-f,a,[3), Then f(z) is close -to-convex of order 6, 
0 < 6 < 1 in the disc \z\ < r, where 



r := inf 

j>t+i 



(1 - S) [1 + u(j 1)] [1 + 0(2u 1)] { 7 j» + (1 - 7) T^pf } 



20vj(l-a) 

The result is sharp, with extremal function f{z) given by (2.3). 
Proof. For given / € T we must show that 

|/'(*) -i|<i-«. 

By a simple calculation we have 



The last expression is less than 1 — 8 if 



!/'(*)- 1|< E jaM- 
j=t+i 



E ^ W < 1 

j=i+l 



Using the fact that / € £(7, a, /3) if and only if 



E 

j=t+i 



[l + Mj - l)] [l + gfo - l)] { 7J " + (l - 7) } 

2/3i/(l - a) a ° ~ L 



(4.2) holds true if 



J 1 ,t 



1-5 



2 < 



E 

j=t+i 



[1 + M (j - 1)] [1 + (3{2v 1)] { 7 j" + (1 - 7) 



2/?i/(l-a) 



Or, equivalently, 



n 4 < E 

j=t+l 



(l - 8) [l + - i)] [i + gfr - 1)] {tj" + (l - 7) ^ff} 



2/?i/j(l-a) 



which completes the proof. 



Theorem 4.2 Le£ / € £(7, a, T/ien 

1. / is starlike of order 6, 0 < 6 < 1, in the disc \z\ < n where, 



n = inf 

3>t+l 



(1 - 6) [1 + u(j 1)] [1 + {3{2v 1)] { 7 j» + (1 - 7) ggf } 
2/91/(1 - a) (j - 5) 

2. / is convex of order 6, 0 < 6 < 1, in the disc \z\ < r 2 where, 

f (1 - S) [1 + M(i - 1)] [1 + /?(2* - 1)] { 7 j n + (1 - 7) Sj^rf } 

ro = inf < — 

j>t+i I 2/3i/j (j - 1) (1 - a) 

Each of these results is sharp for the extremal function f(z) given by (2.5). 



(4.1) 



(4.2) 
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Proof. 1. For 0 < 6 < 1 we need to show that 



<l-6. 



(4.3) 



We have 



*/'(*) , 


< 


/(*) 





J2T=t+i(j - l ) a i \ z \ 



1 - E^+i oj M* 



The last expresion is less than 1 — 6 if 



\z\ < 1. 



j=t+l 



Using the fact that / € £(7, a, /?) if and only if 



E 

j=t+i 



[1 + Kj i)] [i + gC^ - i)] {tj" + (i - 7) ggf } 

2/3i/(l - a) % < L 



(4.3) holds true if 



-6 t [l+Mi-l)][l + /3(2^-l)]{7J" + (l-7)^r#} 



Or, equivalently, 



1-5 



z < 



z < 



2/3v(l-a) 

(l - 6) [l + Mi - l)] [l + ggv - l)] { 7 j" + (l - 7 ) } 

2M1 - a) (j - 5) : 



which yields the starlikeness of the family. 

2. Using the fact that / is convex if and only zf is starlike, we can prove (2) with a similar way of the proof 
of (1). The function / is convex if and only if 



We have 



\zf"(z)\< 



\zf"(z)\<l-S. 



j=t+l 



(4.4) 



< 1-6 



^ j(J - 1) I I* — 1 . , 



j=t+l 



Using the fact that / € £(7, a, /3) if and only if 



E 

j=t+i 



[1 + Mj - 1)] [1 + 0(2v 1)] { 7 j" + (1 - 7) } 

2/3i/(l - a) a ° K L 



(4.4) holds true if 



x [1 + M (j - 1)] [1 + /3(2i/ - 1)] { 7 j" + (1 - 7) } 



or, equivalently, 



1 — ^ 2/3i/(l-a) 

x (1 - 5) [1 + - 1)] [1 + 1)] {lJ n + (1 - 7) } 



2 < 



2(3uj (j - 1) (1 - a) 



which yields the convexity of the family. 
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5 Neighborhood Property 

In this section we study neighborhood property for functions in the class C("f,a, (3). 
Definition 5.1 For functions f belong to A of the form and e >0, we define n — e - neighborhood of f by 

oo oo 

JW) = i9(z) e A : g(z) = z + J2bjz j , £ \aj bj\ < e}, 

j=2 j=2 

where n is a fixed positive integer. 

By using the following lemmas we will investigate the i] — e - neighborhood of function in £(7, a, (3). 
Lemma 5.1 Let — 1 < [3 < 1, if g(z) = z + Y^=2 satisfies 

£/ +1 N<: 2/Ml " a) 

then g(z) € £(7, a, (3). 



+ (3{2v-l) 



Proof. By using of Theorem 2.1, it is sufficient to show that 

[1 + i)] [i + i)] {u p + (i - 7) { -^§} 



But 



2f3v{l-a) 2(3v{l-a) 
[l + /3(2^-l)]{ 7 ^ + (l-7)^f } 



[1 + j9(2i/- 1)]. 



2/3i/(l - a) 
Therefore it is enough to prove that 

Q(i,p) = 



< 



2/3v(l - a) 



[l+/3(2i/-l)]. 



ip+i 



< 1, 



the result follows because the last inequality holds for all j > t + 1. ■ 

Lemma 5.2 Let /(z) = z - 2 a kZ k S T, 7 > 0, 0 < a < 1, 0 < /? < 1 and e > 0. // /( ^+ £Z G £(7, a, /?), 
i/ien 



E ^ ^ 



2/3i/(l-a)(l + e)(i + l)" +1 



i=*+i [1 + M(J - 1)] [1 + 0(2* - 1)] [ 7 (* + 1)" + (1 " 7) ^bt 

where either p = 0 or p = 1 . T/ie rest/if is sftarp wrai/i i/ie extremal function 

2{3v{l - a) (1 + e) 



/(*)=*• 



[1 + M (i - 1)] [1 + 0(2* - 1)] [ 7 (* + 1)" + (1 - 7) ^ 
Proof. Letting 5(2) = /( ^" we have 

OO 

9(*) = *- E lf^> Z£C/ - 
j=t+i 

In view of Theorem 2.3, g(z) = Y%Li Vj9j( z ) where rjj > 0 , Sjli ?7j = !> 

3i (z) = 2 

and 

0j (z) = z 



zet/. 



2/3*(l-a)(l + e) 



[l + M (j - l)] [l + /?(2„ - l)] { 7 j« + (l - 7) ^r¥} 



j > t + 1. 



UNIVALENT HOLOMORPHIC FUNCTIONS, ALINA LUPAS 



58 



So we obtain, 



= t "A* Wi-a)(l + e) r^n 

Ai [1 + M(i - 1)] [1 + /?(2i> - 1)] |7i" + (1 - 7) 



= z 



2/9i/(l-a)(l + e) 



Ai " [i + - 1)] [i + my i)] {7.?" + (i - 7) } ' 



2/^(1 - a) (1 + e) 



Since r)j > 0 and ^°^ 2 rjj < 1, it follows that 

00 

,Si " 3 [1 + M(J - 1)] [1 + ft*" 1)] {lJ n + (1 - 7) T^f } ' 
Since whenever p = 0 or p = 1 we conclude 

•p+i 2^(l-a)(l + e) 



[1 + - 1)] [1 + 0{2v 1)] { 7 j« + (1 - 7 ) } ^ 

is a decreasing function of j, the result will follow. The proof is complete. ■ 
Theorem 5.1 Let p = 0 or p = 1 and suppose 0 < 0 < 1 and 



-1< 0 < 



[1 + m(* - 1)] [1 + ^-1)] 


7(* + !)" + (! 


(*+»)>" 

7^ 


-20v{\ -a)(l + e)(t + l) ? '+ 1 


[1 + - 1)] [l + 0(2u-l)} 


7 (i + !)" + (! -7) { ^f_ 





/(z) € T and ^j^" £ £(7,0;,/?), then the rj — e -neighborhood of f is the subset of C(\,a, 0), where 



£ < 



2(l-a){07[l + /i(t-l)] [l+/3(2i/-l)] 


7 (i + l)" + (l- 


-7) 


(t+n)!" 
n!t! 


- /3 7 [1 + 0(2i/ - 1)] (1 + e)(t + 1)" +1 } 


[l + 0(2i/- 1)] + 


-1)] [l + /3(2i/- 


■1)] 


7 (t +!)« + (! -7)^ 





Tfte result is sharp. 

Proof. For /(z) = z — Y^=2 l a il z ^ ^ 9i z ) ~ z + S^=2 ^i' 2 ' 7 be m -^e (/)■ ^° by Lemma 5.2, we have 

00 00 

j=2 j=2 



< £ + 



2/3i/(l-a)(l + e)(t+l)" +1 



[1 + p(t 1)] [1 + 0{2v 1)] [ 7 (t + 1)» + (1 - 7) 
By using Lemma 5.1, g{z) G £(7, a, /3) if 



e + 



2/3i/(l-a)(l + e)(i + l)" +1 



[1 + „(t - 1)] [1 + 0{2v 1)] 7 (t + 1)" + (1 - 7) 



< 



201/(1 - a) 
l + 0(2i/- 1)' 



that is, s < and the f . 

plete. ■ 



is com- 
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Properties on a subclass of univalent functions denned by using a 
generalized Salagean operator and Ruscheweyh derivative 
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Abstract 

In this paper we have introduced and studied the subclass 1ZV(d, a, 0) of univalent functions defined by the 
linear operator RD^ J f(z) defined by using the Ruscheweyh derivative R n f(z) and the generalized Salagean 
operator £>£/(*), as 'RDS ia :A^A, RD^f(z) = (i - j)R n f(z) + jD^f( Z ), z € U, where A n = {/ 6 H(U) : 
f(z) = z + a n+ \z n+1 + . . . , z £ U} is the class of normalized analytic functions with A\ = A. The main 
object is to investigate several properties such as coefficient estimates, distortion theorems, closure theorems, 
neighborhoods and the radii of starlikeness, convexity and close-to-convexity of functions belonging to the class 
TZV(d,a,(3). 

Keywords: univalent function, Starlike functions, Convex functions, Distortion theorem. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and Ti(U) the space of holomorphic 
functions in U. 

Let A n = {/ £ H{U) : f(z) = z + a n+1 z n+1 + ..., z £ U} with A 1 = A. 
Definition 1.1 (Al Oboudi [8]) For f £ A, A > 0 and n£N, the operator D% is defined by : A —> A, 
D°J(z) = f(z) 

Dif(z) = (l-X)f(z) + Xzf(z) = D x f(z),... 
D n x +1 f{z) = (l-\)Dlf{z) + \ z {Dlf{ z ))' = D x {Dlf{z)), zeU. 

Remark 1.1 If f £ A and f{z) = z + £°1 2 aj z j , then D r x l f (z) = z + Y^L 2 I 1 + C? - l ) A l" a j zJ > zeU - 
For X = 1 in the above definition we obtain the Salagean differential operator [13]. 

Definition 1.2 (Ruscheweyh [12]) For f £ A, n £ N, the operator R n is defined by R n : A —> A, 

R°f(z) = f(z) 
i?V(z) = zf'(z), ... 
(n + 1) R n+1 f (z) = z(R n f(z))' + nR n f(z), z £ U. 

Remark 1.2 If f £ A, f(z) = z + £°1 2 aj z*, then R n f (z) = z + £°L 2 ^rg^M * e U. 

Definition 1.3 [3] Let 7, A > 0, n £ N. Denote by RD^ a the operator given by RD^ a : A -> A, 

RD^f(z) = (1 - i)R n f{z) + jD^f(z), z £ U. 

Remark 1.3 If f £ A. f(z) = z + ^ZJL 2 a i z '' ' > ^ en 

RDl J{z) = z + £~ 2 {7 [1 + (j - 1) A]" + (1 - 7 ) ajz*, z £ U. 

This operator was studied also in [4], [6], [7]. [9], [10]. 
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Remark 1.4 For 7 = 0, RD% fi f(z) = R n f{z), where z £ U and for 7 = 1, RD% J (z) = D%f (z), where z £ U. 
For A = 1, we obtain RD™ n f (z) = L™f (z) which was studied in [1], [2] and [5]. 

We follow the works of A.R. Juma and H. Ziraz . 

Definition 1.4 Let the function f £ A. Then f(z) is said to be in the class lZV(d, a, (3) if it satisfies the following 

CTttCTZOTl ' 

1 zjRD^fjz))' + az\RD^f(z))» 

l d [ (l^a)RDl 7 f(z) + az(RDlJ(z)y )l < P > 1 ' > 

where d £ C - {0}, 0 < a < 1, 0 < /? < 1, z£U. 

In this paper we shall first deduce a necessary and sufficient condition for a function f{z) to be in the class 
lZV(d, a, (3). Then obtain the distortion and growth theorems, closure theorems, neighborhood and radii of univa- 
lent starlikeness, convexity and close-to-convexity of order 6, 0 < 6 < 1, for these functions. 

2 Coefficient Inequality 

Theorem 2.1 Let the function f £ A. Then f(z) is said to be in the class 1ZV(d, a, (3) if and only if 

f> + a(j l))(j - I + (3\d\) {7 [1 + (3 1) A]" + (1 - 7) {n J~{j-l)\ ) a > ~ m > (2 ' 1} 

where d £ C - {0}, 0 < a < 1, 0 < /? < 1, z£U. 

Proof. Let f(z) £ 1ZT>(d,a, (3). Assume that inequality (2.1) holds true. Then we find that 

z{RDl 1 f{z))' + a z\RDl 1 f{z))" 
l (l-a)RDl 1 f(z)+az(RDl 1 f(z)y 1 

££ 2 (1 + "(J - m 1) {7 [1 + (3 1) A]" + (I - 7) ^§ } a 3 zJ 



z + 



Er= 2 (i + «0' - 1)) {7 [i + (3 i) A]" + (l - 7) 



E J °°= 2 (i + «(J - m i) {7 [i + (3 i) A]" + (i - 7) 0j kr 1 

1 - E7= 2 (i + «(j - 1)) {7 [i + (3 i) A]" + (i - 7) } "iM''- 1 

Choosing values of z on real axis and letting z — > I - , we have 

f> + a(j l))(j - I + 0|d|) | 7 [1 + (3 1) A]" + (1 - 7) ^frf } ^ ^ 

Conversely, assume that /(z) G TZV(d, then we get the following inequality 

z(i^ 7 /(z))' W(i^. 7 /(z))" _ 
Kei (I- a )i?D« 7 /(z) + a z(i?D™ 7 /(z))' 111 > 

- + E°°= 2 i(l + a(j - !)) [1 + CJ - 1) A]" + (1 - 7) } 

i?e{ J= — — — — — -y- l+/?d}>0 

- + E°°= 2 (i + «(J - i)) {7 [1 + (i - 1) A]" + (I - 7) ^Erf } ajzJ 

P\d\z + £°° =2 (i + «(J - - 1 + M) {7 [1 + (3 i) A]" + (I - 7) ^ryr} a^' 
i?e p — rr > 0. 

z + ££ 2 (1 + «(J - 1)) {7 [1 + (i - 1) A]" + (1 - 7) } a^i 

Since Re{—e %d ) > — \e l0 \ = —I, the above inequality reduces to 

- E°l 2 (i + «0" - - 1 + » {7 [i + (3 i) A]" + (f - 7) ^t^ 1 } 



r E°°= 2 (! + «(J - 1)) {7 [1 + (3 1) A]" + (I - 7) } ajri 

Letting r — > I - and by the mean value theorem we have desired inequality (2.1). 
This completes the proof of Theorem 2.1 ■ 
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Corollary 2.2 Let the function f G A be in the class TZT>(d, a, f3). Then 

a 3 < ™ r , i>2. 

(l + a( J -l))( J -l + /?M|){ 7 [l + 0--l)A]" + (l- 7 )<^f } 

3 Distortion Theorems 

Theorem 3.1 Let the function f € A be in the class lZT>(d, a, (3). Then for \z\ = r < 1, we have 

[3\d\ 



(l + a)(l + /?|d|)[ 7 (l + A) n + (l-7) («+!)] 



r Z < \f(z) 



m 2 

" (l + a)(l + /?|d|)[7(l + Ar + (l- 7 )(n+l)] r • 



The result is sharp for the function f{z) given by 

f(z)=z + 



0\d\ 



z 2 . 



(l + a)(l + ^|d|)[7(l + A) n + (l- 7 ) (n+1)] 
Proof. Given that f(z) G lZT>(d,a, f3), from the equation (2.1) and since 

(1 + a)(l + 0\d\) h (1 + A)" + (1 - 7) in + 1)] 
is non decreasing and positive for j > 2, then we have 

oo 

(1 + a)(l + 0\d\) [7 (1 + A)" + (1 - 7) (n + 1)] a i ^ 
£(1 + a(j l))(j - 1 + (3\d\) {7 [1 + (j 1) A]" + (1 - 7) ^j^rf } a > ~ m > 



3=2 

which is equivalent to, 



Using (3.1), we obtain 



Similarly, 



^ ^ -(! + «)(! + » [7 (1 + A)" + (1 - 7) (n + 1)] ' (3 ' 1} 



f(z) = z + ^T aj z J 

j=2 

OO OO OO 

\f(z)\ < \z\+Y,«M j <r + ^>^ Kr + r 2 ^ 

3=2 3=2 3=2 

M 2 

(l + «)(l + /3MI)[7(l + A)" + (l-7)(«+l)] r ' 

I f(V)| > r 2 ^ r 2 

~~ (1 + a)(l + /3|d|) [ 7 (1 + A)" + (1 - 7) (n + 1)] ' 



This completes the proof of Theorem 3.1. ■ 

Theorem 3.2 Let the function f G A be in the class lZV(d, a, (3). Then for \z\ = r < 1, we have 

2[3\d\ 



(l + a)(l + /3|d|)[ 7 (l + A) n + (l-7) (n+1)] 



r<\f'(z)\ 



20\d\ 

" (1 + a)(l + P\d\) [7 (1 + A)" + (1 - 7) (n + 1)] ^ 



The result is sharp for the function f{z) given by 

f(z)=z + 



(3\d\ 



(l + a)(l + /3|d|)[ 7 (l + A) n + (l-7) (n+l)\ 



z 1 . 
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Proof. From (3.1) 

OO 

f(z) = l + J2j*Jz j - 1 

Similarly, 



(1 + Q)(l + /3|<i|) [7(1 + A) + (1 - 7 ) (n+ 1)] 
This completes the proof of Theorem 3.2. ■ 

4 Closure Theorems 

Theorem 4.1 Let the functions fk, k = 1, 2, to, defined by 



fk(z) = z + ^2aj, k z J , a jik > 0, (4.1) 
6e m the class lZV(d, a, (3). Then the function h(z) defined by 

ra 

fe=i 

is also in the class 1ZT>(d,a, f3), where 

m 

= I- 

fc=l 

Proof. We can write 

m ra co co m 

K Z ) =J2^m z + J2J2^ a j,kZ 3 = Z + J^JZ^J^Z 3 - 

k=l k=l j=2 j=2 k=l 

Furthermore, since the functions fk{z), k = 1, 2, m, are in the class 1ZT>(d, a, f3), then from Theorem 2.1 we have 

£(1 + a(j - l))(j - 1 + (3\d\) [l [1 + U 1) A]" + (1 - 7) a ^ k ^ m - 

Thus it is enough to prove that 

p<,l + a(j l))(j - 1 + /3|d|) {7 [1 + U 1) A]" + (1 - 7 ) (n nl [p^ } (fj = 

m co r / I ■ _ i\n 

^ Mfe 2(1 + a(, - l))(j - 1 + » 7 [1 + U ~ 1) A]" + (1 - 7) ^,T: ? _~ ' a,- fc 

fe=l j=2 I- «-U -LJ- J 

ra 

fc=l 

Hence the proof is complete. ■ 

Corollary 4.2 Let the functions fk, k = 1,2, defined by (4-1) be in the class lZT>(d, a, (3). Then the function h(z) 
defined by 

h(z) = (l-0f 1 (z) + Cf 2 (z), 0 < C < 1, 

is afeo m i/ie dass 1ZT>(d,a,/3). 
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Theorem 4.3 Let 

h{z) = z, 

and 

fi (z)=z + T z j , j>2. 

(1 + a(j l))(j - 1 + f3\d\) {t [1 + U 1) A]" + (1 - 7) %KT§} 

Then the function f(z) is in the class TZV(d, a, (3) if and only if it can be expressed in the form: 

oo 

f(z) = fi 1 f 1 {z)+J2^ j f3(z), 

3=2 

where n 1 > 0, fj,j > 0, j > 2 and [i 1 + X^=2 A*j = 1- 

Proof. Assume that f(z) can be expressed in the form 

oo 



z + 

3 



3=2 

P\d\ 



^(l + a(j-l))(j-l + /3M|){ 7 [l + (j-l)Ar + (l-7)^f 



Thus 



E 



(1 + a(j l))(j - 1 + (3\d\) { 7 [1 + (j - 1) A]" + (1 - 7 ) } 



(l + a (j -l))0--l+/3|d|){7[l + (j-l)Ar + (l-7)^f } U 

Hence /(z) e UV(d,a,/3). 

Conversely, assume that f(z) € lZT>(d, a, /?). 
Setting 

(l + a ( J -l))( J -l + / j|rf|){ 7 [l + ( J -l)A]" + (l- 7 )^f } 

since 

oo 
3=2 

Thus 

OO 

Hence the proof is complete. ■ 

Corollary 4.4 TTie extreme points of the class 1ZT>(d,a, (3) are the functions 

fi{z) = z, 

and 

f.( z \ = z -\ — z° j > 2 

(1 + a(j l))(j - 1 + (3\d\) {l [1 + U 1) A]" + (1 - 7) 
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5 Inclusion and Neighborhood Results 

We define the 6- neighborhood of a function f(z) € A by 



N s (f) = {geA:g(z) = z + Y / b 1 z 3 and ^./», h, ■ 6}. (5.1) 

3=2 3=2 

In particular, for e(z) = z 

OO oo 

N s {e) = {g e A : g(z) = z + J2 b o zj and £j'N < «}■ ( 5 - 2 ) 

3=2 3=2 

Furthermore, a function / e A is said to be in the class TZV^(d,a, f3) if there exists a function /i(z) £ lZV(d, a, f3) 
such that 

' < 1 - f , z€U, 0 < f < 1. (5.3) 



1 



Theorem 5.1 7/ 



| 7 [1 + (j - 1) A]" + (1 - 7 ) {n Jj_ ^ } > [7 (1 + A)" + (1 - 7 ) (n + 1)] , J>2 



and 

2/3\d\ 



(l + a)(l + /3|d|)[7(l + Ar + (l-7) (n+1)]' 
nV(d,a,0) C AT 6 (e). 

Proof. Let / £ lZT>(d, a, (3). Then in view of assertion (2.1) of Theorem 2.1 and the condition 
{ 7 [1 + (j - 1) A]" + (1 - 7 ) <^rf } > [7 (1 + A)" + (1 - 7) (n + 1)] for j > 2, we get 

OO 

(1 + a)(l + » [7 (1 + A)" + (1 - 7) (n + 1)] £ a, < 

3=2 



3=2 

which implise 



fft + a(j - - 1 + 0\d\) {7 [1 + (j ~ 1) A]" + (1 ~ 7) ^ } ■ 



% < /?|d|, 



OO 



(l + «)(l + »[7(l + A) n + (l-7)(n+l)]' 1 ' J 

Applying assertion (2.1) of Theorem 2.1 in conjunction with (5.4), we obtain 

CO 

(1 + a)(l + (3\d\) [7 (1 + A)" + (1 - 7) (n + 1)] £ a,- < 0|d|, 

3=2 



2(1 + a)(l + /?|d|) [7 (1 + A)" + (1 - 7) (n + 1)] £ a, < 2/J|d| 

v . < ffl = , 

H -(! + «)(! + 0M) [7 (1 + A)" + (1 - 7 ) (n + 1)] ' 



by virtue of (5.1), we have / £ Ng(e). 

This completes the proof of the Theorem 5.1. 
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Theorem 5.2 If h £ 1lV(d,a,f3) and 



, = 1 6 (l + a )(l + /3|d|)[ 7 (l + A)" + (l- 7 )(n+l)] 
4 2 (1 + «)(1 + M) [7 (1 + A)" + (1 - 7) (n + 1)] - 0\d\ ' 



then 



N e (h) C KVt(d,a,(3). 
Proof. Suppose that / £ Ng(h), we then find from (5.1) that 

oo 

which readily implies the following coefficient inequality 
Next, since ft € lZT>(d,a, (3) in the view of (5.4), we have 



J " (l + a)(l + »[7(l + Ar + (l-7)(n+l)]' 



Using 5.6) and (5.7), we get 
/(*) 



h(z) 



< 



E^2 K 



< 



i=2 °i 2 1 



/3|d| 



< 



(l+ Q )(l+/3|d|)[ 7 (l+A)" + (l- 7 )(n+l)] / 

5 (l + a)(l + /3|d|)[ 7 (l + A) n + (l-7)(n+l)] = 



(5.5) 



(5.6) 



(5.7) 



2 (1 + a)(l + » [ 7 (1 + A)" + (1 - 7) (n + 1)] - 0\d\ 
provided that £ is given by (5.5), thus by condition (5.3), / £ TZT>^ (d, a, (3), where £ is given by (5.5). 



6 Radii of Starlikeness, Convexity and Close-to- Convexity 

Theorem 6.1 let the function f £ A be in the class 1ZT>(d,a, (3). Then f is univalent starlike of order 6, 
0 < 6 < 1, in \z\ < r\, where 



r\ = inf ■ 



(1 -S)(l + a(j l))(j - 1 + (3\d\) {7 [1 + U 1) A]" + (1 - 7) { ~^§} 1 jU 



f3\d\(l-t) 



The result is sharp for the function f{z) given by 
f j (z) = z + 



(l + a(j-l))0'-l + «{7[l + (j-l)A] n + (l-7)^g^} 
Proof. It suffices to show that 

v.f'(?\ 

<i-6, \z\ < n. 



z\ j>2. 



zf'jz) 1 
/(*) 



Since 



/(*) 



< 



1 j- 1 



i-E^^I^'- 1 



To prove the theorem, we must show that 



E^L 2 0' - 1 ) Q jl- z 



< 1-6. 
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It is equivalent to 



Y J U-6)a J \zr 1 <l-6, 
i=2 



using Theorem 2.1, we obtain 

(1 -«)(! + a(j - 1))(J - 1 +/3|d|) {7 [l + (j-l)A] n + (1-7)^^}!^ 



2 < 



Hence the proof is complete. 



/?M(i-s) 



Theorem 6.2 Le£ i/ie function f £ A be in the class 1ZV(d, a, /3) . TTien / is univalent convex of order 6, 0 < 8 < 1, 
m |^| < r 2 , w/iere 



r 2 = inf ■ 



(1 -6)(l + a(j l))(j - 1 + « {7 [1 + (j - 1) A]" + (1 - 7 ) £gE$} 



T/ie resutt is sharp for the function f{z) given by 
f j (z) = z + 



20' - 



(l + a( J -l))( J -l + /?M|){ 7 [l + ( J -l)A]" + (l- 7 )^f } 
Proof. It suffices to show that 

zf"(z)\ 
J ' l < 1-6, \z\<r 2 . 



z\ j>2. (6.1) 



Since 



zf"(z) 



/'(*) 



/'(*)) 



E^l 2 i(i - 1 ) a i zj 1 



1 ' E.^ J./";-"' 1 



< 



•u'-i 



To prove the theorem, we must show that 



i-e^w- 1 



< 1 - 6, 



^2j(j-6)a j \zr 1 <l-6, 

3=2 

using Theorem 2.1, we obtain 

_ x ^ (1 - 6)(i + a(j m 1 + m\) {7 [1 + (j - 1) A]" + (l - 7) ggrjr} 

2(j - «)/3|d| 

(1 -«)(! + «0" - 1))(J - 1 +/3|d|) {7 [l + 0'-l)A] n + (1-7)^^}!^ 



P" 1 < 



or 



z < 



Hence the proof is complete. 



2(j - 6)(3\d\ 



Theorem 6.3 Let the function f € A be in the class TZV(d, a, fl). Then f is univalent close-to-convex of order 6, 
0 < S < 1, in \z\ < r 3 , where 



r 3 = inf 



(1 -6)(1 + a(j m 1 + P\d\) {7 [1 + (J 1) A]" + (1 - 7) T^rf} 1 ^ 



JP\d\ 



The result is sharp for the function f{z) given by (6.1). 
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Proof. It suffices to show that 

\f'(z)-l\<l-6, \z\<r 3 . 

Then 



j=2 



!/'(*)- 1| = 

Thus \f'(z) — 1| < 1 — 6 if $^L 2 f^M"' -1 — 1- Using Theorem 2.1, the above inequality holds true if 



<X>iM J ' -1 - 

J =2 



or 



k < 



^ (l-g)(l + qg - l))(j - 1 + P\d\) {7 [1 + (J 1) A]" + (1 - 7) ggff) 
(1 -«)(! + «0" - 1))(J - 1 +/3|d|) {7 [l + 0'-l)A] n + (l- 7)^^)1^ 



Hence the proof is complete. ■ 
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Abstract 

In this paper, we provide an existence result of a fixed point for a 
mapping whose domain is C([a, b],E) and its range is a subset of E, where 
E is a Banach space and C([a, b], E) the space of all continuous functions 
from [a, b] into E. Our proof is different and shorter than the proof given 
in [5] by using mild assumptions and omitting an ordering on the space. 
Finally we apply the fixed point obtained to give an existence result for 
an ordinary differential equation which is known as the periodic boundary 
value problem without any lower solution or an ordering on the space as 
assumed in [5]. 

Keywords : PPF dependent fixed points, Razumikhin classes, Partially 
ordered sets, Algebraic closedness with respect to a difference. 

Mathematics Subject Classification 2000: 54H25, 55M20 



1. Introduction and preliminary results 

The fixed point theorems for mappings satisfying certain contractive con- 
ditions have been continually studied for several decades (see [2,5-11,15] and 
references contained therein). Bcrnfcld et al. [3] proved the existence of PPF 
(past, present and future) dependent fixed points in the Razumikhin class for 
mappings that have different domains and ranges. After that, Dhage [4] ex- 
tended the existence of PPF dependent fixed points to PPF common dependent 
fixed points for mappings satisfying the weaker contractive conditions. In 2007, 
Drici et al. [5] proved fixed point theorems for mappings with PPF dependence 
in partially ordered metric spaces. A natural question may arise that "Is it 
possible to obtain the results obtained in [5] without assuming ordering on the 
space and furthermore relaxing some assumptions?" The main aim of this paper 
is to give a positive answer to this question. In the rest of this section, we need 
the following preliminaries. 

Suppose that E is a Banach space with the norm || • \\e and / is a closed 
interval [a, b] in the real line BL Let Eq — C(I, E) be the set of all continuous 

* corresponding author 
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E- valued mappings on I equipped with the norm || • \\e 0 defined by 

IMk=sup||0(t)|| B VcbeEo. (1.1) 
tei 

For a fixed clement c G I, the Razumikhin class of mappings in Eq is defined by 

ft c = {0 e £ 0 : IHk = 110(c) \\e}. (1-2) 

Recall that a point <j> € Eq is called a PPF dependent fixed point or a fixed 
point with PPF dependence of a mapping T : Eq — > £7 if T\£ = </>(c) for some 
cel. 

Remark 1.1 One can embed the Banach space E into E 0 = C(I, E) by defining 
F : E — > £"o dse^ ^(e) and F{e){t) = e /or a// 1 £ I. It is obvious that F is a 
well-defined mapping and sup tg/ ||F(e)(t)|| = ||e||£ and so F is an isometry. 

Definition 1.2 Let A be a subset of E. Then 

(i) A is said to be topologically closed with respect to the norm topology if 
for each sequence {x n } in A with x n — > x as n — > oo implies x e A. 

(ii) ,4 is said to be algebraically closed with respect to the difference if x—y e A 
for all x, y G A. 

Definition 1.3 A mappings T : E 0 — > E is said to satisfy the condition of Ciric 
type generalized contraction if there exists a real number A e [0,1) satisfying 

\\T<f>-Ta\\ < Amax{||(A-a|| Eo , ||0(c) - T<f>\\ E ,\\a{c) - Ta\\ E , 

±[\\<t>(c)-Ta\\ E +\Hc)-T4>\\ E ]}, (1.3) 

for all ^ a e £o and for some cel. 

Recently, Dhage [4] proved the existence of PPF fixed points for mappings 
satisfying the condition of Ciric type generalized contraction (for more details, 
for example, refer to [13]) assuming topological closedness with respect to the 
norm topology for a Razumikhin class. 

Theorem 1.4 (Dhage, [4]) Suppose that T : E 0 — > E satisfies the condition 
of Ciric type generalized contraction. Assume that 1Z C is topologically closed 
with respect to the norm topology and is algebraically closed with respect to the 
difference, then T has a unique PPF dependent fixed point in 1Z C . 

Question. Is the result of Theorem 1.4 valid if one omit the assumption of 
being topological closed of 1Z C ? 

The following proposition gives an affirmative answer to the question. 

Proposition 1.5 The Razumikhin class 1Z C is topologically closed with respect 
to the norm topology. 
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Proof. Let {<j> n } be a sequence in 1Z C converging to <f). This implies that 
lim \\<f> n - 4>\\ Eo = 0, where \\<j) n - <f>\\ Eo = sup \\4> n (t) - 4>(t)\\ E . 

Therefore 

lim \\<f> n \\E 0 = II^Hbq and lim \\<j) n (t)\\ E = \\<j>(t)\\ E for all t G I. 

n — *oo n — >oo 

Since 4> n € 1Z C for all n G N, we obtain that H^nH^o = ||^n(c)||s- Therefore 

lim U n {c)\\ E =U\\ Eo . 

By the uniqueness of the limit, we have ||</>||,e 0 = ||</>(c)||.e. Hence <f> G 1Z C and 
thus 1Z C is topologically closed with respect to the norm topology. ■ 

Hence, using Proposition 1.5, we can drop the topological closedness with 
respect to the norm topology for TZ C in Theorem 1.4. 

The following example shows that despite of the closedness of Razumikhin 
class 1Z C , the algebraical closedness with respect to the difference of Razumikhin 
class 1Z C may fail. 

Example. Let E 0 = C([0, 1], R) and c = 1. If we take (f){x) = x 2 and <p(x) = x 
then <f), <p G 1Z C while </> — ip £ 1Z C . 

Proposition 1.6 If the Razumikhin class 1Z C is algebraically closed with respect 
to the difference, then 1Z C is a convex set. 

Proof. Since 1Z C is algebraically closed with respect to the difference, we have 
1Z C — 1Z C CK C . Using the fact that — 1Z C = 1Z C , we obtain that 1Z C + 1Z C C 1Z C . 
Since \1Z C C 1Z C . for all A G [0, 1], we get that \1Z C + (1 — \)1Z C C 1Z C . Hence 
1Z C is a convex set. ■ 

One can verify that Razumikhin class 1Z C is a cone (i.e., Xtfi G 1Z C , for each 
4> G TZ C and A > 0). Then by applying the previous theorem, we obtain that 
Razumikhin class 1Z C is a convex cone (also closed). 

We need the following famous Banach contraction principle. 

Theorem 1.7 ([1]). Let (X,d) be a complete metric space and let T be a 
contraction on X, i.e., there exists r G [0, 1) such that d(Tx,Ty) < rd(x,y) for 
all x,y G X. Then T has a unique fixed point. 

2. Main results 

In this section we investigate a PPF dependent fixed point in Eq for the map- 
ping T : E 0 = C(I, E) — > E, where E is a Banach space with the norm || • \\ E 
and / is a closed interval [a, b] of the real line. 

In 2007, Drici et al. [5] proved the following fixed point theorems for map- 
pings which are PPF dependent in a partially ordered metric space. 
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Theorem 2.1 ([5]) Let (E,d, <) be a partially ordered complete metric space 
and T : Eq — > E is a mapping, where Eg = C(I, E). Assume that 

(i) T is nondecr easing; 

(ii) for all <f>,a G E 0 with <f> < a,d(T<j>,Ta) < kd 0 {4>,a), where dn(<A, at) = 
max s6 7 d(<f)(s), a(s)) and k G [0, 1); 

(Hi) There exists a lower solution 4>q such that 4>q(c) < T<Pq; 

(iv) T is continuous or if {4> n } is a nondecreasing sequence in Eq converging 
to <f) G Eq, then <f> n < <f> for all n G N. 

Then T has a PPF dependent fixed point in Eq . 

Theorem 2.2 ([5]) Assume that the conditions (ii), (Hi) and (iv) of Theorem 
2.1 hold. Let Eq be such that for any nondecreasing sequence (f) n converging to 
4>* G E 0 , 4> n < 4>*. Then T has a PPF dependent fixed point. 

It is difficult to define a partial ordering on the metric space in order to 
guarantee the assumptions of the aforementioned theorem. It is more difficult 
when the metric space is uncountable. Hence it is natural to ask whether we 
can obtain the result of Theorem 2.1 and Theorem 2.2 without having an order 
on the space with mild assumptions. We will answer the question as follows. 

Theorem 2.3 Let (E, d, <) be a complete metric space andT : E 0 = C(I, E) — > 
E be a mapping. Lf the following inequality holds 

d(T(/>,Ta)<kdo{(t>,a) = ksvLpd(<f>(s),a(s)), V^,ae£ 0 , (2.1) 

sei 

then T has a PPF dependent fixed point in E 0 . 

Proof. We can embed E into E 0 by defining F : E — > E 0 as F(e)(t) = e 
where e G E and t G I. In other words we suppose an element of E as a constant 
function of / into E. Moreover 

d 0 (F(e), F(f)) = sup d(F(e)(t), F(f)(t)) = d(e, f) for / G E. (2.2) 
tei 

This means that F is also an isometry from E into Eq. Now the composition 
FoT of F and T is a mapping on Eq and Eq is a complete metric space with 
respect to the metric do(<p, ip) = sup te/ d(<p(t), <p(t)). It is obvious from (2.1) and 
(2.2) that FoT is a contraction on Eq and so by using Theorem 1.7, FoT has a 
unique fixed point <f>* G Eq. Hence F(T (</)*)) — <f>* and so 

T{4>*){t)=T{4>*) = 4>*{t), VtG/. 

This completes the proof. ■ 
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Remark 2.4 From the proof of Theorem 2.2 one can inform that the fixed 
point is unique and if xo = <fi € Eo then the sequence {x n — FoT(a;„_i)} n >i is 
convergent to the fixed point. 

Example 2.5 Let E = R, [a,b] = [0, 1], and T : E 0 = C([0, 1], R) -> E = R be 
defined by T(<j>) = -\<j>{\) for all 4> e E 0 . One can check that T cannot fulfill 
all of the assumptions of Theorem 2.1 and Theorem 2.2 while it satisfies the 
conditions in Theorem 2.3 and its PPF fixed point is the zero function, i.e., 
(f>(t) = 0, for all t e [0, 1]. 

3. Applications 

As an application of Theorem 2.3 we consider the following ordinary differen- 
tial equation which is known as the periodic: boundary value problem (in short. 
PBVP) without any lower solution assumed in [5] and free of considering an 
ordering on the space; 

x\t) = f{t,x{t),x t ), (2.3) 
x 0 = 0 O e C[[-t, 0],R] :=D, 
x(0) = x(J) = 0q(O); t e 7 = [0, J], 

where / € C[[-r,0] xIxD] and x t (s) = x(t + s), V s e [-r,0]. 

Assume that, 

0<(f(t,x,cf>) + \x)-(f(t,y,i>) + \y) <n sup V 0 < M < A. 

-r<s<0 

Then the (PBVP) has a unique PPF dependent fixed point. 

By using the same method as given in [5] and for the sake of the reader we 
present the sketch of the proof. 
Put 

x'(t)+Xx(t) = a(t), 
x 0 = 0o, (2.4) 
x(0) = x(J), Vie/. 

and so we have 

x{t) = x{0)e~ xt + f e- x{ - t -^a{s)ds, 
Jo 

and then using x(0) = x(J), we get 

x(0)(l - e- XJ ) = e- XJ [ J e Xs o-(s)ds, 
Jo 

and so 

x(0) = T ^ TJ J o J e x °o-(s)ds. 



(2.5) 



(2.6) 
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Substituting (2.6) into (2.5), we deduce that 
-J 



x(t) = [ G(t,s)a(s)ds, (2.7) 
Jo 

where 

{A( J + s-t) 
e e XJ-L , 0<S<t<J, 
0<t<s<J. 

Now adding Xx(t) to both sides of (2.3) we get 



f x'(t) + Xx(t) = f(t, x(t),x t ) + Xx(t) = F(t, x(t),x t ), (2.8) 
\ x 0 = (p 0 ,x(0) = x(J) = 4>o(0)- 

Dchnc 

Ex = {w := (x t ) teI :x t eB,xe C[[0, 1],R], x(0) = x(J) = 0 O (O), x 0 = <t>o e D}, 
together with 

doiwx := (x t ) te i, w 2 := (yt)tei) = sup sup \x t (s) - y t (s)\. 

tel -r<s<0 

Now define S : E x -» R as 

SH=% t ) i£j )= / G(t,s)F(s,a:(s),a; a )d*. 
Jo 

As proved in [5] S 1 is a contraction and (E\, d 0 ) is a complete metric space 
and so it follows from Theorem 2.3 that S has a unique PPF fixed point and 
this completes the proof. 
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Abstract 

Let / £ C ([—1, 1]), s£ N and L* be a linear right fractional differen- 
tial operator such that L* (/) > 0 on [—1, 0]. Then there exists a sequence 
Qn, n € N of polynomial splines with equally spaced knots of given fixed 
order such that L* (Q n ) > 0 on [—1,0]. Furthermore / is approximated 
with rates right fractionally and simultaneously by Q n in the uniform 
norm. This constrained right fractional approximation on [—1, 1] is given 
via inequalities invoving a higher modulus of smoothness of f( s \ 

2010 AMS Mathematics Subject Classification : 26A33, 41A15, 41A17, 
41A25, 41A28, 41A29, 41A99. 

Keywords and Phrases: Monotone Approximation, right Caputo fractional 
derivative, right fractional linear differential operator, modulus of smoothness, 
splines. 

1 Introduction 

Let [a, b] C R and for n > 1 consider the partition A„ with points Xi n = 
a + i (^), i = 0, 1, ...,n. Hence A„ = maxi<j<„ (x in - Xi-i tn ) = 

Let S m (A„) be the space of polynomial splines of order m > 0 with simple 
knots at the points x in , i = l,...,n— 1. Then there exists a linear operator 
Q n : Q n = Q n (/), mapping B [a, b]: the space of bounded real valued functions 
/ on [a, b], into S m (A„) (see [4], p. 224, Theorem 6.18). 

From the same reference [4], p. 227, Corollary 6.21, we get 
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Corollary 1 Let 1 < a < m, n > 1. Then for all f e C"- 1 [a,b] ; r 
0,...,a-l, 



fi r) _ g(r) 



b — a 



(T — T— 1 



D 6-a 



(1) 



w/iere Ci depends only on m, C\ = C\ (m) . 



By denoting C2 = Ci niaxo< r <cr-i (6 — a) 17 r 1 we obtain 
Lemma 2 (/f/j Lei 1 < a < m, n > 1. T/ien /or all f <= C^ 1 [a, 6]; r 

0,...,<7-l, 



/( r) _ Q (r) 



< ^ ... ^f(<T-l) b ~ a \ 
^ ,T- r -1 ^ro-CT+l 7 , 

n a r 1 \ n J 



(2) 



where Ci depends only on m, a and b — a. Here uj m - a+1 is the usual modulus 
of smoothness of order m — a + 1. 

We are motivated by 

Theorem 3 ([1]) Let h,k,cr,m be integers, 0<h<k<a — 1, a < m and 
let f G C a ~ x [a,b]. Let oej (x) <G B[a,b], j — h,h + l,...,k and suppose that 
oth{x) > a > 0 or ah (x) < (3 < 0 for all x e [a, 6] . Take the linear differential 
operator 

d? 



j=h 



and assume, throughout [a,b], 



L(f)>0. 



(3) 



(4) 



Then, for every integer n > 1, there is a polynomial spline function Q n (x) of 
order m with simple knots at {a + i (^p) , i = 1, n — l} such that L (Q n ) > 
0 throughout [a, 6] and 



f (r) _ Q (r) 

Moreover, we find 

/ (r) - Q ( n ] 



< 



c 



c 



-,cr—k- 



(5) 



00 n 



e(a-l) fe-a 



/i+l<r<a-l, (6) 



where C is a constant independent of f and n. It depends only on m, a, L, a, b. 

Next we specialize on the case of a = — 1, b = 1. That is working on [—1,1]. 
By Lemma 2 we get 
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Lemma 4 Let 1 < a < m, n > 1. Then for all f e C 7 ' 1 ([-1,1]); j = 
0,l,...,a-l, 

w/iere C 2 := C 2 (to, cr) := C*i (m) 2 <J - 1 . 
Since 

"m-*+i (/ (<7 - 1} , ^) < 2— +^ m _ CT+1 1) (8) 

(see [2], p. 45), we get 

Lemma 5 Let 1 < ct < m, n > 1. T/iera /or a// / e C^ 1 ([-1,1]); j = 
0,l,...,a-l, 



(9) 



uAere C 2 * := C 2 * (to, cr) := d (to) 2" 



We use a lot in this article Lemma 5. 

In this article we extend Theorem 3 over [—1,1] to the right fractional level. 
Indeed here L is replaced by L* , a linear right Caputo fractional differential 
operator. Now the monotonicity property is only true on the critical interval 
[—1,0]. Simultaneous fractional convergence remains true on all of [—1,1] • 

We make 

Definition 6 ([3]) Let a > 0 and \a] — m, (\-~\ ceiling of the number). Con- 
sider f € C m ([—1,1]). We define the right Caputo fractional derivative of f of 
order a as follows: 



(D?_f) (x) 



(-1)' 



r (m - a) 



(t-x)" 1 - 0 - 1 ^ (t)dt, 



(10) 



for any x e [—1,1], where T is the gamma function. 
We set 

Dl_f{x) :=f(x), 
D?_f (x) := (-l) m f^ (x) , Vze[-l,l]. 



(11) 



3 



Spline right fractional monotone approximation 
involving right fractional differential operators 
George A. Anastassiou 

79 



2 Main Result 

Theorem 7 Let h,k,a,m be integers, 1 < <r < m, n £ N, h is even, with 
0 < h < k < a - 2 and let f e C 7 ^ ([-1,1]), with / (<T_1) having modulus 
of smoothness uj m - a+ i S) there, S > 0. Let ctj (x), j — h, h + 1, k 

be real functions, defined and bounded on [—1,1] and suppose a h (x) is either 
>a>0or<[3<0on [—1,0]. Let the real numbers ao — 0 < ct\ < 1 < 
ct2 < 2 < ... < a ( j_2 < cr — 2. Here D^ J _f stands for the right Caputo fractional 
derivative of f of order ctj anchored at 1 . Consider the linear right fractional 
differential operator 

k 

£*:=$>,•(*)[£>£] (12) 

j=h 

and suppose, throughout [—1,0], L* (/) > 0. 

Then, for every integer n > 1, there exists a polynomial spline function 
Qn (x) of order m > 0 with simple knots at { — 1 + i^, i = 1, n — 1} such 
that L* (Q n ) > 0 throughout [—1,0], and 

sup \(D°Lf) (x) - (D?LQ n ) (x)\ < 

—1<x<1 

n 



j = h + l, ...,a -2. 
Set 

lj := sup ja^ 1 (x)ctj (x)\ , h < j < k. (14) 
xe[-i,i] 

WTien j = 1, h we derive 



sup | (D°Lf) (x) - (D°LQ n ) (x)\ < -^—^ m _ a+x L 

-1<X<1 V 



■(a-l) 

' n 



.X>r(r-a T + l) J (S 



' (r - a r + 1) J \f^ Q A!r (/z - a, - A + I)) Y (j - a 3 + 1) 

"(15) 
Finally it holds 

sup \f(x) - Q„ (x)\ < 

-1<i<1 



C*2 / 1 



n<7 _ fe _l w m-a+l 



(/"-"• i) 



1 OT- CK T 

iVl - 

h\ ^ T T(r-a T + l) 

T=h 



(16) 



Proof. Set ao = 0, thus [ao] = 0. We have [ay] = j, j — 1, a — 2. 
Let Q n as in Lemma 5. 
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We notice that (x € [—1,1]) 

\(D°Lf) (x)-(D^Q n ) (x) 

1 



r(j-«i) 



/ (t - xy-"*- 1 / w (t) dt - f (t- xy-^- 1 gw) ( t ) dt 

J X J X 

[\t-xY- 0 *- 1 (/« (t)-Q«) 



- (17) 



r(7-«i) 
i 

r0'-"i) 



(t-x)^- 1 /W (t) - QW) ( t ) 



(9) 

dt < 



(18) 



T (J - OLj 



(t - x) 



dt 



C 2 * 

„H-i Wm - I+1 



1 (1 - x) J '° J C 2 * 



(19) 



(1 - x)'-"' CI 



T{j- aj + l)n°-j-^ m -° +l 



r (j - a,- + 1) n 



CT _ ? _l W m-<T+l / 



n 



(20) 



Hence 



n a J f _ D a i n < - 



(j - aj + 1) n 



C 2 * 

— : T Wm-a+l 



j=0,1,...,«t-2. 
We set 



,(<7-l) 



(21) 



(22) 



I. Suppose, throughout [—1,0], ah (x) > a > 0. Let Q n (x), x € [—1,1], the 
polynomial spline of order m > 0 with simple knots at the points x in , i = 
1, ...,n- 1, on [-1, 1] (x in = -1 + i = 0, 1, ...,n, here A„ = |), so that 



max 

-Kx<l 



^i(/(*)+P n ^)-(^On)(x) 



< 



r(i- aj + i) ,i'-M Wm -' +1 



(23) 



j = 0,l,...,<7-2. 
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When j = h+ 1, a — 2, then 



max | (!>£/) (x)-(D^Q n )(x)\< 



CX 



J, m—(7-\-l 



(24) 



proving (13). 

For j = 1, ft we find that 



^ (_!)*(! -a) 



h—ctj—X 



A=0 



Air (ft - aj - A + 1) ' 



= (-i) ft E 

Therefore we get from (23) 

Mi/) (X) + ,„ ((-D* g ^^ A + 1) ) - W-ft.) w 



(25) 



max 

-Kx<l 



h—j , 1 \A / 1 \h— a,— A' 

^ (- 1 ) (i-z) 



— — w m _ ff+1 



< 
(26) 



r (j - ay + 1) w 

i = l,-,h. 

Therefore we get for j = 1, ft, that 



e(a-l) 



ma X<i |(D^/) (x)-(^iQn)(x)|< 



(27) 



f-( Air (ft - a , - A + 1) j + r (j - a,- + 1) ^=i=i Wm - <T+1 

A — 0 / 



n 



CXw 



fh-j 

E 

\A=0 



2 0J m-cr+l 



lh — aj — A 



2 J " 



23 -»j 



c 9 * 



AT (ft - ay - A + 1) / T (j - ay + 1) n^-J- 1 



n 



G 



E 

\A=0 



~)h—otj — A 



E<3 



(j-ay+l) «' 



CT-j-l 



(28) 



2^- 



Air (ft — ay — A + 1) / r (j - ay + 1) n^-J- 1 



< 



CX 



2 UJ m-tr+l 



1\ 1 



n In" 



-fe-i 



2 J " 



? Zj r(j- aj + i). 



(29) 



G 



Spline right fractional monotone approximation 
involving right fractional differential operators 
George A. Anastassiou 

82 



fh-j 

E 



Qh—OLj — X 



23- a i 



VA=o A!r ^-^- A + 1 )/ ry-aj + i) 

Hence for j = 1, ft we derived (15): 



max 

■Ki<l 



(x) - (fl£Q B ) (x)| < _§^ m _ a+1 (>"*), I) 



2^~ 



—A 



(t - a T + 1W \ f 1 ^ A!r (ft - ctj - A + 1) / T (j - ay + 1) 



When j = 0 from (23) we obtain 



max 

-1<i<1 



c 2 * 



And 



max 1 1/ (x) - Q„ (x)\ < -fi + ^^uJ m -a+i 



ft! 



J m— cr+1 



ft! n° 



TV, 



(30) 
(31) 
(32) 



/ (<7_1) '- E^r? : 

n J \ i r (t — ot 



\r=h 



(t -a T + 1) n' T - T - 1 



C* 2 



—^Um-a+l 



+ 



ft! T (t - a T + l)n< J - T - 1 n"- 1 



< (33) 



1<J — fe- 



1 . ^ 2 T— CKt 

ft! E^r( r _ ar 

T=h 



1) 



Proving 



max |/(x) - Q n (x)\ < 

-Ki<1 



<r-l) 



1 _ OT-0! T 

iVl 

ft! ^ T T(r-a T + l) 

T=h ' 



(34) 



So that (16) is established. 
Also if -1 < x < 0, then 

a^ 1 (Z) I/* (Q„ (x)) = al 1 (x) L* (/ (x)) + p n 



(1-x) 



h-a h 



V(h-a h + l) 



(35) 



£) a^ 1 (x) ttj (a) [D£Q„ (x) - £>£/ (x) - ff^^' 



(23) 
> 
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Pn 



(1-x) 



h—ah 



2J —<*j 



r (ft - a h + 1) 



C* 2 



j=h 

h-u h 



(j - a 3 + 1) n°- 



7j"^m-cr+l 



f(ff-l) 



n 



= Pn 



Pn 



^(ft-c^ + l) 

(l-x)^"" -r^-gft + l) 
r(ft-a h + l) 



(1-x) 



h-a h 



1 



>P 



r(/i-a h + l) 

1 - r (fe - a h + 1) 
r (ft - a h + 1) 



> 0. (36) 



Explanation: We know that T (1) = 1, T (2) = 1, and T is convex and positive 
on (0, oo) . Here 0 < h-a h < 1 and 1 < h-a h + l < 2. Thus T (ft - a h + 1) < 1 
and 1 - T (ft - a h + 1) > 0. Hence L* (Q n (x)) > 0, x e [-1, 0] . 

II. Suppose on [—1,0] that ah (x) < (3 < 0. Let Q n (x), x & [—1,1], be the 
polynomial spline of order m > 0, (as before), so that 



max 

-Ki<l 



ft! 



T (j - otj + 1) n°- 



(D^Qn) (X) 
1 



< 



e(a-l) 



n 



(37) 



j = 0,l,...,a-2. 

Similarly as before we obtain again inequalities of convergence (13), (15) and 
(16). 

Also if -1 < x < 0, then 



a- 1 (x) L* (Q n (x)) = a- 1 (x) L* (/ (x)) - p nf 



(1-x) 



h-a h 



(h-a h + l) 



+ (38) 



< (x) a, (x) [D°LQ n (x) D°Lf (x) + f { (D a ^x h ) 

j=h 



(37) 
< 



(1-X) 



h-a h 



C% 



h-a h 



Pn 1 



T(h-a h + l) 



T(h-a h + l)-(l-x) 
r (ft - a h + 1) 



h—ah ' 



= (39) 



< (40) 



1 - (1 - x) 



h-a h ' 



rn \T(h-a h + l) 
and hence again L* (Q n (x)) > 0, x e [—1,0] . 



<0, 
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Abstract 

In the present paper we introduce sufficient conditions for strong differential subordination 
and superordination involving the extended operator DR™' n and also we obtain sandwich-type 
results. 
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strong differential superordination. 
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1 Introduction 

Denote by U the unit disc of the complex plane U = {z £ C : \z\ < 1}, U = {z G C : \z\ < 1} 
the closed unit disc of the complex plane and H(U x U) the class of analytic functions in U x U. 
Let 

A* ni = {/ € H(U x 17), f(z,() = z + a n+1 (C) z n+1 +.. . , z € U, C € U}, 
with A\^ = A^, where (£) are holomorphic functions in U for k > 2, and 

H*[a,n,{] = {f€H(UxU), f(zX) = a + a n (()z n + a n+1 (()z n + 1 + ..., z G U, C S 17}, 

for a G C and n G N, (C) are holomorphic functions in U for k > n. 

Generalizing the notion of differential subordinations, J. A. Antonino and S. Romaguera have 
introduced in [16] the notion of strong differential subordinations, which was developed by G.I. Oros 
and Gh. Oros in [17]. 

Definition 1.1 [17] Let f(z,Q, H(z,Q analytic in U x U. The function f(z,() is said to be 
strongly subordinate to H (z, Q if there exists a function w analytic in U, with w (0) = 0 and 
\w{z)\ < 1 such that f{z,() = H(w(z),() f or a ^ C £ U. In such a case we write f(z,() 
H(z,(),z€U,(eU. 

Remark 1.1 [17] (i) Since f (z, Q is analytic in U x U, for all ( G U, and univalent in U, for all 
C G U, Definition 1.1 is equivalent to f (0, () = H (0, C) , for all ( G 17, and f (U xTJ) C H (U xU) . 

(ii) If H (z,() = H (z) and f (z,() = / (z) , the strong subordination becomes the usual notion 
of subordination. 

As a dual notion of strong differential subordination G.I. Oros has introduced and developed 
the notion of strong differential superordinations in [18]. 
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Definition 1.2 [18] Let f(z,Q), H(z,Q analytic in U x U. The function f (z,Q is said to be 
strongly superordinate to H (z, () if there exists a function w analytic in U , with w (0) = 0 and 
\w (z)\ < 1, such that H (z, Q = f (w (z) , () , for all £ G U. In such a case we write H (z, £) « 

f(z,(),zeU,C£U. 

Remark 1.2 [18] (i) Since f (z, C) is analytic in U x U , for all ( G U, and univalent in U, for all 
(eU, Definition 1.2 is equivalent to H (0, Q = f (0, C) , for all ( eU, and H (U xU) C / (U x TP) . 

(ii) If H (z, C) = H (z) and f (z, C) = / (z) , the strong superordination becomes the usual notion 
of superordination. 

Definition 1.3 We denote by Q* the set of functions that are analytic and injective on U x 
U\E(f,Q, where E(f,Q = {y G dU : \\mf (z, Q) = oo}, and are such that f' z (y,() 0 f or 

y G dU x U\E (/, (). The subclass of Q* for which f (0, () = a is denoted by Q* (a). 

For two functions f(z, () = z + a j (0 z ° an d 9{ z -> C) = z + Y^jLz °i (C) zJ analytic in U x U, 
the Hadamard product (or convolution) of / (z, () and g (z, (), written as (/ * g) (z, () is denned by 

00 

/ (z, C) * 9 (z, C) = (/ * 9) (z,C) = z + Y, a o (0 bj (C) zj - 

Definition 1.4 (Yi/j For / G A£, A > 0 and m G N, i/ie extended generalized Salagean operator 
D™ is defined by D™ : A\ ^ A\, 

D° x f(z,() = f( z ,C) 

D\f(z,0 = (1 - A) f(z,0 + \zf z (z, 0 = D x f(z,() 

D™ +1 f(z,Q = {l-\)DZf(z,Q + \z(DZf(z,Q)' e = D x {D?f(z,Q), for zeU,(eU. 

Remark 1.3 If f € A% and f(z, () = z + a j (0 zj , then 

D™f (z, () = z + ZT=2 [1 + U ~ 1) M m ^ (C) j, forz£U,(€ U. 

Definition 1.5 ([2]) For f G A^, m G N, the extended Ruscheweyh derivative R m is defined by 
/,"" : A'- ■ A\, 

R°f(z,() = f( z ,C) 
R l f{z,Q = zf' z {z,Q 

(m + l)R m+1 f(z,C) = z(R m f(z,()y z + mR m f(z,0, z eU,(€U. 

Remark 1A If f G A\, f(z, () = z + £~ 2 a, (() z> , then R m f (z, () = z + £~ 2 a i (0 2 ^ 

2 G £/, C G ^. 

Extending the results from [10] to the class A£ we obtain: 

Definition 1.6 ([11]) Let A > 0 and n,m G N. Denote by DR x n,n : A\ ^ A\ the operator 
given by the Hadamard product of the extended generalized Salagean operator D™ and the extended 
Ruscheweyh operator R n , 

DR™> n f(z,C) = (D?*R n )f( z X), 
for any z G U, ( G U, and each nonnegative integers m, n. 
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Remark 1.5 If f € A% and f(z, C) = z + E^2 a j (0 z j , then 

DR^ n f (z, () = z + £°° =2 [1 + (j 1) A] m a] (C) /or z £ U, £ G C7. 

Remark 1.6 For m = n we obtain the operator DR™ studied in [12], [13], [14], [15], [3], [4], [5]. 

For A = 1, m = n, we obtain the Hadamard product SR n [6] of the Salagean operator S n and 
Ruscheweyh derivative R n , which was studied in [7], [8], [9]. 

Using simple computation one obtains the next result. 

Proposition 1.1 For m, n G N and A > 0 we have For m, n G N and A > 0 we have 

DR™ +1 ' n f (z, C) = (1 - A) DRff (z, C) + Xz (DR™> n f (z, C))' z (1-1) 

and 

z (DR™> n f (z, ()) z = in + 1) DR^ n+1 f (z, () - nDR^ n f (z, Q . (1.2) 

The main object of the present paper is to find sufficient condition for certain normalized analytic 
functions to satisfy 

zDR^ n f(z,Q 
(DR^ n f(z,C)Y 

where q\ and q2 are given convex and univalent functions in U x U such that q\ (z, Q ^ 0 and 
q 2 (z, C) + 0, for all z G U, £ G U. 

In order to prove our strong differential subordination and strong differential superordination 
results, we make use of the following known results. 

Lemma 1.1 Let the function q be univalent in U x U and 9 and (f) be analytic in a domain D 
containing q (U x U) with <p (w) ^ 0 when w G q(U x U). Set Q (z, Q = zq' z (z, () 4> (q (z, £)) and 
h (z, 0 = 9 (q (z, 0) + Q (z, Q . Suppose that 

1. Q is starlike univalent in U x U and 

2. Re ( Z Qli Z t § ) > 0 for z G U, ( G U. 

If p is analytic with p (0, () = q (0, (), p(U x U) C D and 

9 (p (z, 0) + zp' z (z, C) $ (p (z, ())^9 (q (z, ()) + zq' z (z, () 0 (q (z, ()) , 
then p (z, 0 q (z, () and q is the best dominant. 

Lemma 1.2 Let the function q be convex univalent in U x U and v and (j) be analytic in a domain 
D containing q (U x [/) . Suppose that 

1- ^ >0forz£U,(£U and 



*(«(*.0) 

2. ip (z, 0 = zq' z (z, C) 4> (q (z, 0) is starlike univalent in U x U. 

Ifp(z,() € H^[q (0,0,1, C] HQ*, withp(UxU) CD and v (p(z,()) + zp' z (z) <f>(p(z,0) is 
univalent in U x U and 

v (q (z, 0) + zq' z (z, C) 0 (q (z, ()) ^ v (p (z, ()) + zp' z (z, 0 4> (p (z, 0) , 

then q(z,C) -« P (z, C) and q is the best subordinant. 
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2 Main results 



First, our purpose is to find sufficient conditions for certain normalized analytic functions / such 



that 



qi (z,C) ^ 



z s DR™> n+1 f(z,() 



1+5 



{DR™> n f (z, 0) 
where q\ and q 2 are given univalent functions 



^q 2 (z,C), Z€U,C€U,0<6<1, 



Theorem 2.1 Let 



z s DR™' n+1 f(z,() 



„ j& € H* (U x U) , z e U, ( € U, f G A* <r m,n G N, A > 0, 

0 < 5 < 1 and Zei the function q(z,() be convex and univalent in U x U such that q(0,() = 1- 
Assume that 

a , ^ zq' z (z,C) , 



Re 1 + -q (z, C) - J V AX J/ + , 



> 0, 2 G 17, C G 17, 



for a, /3 G C,/3 ^ 0, z G E7, C G U, and 

^ n (a,0,6;z,() ==a 



z ^,n + l /(Z;C) 
,1+5 



(77i?r/(^C))' 

m,n+2 £ ( ^ /-\ n D m ! n +1 



(2.1) 



(2.2) 



« (» + 1) - 1 + (« + 2) DR ^ n+1 f ^ o - (1 + *) (n + 1) ; ( ^ 0 



7/ q satisfies the following strong differential subordination 



(a,0,6;z,O «aq(z,() + 



(2.3) 



for a, (5 G C, (3 ^ 0 i/ien 



z S DR ™,n+l 



(DR^ n f(z,C)) 
and q is the best dominant. 



A /( ^^g(^C), zeE7 Ce<7, 



(2.4) 



Proof. Let the function p be defined by p(z,Q := z G C/, ( G 17, z ^ 0, 0 < 

(5 < 1, / G .4.£. The function p is analytic in {7 x [7 and p (0, £) = 1 
Differentiating this function, with respect to z,we get 



v 2 (,,c)-^'" +1/( ^ 



z(DR^f(z,0y z z(DR^f(z,0)' z 
6 + DR^fizX) -( 1+t> ) DR'^f(z,0 



By using the identity (1.2), we obtain 
zp'z 0 



7M^ (Hl) " 1 + (n+2) ^^' 

s DR™> n+1 f(z,() 
d + 0(n + l) ■ 



(2.5) 



By setting # (u>) := aw and 0 (w;) := (|, a, /3 G C, /3 7^ 0 it can be easily verified that 9 is analytic 
in C, cj> is analytic in C\{0} and that <j> (w) 7^ 0, w G C\{0}. 
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Also, by letting Q (z, £) = zq' z (z, £) <fi (l i z -> 0) = ^ Z q(}^ > we ^- n( ^ that Q (z, () is starlike univa- 
lent in U x U. 

Let h (z, () = e(q (z, ()) + Q (z, () = aq (z, () + z<EU,(eU. 
If we derive the function Q, with respect to z, perform calculations, we have Re 

He 1 + ? g (z, Q - + ^^y- > U. 



By using (2.5), we obtain ap (z, () + ff ^ffi 



(DR™' n f(z,0) 1+6 



6 (n + 1) - 1 + (n + 2) ggS^gg - (1 + g) (n + 1) D g" +V(2 ' C) 



By using (2.3), we have ap (z, C) + ^gff 1 -X aa (*, C) + ^gff- 
Therefore, the conditions of Lemma 1.1 are met, so we have p (z, Q q (z, (), z G U, ( G J7, 

z s DR m ' n+1 f(z C) 

'■ S n J„„ A i+6 -<-< 9 C), z e ^ C e C/, and g is the best dominant. ■ 

Corollary 2.2 Let g (z, () = £±^§, -1 < 5 < ^4 < 1, m, n G N ; A > 0, z G U, ( G U. Assume that 
(2.1) holds. IffeA* c and 

{a ' (3 > 6]zX) ^ a tTB-z +(3 (t + Az)(t + Bzy 
for a, /3 G C, (3 ^ 0, -1 < B < A < 1, 0 < 6 < 1 w/iere ^™' n is defined in (2.2), then 

z S DR rn,n + l f ^ ^ 



{DR™> n f(z,()) 1+S ( + Bz 



and is t/ie 6esi dominant. 



Proof. For g (z, Q = j^gf , — 1 < 5 < A < 1, in Theorem 2.1 we get the corollary. ■ 

Theorem 2.3 Let g 6e convex and univalent inU x U, such that g (0, (") = 1, m, n € N, A > 0. 
Assume that 

Re^g(z,C)) >0, /ora,/3GC, /? ^ 0, * G 17, C e t7. (2.6) 

// / G ^,0 < 5 < 1, ;;fiS e ^* [l (0, 0 , 1, C] n Q* and ^ n (a, /?, 6; z, () is univalent m 

U xU, where ip™' n (a, (3,6; z,Q is as defined in (2.2), then 

aq (z, C) + MM) ^ (Qj p j6 . Zj<h zeU,(e U, (2.7) 



,1+5 

and q is the best subordinant. 



1 (*> C) ^ -4— A ' z€U,C€U, (2.8) 



z s DR m ' n+1 f(z C) 

Proof. Let the function p be defined by p(z,£) ■= ^ DR m^ f{z ^y+s , z e U, ( G U, z ^ 0, 
0<<5<1,/G^. 
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By setting v (w) := aw and <j)(w) := ^ it can be easily verified that v is analytic in C, <fi is 
analytic in C\{0} and that <j> (w) ^ 0, w G C\{0}. 

Since q is convex and univalent function, it follows that Re ( U <p(q(z,Q) ) = ^ e (jjQ ( z > C)) > 0) f° r 
a,/3 G C, /3 ^ 0. 

By using (2.7) we obtain 

Using Lemma 1.2, we have 

s g Uiff- w+1 /(z ,C) 

(^r/(^o) 

and g is the best subordinant. ■ 

Corollary 2.4 Let q(z,() = £$5, -1 < B < A < 1, m, n G N, A > 0. Assume that (2.6) holds. 

IffeA}, g^S^gp ^' [g(0,C),l,C]nQ* and 

C + ^ z . o — B) Qz ,m,n / o c >\ 

a CTB-z + \c + Az)(C + Bz) ^^ M S ->*>Q> 
for a, (3 G C, (3 + 0, -1 < B < A < I, where tp™' n is defined in (2.2), then 

C + Az ^ z s DR™> n+1 f(z,0 



C + Bz (DR™> n f(z,()) 



1+6 



and tttt is the best subordinant. 

Proof. For q (z, Q = j^gf , — 1 < B < A < 1 in Theorem 2.3 we get the corollary. ■ 
Combining Theorem 2.1 and Theorem 2.3, we state the following sandwich theorem. 

Theorem 2.5 Let q\ and q 2 be analytic and univalent inUxU such that q\ (z, C) 7^ 0 and q2, ( ^ 0, 
for all z G U, C G U, with z (qi) z (z, () and z (q2) z (z, C) being starlike univalent. Suppose that q\ 

satisfies (2.1) and q 2 satisfies (2.6). If f G A*,, f^jE^^S* € W* [g (0, C) , 1, C] H Q*, 0 < 5 < 1 
and V'™'" ( a i 0i <5; -2) C) as defined in (2.2) univalent in U x U, then 

/or a, /? G C, (3 ^ 0, implies 

z*DR™> n+1 f(z ,C) 
{DR™> n f(z,0) 

and q\ and q 2 are respectively the best subordinant and the best dominant. 



1i (*, 0 ^ , „ _i . / : A+s (z, C) , 6eC,6?0, 



For qi (z,() = f^f , 92 (*,C) = £555 . where -I < B 2 < B 1 < A 1 < A 2 < 1, we have the 
following corollary. 
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Corollary 2.6 Let m,n G N, A > 0. Assume that (2.1) and (2.6) hold for qi (z,() = an d 
92 (*, 0 = ^tf , respectively. If f G A* c , 0 < 8 < 1, gg^^g G W [q (0, C) , 1, C] H and 

a CT^ + /3 (C + ^)(C + ^) ^^ (Q '^ ;z '° 

, , C + A 2 z (A 2 -B 2 )(z 

-<~< OL- V p 



( + B 2 z H {Q + A 2 z)(C + B 2 zY 

rn 
A 



for a,/3 G C ; 0 ^ 0, -1 < B 2 < B x < A x < A 2 < I, where ^™' n is defined in (2.2), then 



Q + Mz ^ z s DR™' n+1 f(z,() ^ C + A 2 z 
( + Biz (DR™> n f(z,()) 1+S C + B 2 z' 

hence ^bIz an ^ C+bIz are ^ e ^ es ^ su bordinant and the best dominant, respectively. 

Next, our purpose is to find sufficient conditions for certain normalized analytic functions / such 
that 

, s faDR™ +1 ' n f(z,() + bDtr> n f(z,()\ S , , 

Qi(z,Q^l " \a + b)z J ^^C), z€U,C€U, 

where q\ and q 2 are given univalent functions 

Theorem 2.7 Let ^ aD K +1 ' n f(^0+ b z D K' n f(^ e H* (U xU) , f e A* c , z e U , ( e U, 8,a,b e 

C, 8 7^ 0, a + b 7^ 0, m, n G N, A > 0 and let the function q (z, £) be convex and univalent in U x U 
such that q (0, Q = 1, z G U, £ G U. Assume that 

R ,(l + %(,,C)-4%Q + ^^)>0, (2.9) 

for a, (3 G C, (3 ^ 0, z G U, ( G U, and 

faDR™ +1 ' n f(z,() + bDR™' n f(z,()\ S , s 

^> n (a,b,a,f3,S;z,():=a[ * \a + b)z 1 + (2 ' 10) 

/H> LDi?™ +2 ' n / (z, () + (b- a) DR™ +1 ' n f (z, () - bDR™>" f (z, () 



\(aDR™ +1 > n f(z,() + bDR™> n f(z,C)) 
If q satisfies the following strong differential subordination 



(a, b, a, (3, 8; z, () ^ aq (z, () + MM2 , (2.11) 

Q \ z i s ) 



for a, (3 G C, (3 ^ 0, z G U, ( G U, then 

( aDR™ +1 ' n f(z,() + bDR?' n f(z,() 
y (a + b)z 

and q is the best dominant. 



~<~<q(z,0, z€U, (EU, 8eC, 8^0, (2.12) 
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Proof. Let the function p be denned by p (z, () :- 



aDR 



m+l,n 



f (z,0+bDR^ n f(z,Q 
(a+b)z 



,zeu,(eu, 



z^O, 6, a, b G C, 6 ^ 0, a + b ^ 0, / G A£. The function p is analytic in U x U and p (0, C) = 1. 
Differentiating this function, with respect to z, we get 

( aDR™ +1 ' n f(z,Q+bDR™' n f(z,0 \ _j_ 
I (a+b)z J a+b 



ZPz ( Z , 0= S 



a(DR™ +1 '"f(z,Q)+b(DR^f(z,0)[ aD R™+^ f(z,Q+bDR™' n f(z,Q 
z i 2 



We have 



z p'z {z, 0 = 6 



(a + b)z 



aDR™ +1 ' n f(z,() + bDR™' n f(z,() 



az 



(DR^ n f{z,0)' + 



bz (DR™> n f (z, C))' z - aDR™ +1 > n f (z, 0 - bDR^ n f (z, 0 
By using the identity (1.1) we obtain 



z p'z (f. 0 
P(z,0 



aDR rn+2,n f ^ Q + (fe _ fl) DR W,n f ^ () _ WR ™,n f { ^ () 



m+l,n . 



A (aDR™ +l > n f (z, C) + bDR™> n f (z, ()) 



(2.13) 



(2.14) 



By setting 9 (w) := aw and cf> (w) := ^, a, (3 G C, (3 ^ 0 it can be easily verified that 9 is analytic 
in C, 4> is analytic in C\{0} and that <fi (w) ^ 0, w G C\{0}. 

Also, by letting Q (z, (") = zq' z (z, Q (p (q (z, ()) = ^ z ^ z }^ > we find that, Q (z, C) is starlike univa- 
lent in U x U. 

Let 0 = H<1 (z, 0) + Q (z, 0 = ag (s, 0 + ^gff, * € U, ( G U. 

If we derive the function Q, with respect to z, perform calculations, we have Re ( Zl Q{zf) ) = 
Re f l + « 0 n - zq ' Az '° + zg " 2(z ' c) ^ > 0 

By using (2.5), we obtain ap (z, 0 + /3 Z ^ 2 ' C) 



aD ^+i,n /(2;C)+feD ^,n /( ^ c) ^ g / 3g[aDfl-+ 2 ."/(^ C ) + (b-a)Dfl-+ 1 ."/( 2 , C )-bDfi-."/( 2 , C )] 



(0+6)2 



By using (2.11), we have ap (z, 0 + P^^ 1 « aq (z, 0 + 

From Lemma 1.1, we have p (z, 0 g (z, 0, z G Z7, £ € U, i.e. 
g (2, 0, -2 G £/, C S C/, 5 G C, 8 7^ 0 and g is the best dominant. ■ 

Corollary 2.8 Let q (z, 0 = £±^, z G U, ( G Lf, -1 < B < A < 1, m, n G N, A > 0. Assume that 
(2.9) holds. IffeAl and 

/or a, /3 G C, /3 7^ 0, —1<B<A<1, where 4\' n is defined in (2.10), then 



\(aDR™ +1 '"f(z,0+bDR™' n f(z,0) 



2,0 • 



aJ^ +1 '"/( Z ,C)+^-7(^C) 
(a+6)z 



aDR? +1 ' n f(z,0 + bDR?' n f(z,0 
(a + b)z 



6eC, 6^0, 

C + Bz 
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«? (*> C) + J?, A ^ (a, 6, a. A *> 0 (2-16) 



arid ^ s ^ e ^ es ^ dominant. 

Proof. For g (z, Q = j^gf , — 1 < 5 < A < 1, in Theorem 2.7 we get the corollary. ■ 
Theorem 2.9 Let g 6e convex and univalent in U x U such that q (0, () = 1. Assume that 

Re (^g C)) > 0, for a, (3 e C, 0 + 0. (2.15) 

///€.*£, g,a,teC,^0, a + ^0, ^ a^+ 1 -"/(^c)+^r-"/(^C) ^ GH *[g(0,C),l,C]ng* and 

i\)™ ,n (a, b, a, (3, 6; z, () is univalent in U x U, where i/j™' n (a, 6, a, {3, 6; z, £) is as defined in (2.10), 
then 

Pzq' z (z, C ) 
q(z,0 
implies 

tM ^^^l<l^ fM )', eecw.eu,^*, (2.7, 

and q is the best subordinant. 

c 

Proof. Let the function p be defined by p(z,Q '■= ( h (a+b)z — — ) , ^ G f7, 

( G (7, z ^ 0, a, 6 € C, a + 6 ^ 0, (5 G C, 6^ 0, / G ij. The function p is analytic in c7 x U and 

p(o,c) = i. 

By setting v{w) := aw and 4>{w) := £ it can be easily verified that v is analytic in C, 0 is 
analytic in C\{0} and that 0 (to) 7^ 0, w G C\{0}. 

Since q is convex and univalent function, it follows that Re ( ^(qlzf)) ) = (f 9 0 2 ' C)) > 0) f° r 
a,/?€<C, 0^0. 

By using (2.7) we obtain 

«g 2 , c + 0 z < X ■<■< ap (z, c + 0 F y . 

From Lemma 1.2, we have 

(a + 6)z 

and (7 is the best subordinant. ■ 

Corollary 2.10 Let q(z,Q = -1 < 5 < i < 1, 2 G ^, ( G !/, m,n € N, A > 0. Assume 

too* fiU5j fco&fa. // / € ^, ( aDfir+1 ' n/( ^f flr '" /( "' C) ) G H * (o,C),i,C]nQ*^GC,^o 

and 

+ /J (CTTO^ - «"* C * «. A ft *. 0 . 

for a, /3 € C, (3 7^ 0, — 1 < B < A < 1, where if^ ,n is defined in (2.10), then 

C + -d-z V (a + 6) z / 

and tt4^ is i/ie 6es£ subordinant. 



a- 
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Proof. For q (z, () = j^gf , — 1 < B < A < 1, in Theorem 2.9 we get the corollary. ■ 
Combining Theorem 2.7 and Theorem 2.9, we state the following sandwich theorem. 

Theorem 2.11 Let q\ and q2 be convex and univalent inUxU such that q\ (z, Q 7^ 0 and q 2 (z, C) 7^ 
0, for all z G U, C € ^- Suppose that q\ satisfies (2.9) and q 2 satisfies (2.15). If f G .A£, 

^^'"^^f^'^^' 0 ) G W*[9(0,C),l,C]nQ* ,«eC,^0, a,kC,a + M0 and 
^™ ,n (a,b,a,(3,8;z,() is as defined in (2.10) univalent in U xU, then 

<*qi (z, C) + 7 <^ il> x (°> 6 > a ' Z 3 ' ^ z ' 0 -<-< a Q2 (z, C) H ■— -t — , 

for a, (5 G C, /3 7^ 0, implies 

and gi and 02 are respectively the best subordinant and the best dominant. 

For gi (z,C) = f±^f , Q2 (z,0 = > where -1 < S 2 < 5 X < Ai < A 2 < 1, we have the 

following corollary. 

Corollary 2.12 Let m,n G N, A > 0. Assume i/iai and (2.15) hold for q 1 (z,() = and 

92 (*, C) = gff , respectively. If f G ^, ( ^ff^f ) G ^* [g (0, C) , 1, C] n Q* and 



a 



/or a,/3 G C, (3 ^ 0, -1 < B 2 < B x < A x < A 2 < I, where ip™' n is defined in (2.10), then 

C_±Mz ( aDR™ +1 > n fM) + bDR^f{z,Q \ 6 C + A 2 z T 
C + Bi* ^ ~ {a + b)z ' )^( + B 2 z> zeU ^ eU > 

8 G C, 8 7^ 0, a, b G C, a + 6 7^ 0, hence ^bIz an d C+bTz are ^ e ^ es ^ su bordinant and the best 
dominant, respectively. 
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HERMITE-HADAMARD TYPE INEQUALITIES FOR 

(h-(Q,m))-CONVEX FUNCTIONS 

M.E. OZDEMIR, HAVVA KAVURMACI ONALAN*, AND MERVE AVCI ARDIQ 

Abstract. In this paper, we define (h — (a, m))-convcx functions that is a 
new class of convex functions as a generalization of (a, m) —convexity and 
h— convexity. We also prove some Hadamard's type inequalities. 



1. INTRODUCTION 



Let / :/ cM^IRbea convex function on the interval / of real numbers and 
a, b G I with a < b. The inequality 



(1.1) 



/ 



" + ^<-^f/(^< /(a) + /(6) 
i-aJa 



2 ) - b-a } a JX ' ~ 2 

is known as Hermite-Hadamard's inequality for convex functions, [9]. 
In [6], Toader defined to— convexity as the following. 

Definition 1. The function f : [0,6] — > R, b > 0, is said to be to— convex where 
to e [0, 1], if we have 

f(tx + m{l - t)y) < tf(x) + m{l - t)f(y) 

for all x, y e [0, b] and t e [0, 1]. We say that f is m~ concave if (— /) is to— convex. 

In [3], Dragomir proved the following theorem. 

Theorem 1. Let f : [0, oo) — > R be an to— convex function with to e (0,1] and 
0 < a < b. If f G L\ [a, b] , then the following inequalities hold: 

f {x)+m f(?L) 



(1-2) / 



a + b 



< 



< 



i r 

-aj a 

f{a)+mf (±) fUk)+mf 
Vto/ i m 



rn- 



In [10], definition of (a, to) —convexity was introduced by Mihe§an as following. 

Definition 2. The function f : [0, b] — * R, b > 0, is said to be (a, m) —convex, 
where (a, to) € [0, l] 2 , if we have 

f(tx + to(1 - t)y) < t a f(x) + mil - t a )f(y) 

for all x, y e [0, b] and t € [0, 1]. 
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Denote by (b) the class of all (a, to) —convex functions on [0, b] for which 
/ (0) < 0. If we take (a, to) = {(0, 0) , (a, 0) , (1, 0) , (1, to) , (1, 1) , (a, 1)} , it can be 
easily seen that (a, to) —convexity reduces to increasing, a— starshaped, starshaped, 
to— convex, convex and a— convex functions, respectively. 

In [16], Set et al. proved the following Hadamard type inequalities for (a, to) —convex 
functions. 

Theorem 2. Let f : [0, oo) — > R be an (a, m) —convex function with (a, to) £ 
(0, l] 2 . If 0 < a < b < oo andf £ L x [a,6]nLi [^, ^] , then one has the inequality: 

■" b f(x)+m(2" -l)f(£ 



2 a 



dx 



Theorem 3. Let f : [0, oo) — > R be an (a, to) —convex function with (a, to) £ 
(0, l] 2 . If 0 < a < b < oo and f £ L\ [a, 6] , t/ien one /ias f/ie inequality: 



(1.4) 



1 



b — a 



f (x) dx < min • 



/(a)+am/(£) /(&) + a m/(£) 



(1.5) 



/ (x) + / / (a;) da; 

6 — ma J ma 



< 



a + 1 a + 1 j 

Theorem 4. Le£ / : [0, oo) R be an (a, to) —convex function with (a, to) G 
(0, 1] . If f £ Li [ma, b] where 0 < a < 6, i/ien one /ias £/ie inequality: 

1 

to& — a . 

^ [/(«) + /(*)]■ 

In [1], Bakula et al. proved the following theorem. 

Theorem 5. Let /, 5 : [0, 00) — ► [0, 00) be such that fg is in L 1 ([a, b]) , where 
0 < a < b < 00. If f is (cti, toi) — convex and g is (a 2 , TO2) — convex on [a, b] for 
some fixed a\ , m\ , a 2 , m 2 £ (0,1], then 

(1.6) 
w/iere 



— If ( x ) 9 (&) da: < min {A^ , iV 2 } , 



oti + a 2 + 1 
1 

+TOi 



TO 2 



1 



1 



«i + 1 «i + a 2 + 1 
1 



f(a)g 



b_ 

TO 2 



+TOiTO 2 



a 2 + 1 Ql + CK 2 + 1 
1 1 



_b_ 

TOi 



5(a) 



1 



+ 



Qi + 1 a 2 + 1 cti + a 2 + 1 



V mi 



TO 2 



and 



f(b)g(b) 
Q.\ + a 2 + 1 

+mi 



TO 2 



1 



1 



ai + 1 a\ + a 2 + 1 



Vm 2 y 



1 1 

a 2 + 1 «i + a 2 + 1 



+TOiTO 2 



1 - 



(- 

\mi 
+ 



9(b) 



1 



ai + 1 a 2 + 1 ai + a 2 + 1 



'(-) 



- 



\m\ J \m 2 
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For the recent results based on the above definition see the papers [1], [2], [11]- [14] 
and [16]. 

In [8], Hudzik and Maligranda considered among others the class of functions 
which are s— convex in the second sense. 

Definition 3. A function f : R + — ► R, where R + = [0, oo), is said to be s— convex 
in the second sense if 

f(ax + py)<a s f(x)+p s f(y) 

for all x, y e [0, oo), a,/3 > 0 with a + /3 — 1 and for some fixed s e (0, 1]. This 
class of s— convex functions in the second sense is usually denoted by K\. 

It can be easily seen that for s = 1, s— convexity reduces to ordinary convexity 
of functions defined on [0, oo). 

In [4], Dragomir and Fitzpatrick proved a variant of Hadamard's inequality which 
holds for s— convex functions in the second sense. 

Theorem 6. Suppose that f : [0, oo) — > [0, oo) is an s— convex function in the 
second sense, where s e (0, 1), and let a, b G [0, oo), a < b. If f e L l [a, b], then the 
following inequalities hold: 



/(«) + /(&) 
s + l ' 



(1.7) ,-./(« + ») <jl_ 

The constant k = is the best possible in the second inequality in (1.7). 
In [7], Godunova and Levin introduced the following class of functions. 

Definition 4. A function f : I C R — > R is said to belong to the class of Q(I) if it 
is non-negative and for all x,y € I and A € (0, 1) satisfies the inequality; 

/(A, + (1-A),)<M + M. 

In [5], Dragomir et al. defined the following new class of functions. 

Definition 5. A function / :JCI->lis P— function or that f belongs to the 
class of P(I), if it is non-negative and for all x,y £ I and A € [0, 1], satisfies the 
following inequality; 

f(Xx + (1 - X)y) < f(x) + f{y). 

In [5], Dragomir et al. proved the following inequalities of Hadamard type for 
class of Q{I)— functions and P— functions. 

Theorem 7. Let f e Q(I), a,b £ I with a < b and f G Li[a, b]. Then the following 
inequalities hold: 



and 

% { x)f { x )d x<i^±m 



i r 

-aJa 



where p (x) = {b ~^ a) , x € [a, b] . 
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Theorem 8. Let f e P (I), a, b e / with a < b and f G Li[a, b]. Then the following 
inequalities hold: 

(1-8) / (^) < ^ < 2[f(a) + f(b)}. 

In [15], Varosanec defined the following class of functions. 

/ and J are intervals in K, (0, 1) C J and functions h and / are real non-negative 
functions defined on J and /, respectively. 

Definition 6. Let ft: JCl-ttka non-negative function, h ^ 0. We saj/ £/iai 
/ : / —y R is an /i— convex function, or that f belongs to the class SX{h,I), if f is 
non-negative and for all I ,a e (0, 1) we have 

(1.9) / (ax + (1 - a)y) < &(<*)/(*) + h(l - a)f(y). 

If inequality (1.9) is reversed, then / is said to be h— concave, i.e. / £ SV (h, I). 

Obviously, if h(a) — a, then all non-negative convex functions belong to SX(h, I) 
and all non-negative concave functions belong to SV(h,I); if h(a) ~ — , then 
SX(h,I) = Q(I); if h(a) = 1, then SX(h,I) D P(I); and if h(a) = a", where 
s€ (0,1), then SX(h,I) ^K 2 S . 

In [17], Sarikaya et al. proved a variant of Hadamard inequality which holds for 
h— convex functions. 

Theorem 9. Let f e SX (h, I), a,b £ I, with a <b and f £ Li ([a, b]) . Then 



(1.10) 



2^(1) 



IT/ 



a + b 



< 



— [ f (x) dx < [f (a) + f (b)} f h (a) da. 

— a J a JO 



In [12], Ozdcmir et al. defined (h, m) —convexity and obtained Hermite-Hadamard- 
type inequalities as following . 

Theorem 10. Let f : [0, oo) — > K be an (h,m) — convex function with m £ (0, 1] , 
t £ [0,1] . If 0 < a < b < oo and f £ L\ [a, b] , then the following inequality holds: 



(1.11) 



b — a 



f{x)dx 

< min|/(a)^ h(t)dt + mf (J^J h(l-t)dt, 

f{b) J h(t)dt + mf J ft(l-t)dt|. 

Theorem 11. Let f : [0, oo) M. be an (h,m) —convex function with m £ (0, 1] , 
t £ [0,1] . If 0 < a < b < oo and f £ L\ [ma, b] , then the following inequality holds: 



(1.12) 



1 

m+1 



— / f(x)dx + / f(x)dx 

mb-a J a b-ma J ma 



< 



[/(<*) + /(&)] [ h(t)dt. 
Jo 
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Theorem 12. Let f : [0, oo) M. be an (h, to) — convex function with to G (0, 1] , 
t & [0,1] . If 0 < a < b < oo and f & L\ [a, b] , then the following inequality holds: 



(1.13) 



< 



Ml) 



b 
h 



dx 



I ( \f( x ) +m f(*) 



f(a)+mf(-)+mf 
\mJ 



+ m 2 f 



h(t)dt. 



The aim of this paper is to define a new class of convex function and then 
establish new Hermite-Hadamard-type inequalities. 



2. MAIN RESULTS 

In the beginning we give a new definition (h — (a, to)) —convex function. 
I and J are intervals on R, (0, 1) C J and functions /i and / are real non-negative 
functions defined on J and /, respectively. 

Definition 7. Let /»:Jcl->Ika non-negative function, h ^ 0. We saj/ i/iai 
/ : [0, &] C [0, oo) — > R is an (h — (a, to)) — convex function, or that f belongs to the 
class SX((h — (a, to)) ,b), if f is non-negative, we have 

(2.1) f(tx + m(l - t)y) < h(t a )f(x) + mh(l - t a )f(y) 

for all x, y G [0, b], (a, to) G [0, l] 2 and t G [0, 1] . 

If the inequality (2.1) is reversed, then / is said to be (h — (a, to), b) —concave 
function on [a,b] . 

Obviously, if we choose h(t) = t, then we have non-negative (a, to)— convex 
functions. If we choose a = to = 1, then we have h— convex functions. If we 
choose a = 1, then we have (h — to) —convex functions. If we choose a = to = 1 
andft(i) = {t, 1, \, t s ) , then we obtain non-negative convex functions, p— functions, 
Godunova-Levin functions and s— convex functions in the second sense, respectively. 

The following theorems were obtained by using the (h — (a, to)) —convex func- 
tions. 

Theorem 13. Let h : J C R — > R be a non-negative function, h ^ 0 and / : 
[0, 6] C [0, oo) — > R 6e an (/i — (a, to)) —convex function with (a, to) G [0, 1] x (0, 1] 
and t G [0, 1] . If f & Li [ma, b] , h £ L\ [0, 1] , one /ias i/ie following inequality: 

(2.2) -L- / /(*)<& 

< minj/(a) jf h{t a )dt + mf (^j h(l-t a )dt, 

f(b) J h(t a )dt + mf jf /i(l-i a )cftj. 

Proof. Since f is (h — (a, to)) —convex function, i G [0, 1] and (a, to) G [0, 1] x (0, 1] , 
then 

/(to + m(l - i)y) < 7i(t a )/(a0 + m/i(l - T)/(y) 
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for all x, y > 0. It follows that 

/(to + (1 - t)b) < h(t a )f(a) + mh(l - t a )f (J^j 

and 

f(tb + (1 - t)a) < h(t a )f(b) + mh(l - t a )f (-) . 
Integrating the above inequalities with respect to t over [0, 1] , we have 

J f(ta+{l-t)b)dt< /(a) J h(t a )dt + mf (J^j J h(l - t a )dt 

and 

/ f(tb+ (1 -t)a)dt < f(b) f h(t a )dt + mf (—) f h(l - t a )dt. 

Jo Jo Jo 



However, 



[ f(ta+(l-t)b)dt= [ f(tb+(l-t)a)dt= — *— / f(x)dx, 
Jo Jo °-a J a 



we get 



1 f 

/ f(x)dx 

b-aj a M ; 



< min 



{/(o)j^ h(t a )dt + mf (^^j h(l-t a )dt, 
f(b)J h(t a )dt + mf J h{l-t a )dt \ 



which is the required result. The proof is completed. □ 

Remark 1. In Theorem 13, if we take h(t) — t, then the inequality (2.2) reduces 
to inequality (1-4)- 

Remark 2. In Theorem 13, if we take a = m = 1, then the inequality (2.2) reduces 
to the right hand side of inequality (1.10). 

Remark 3. In Theorem 13, if we take a = 1, then the inequality (2.2) reduces to 
inequality (1.11). 

Remark 4. In Theorem 13, if we take a = m = 1 and h(t) = {t, l,t s }, then the 
inequality (2.2) reduces to the right hand side of inequality in (1.1), (1.8) and (1.7) 
which are Hermite-Hadamard-type for non-negative convex functions, p— functions 
and s— convex functions in the second sense, respectively. 

Theorem 14. Let h : J C R — > R be a non-negative function, h ^ 0 and f : 
[0, b] C [0, oo ) — > M be an (h — (a, m)) —convex function with (a, m) e [0, 1] x (0, 1] 
and t G [0, 1] . If f G Li [ma, b] , h £ L\ [0, 1] , one has the following inequality: 

(2.3) 

; / / (X) dx + / f (X) dx 

i-aj a b-ma J ma 



mb 



< [f(a) + f(b)} 



f h{t a )dt + m f h(l-t a )dt 
Jo Jo 
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for all 0 < ma < a < mb < b < oo. 

Proof. Since / is an (h — (a, m)) —convex function, we can write 

f(ta + m(l - t)6) < h(t a )f(a)+mh(l-t a )f(b), 

f(tb + m(l-t)a) < h(t a )f(b)+mh(l-t a )f(a), 

f((l-t)a + m(l-(l-t))b) < h((l-t) a )f(a) + mh(l-(l-t) a )f(b) 
and 

/((l - t)& + m (1 - (1 - t)) a)<h ((1 - t) a ) f(b) + mh (1 - (1 - i) a ) / (a) 

for all f e [0, 1] and (a, m) € [0, 1] x (0, 1] . 

Adding the above inequalities with each other, we get 

f(ta + m(l - t)b) + /(t6 + m(l - t)a) + /((l - t)a + m*6) + /((l - i)6 + mia) 

< [/(a) + / (b)] + mh(l - t a ) [/(a) + / (6)] 

+ft ((1 - t) a ) {f (a) + f (b)} +mh(l-(l- t) a ) [/(a) + / (&)] • 
Integrating the above inequality with respect to t over [0, 1] , we get 

2 rmb ^ ('^ 



f(x)dx + / f(x)dx 

mb-a.L JK ' b-ma. 1 



ma 



< [f(a) + f(b)] 



f {h{t a ) + h((l- t) a )) dt + m f {h(l - t a ) + h(l - (1 - t) a )) dt 
o Jo 



Since h(t a )dt = - and /i(l - t a )dt = - (1 - t) a )di, we 

obtain the desired result. □ 

Remark 5. In Theorem 14, if we take h(t) — t, then the inequality (2.3) reduces 
to inequality (1.5). 

Remark 6. In Theorem 14, if we take a = m = 1, then the inequality (2.3) reduces 
to the right hand side of inequality (1.10). 

Remark 7. In Theorem 14, if we take a = 1, then the inequality (2.3) reduces to 
inequality (1.12). 

Remark 8. In Theorem 14, if we take a = m = 1 and h (t) — {t, l,t s }, then the 
inequality (2.3) reduces to the right hand side of inequality in (1.1), (1.8) and (1.7) 
which are Hermite-Hadamard-type for non-negative convex functions, p— functions 
and s— convex functions in the second sense, respectively. 

Theorem 15. Let /i:JCl-tlfeo non-negative function, ft / 0 and f : 
[0, b] C [0, oo) — > R be an (h — (a, m)) —convex function with (a, m) e [0, 1] x (0, 1] 



103 



M.E. OZDEMIR, HAVVA KAVURMACI ONALAN*, AND MERVE AVCI ARDig 



and t € [0, 1] . If f € Li [a, b] , h e L\ [0, 1] , one has the following inequalities: 
(2.4) 

'a + 6 X 



< 



< 



h [^)fia ) + mh {i-^fQ]j\ { e )d t 



+m 



■m 



/ +mh(l 



1 



h(l-t a )dt 



for all 0 < a < & < oo. 

Proof. Since / is an (/i — (a, to)) —convex function, we can write 



x + V 
2 



( ,', ) >»'> ( I 



-)f(-) 
2 a J J \mJ 



for all x, y e [0, oo) . If we choose x — ta + (1 — t) b, y = tb + (1 — t) a, we get 

<"> '(^" (*) ' <ta + (1 - ( >» + ™* 0 - h) ' (^^) 

for all t e [0, 1] and (a, to) € [0, 1] x (0, 1] . Thus by integrating with respect to t 
over [0, 1] , we have 



a + b 



< h 



2° 



/ (ta + (!-*) b) dt+ 



Taking into account that 



f f (ta +(l-t) b) dt = -L_ f f(x)da 

JO 0 — a Ja 



and 



Then we get 



, 1 f ^b+(l-t)a 



TO 



dt 



-a./„ Vm/ 



/ 



a + b 
2 



< 



6- a 



/(aO+mfcfl-- )/ 



which is the first inequality in (2.4). 

To prove the second inequality in (2.4), we use the right side of (2.5) with 
(h — (a, to)) —convexity of /, we have 



h(^).f(ta + (l-t)b) + mh(l-^)f 



< h 



+mh 1 - 



h(t a )f(a)+mh(l-t a )f 
1 



(l-t)a + tb 



h((l-tT)f( m )+mh(l-(l-tY)f 



77?/ 
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for all t € [0, 1] and (a, m) e [0, 1] x (0, 1] . Thus by integrating the resulting 
inequality with respect to t over [0, 1] , we have 



I 



< h 



(i) /(a) I h{ndt + mf (m~) I h{1 ndt 
+mh (l - 1) [/ Q jf 1 ((1 - ,)«) A + m/ (A) | Ml _ (1 _ tT)dt 
which is equal to second inequality in (2.4). □ 
Remark 9. In Theorem 15, if we take h(t) = t, then we have 

V 2 J - b-aj a 2« 



1 

< — 
- 2" 



f(a) + m (2« - 1) / (£) | ^/ (A) + m (2 ° - 1) / (£) 



a+ 1 a + 1 

T/ie Ze/t ftand side o/ this inequality is in ( 1.3). 

Remark 10. In Theorem 15, if we take a = 1 and h(t) = t, then the inequality 
(2.4-) reduces to inequality (1.2). 

Remark 11. In Theorem 15, if we take a — 1, then the inequality (2.4) reduces to 
inequality (1.13). 

Remark 12. In Theorem 15, if we take a = m = 1 and h (t) = {t, 1, i s }, i/ien £/ie 
inequality (2.4) reduces to inequalities in (1.1), (1.8) and (1.7) which are Hermite- 
Hadamard-type for non-negative convex functions, p— functions and s— convex func- 
tions in the second sense, respectively. 

Theorem 16. Let h : J C R — > M be a non-negative function, h ^ 0 and /, g : 
[0, 6] C [0, oo) — > K oe sitcft </iai G Li [a, 6] , /ii/i 2 G L± [0, 1] w/iere 0 < a < 6 < 
oo. If f is (hi — ( ai, mi)) —convex and g is (hi — (a2,m2)) —convex function on 
[0,6], one /ias the following inequality: 

(2.6) — !— / f(x)g{x)dx<mm{H 1 ,H 2 } 
where 

H x = /(o)ff(o) I' hi(t ai )h 2 (t a i)dt + m 2 f(a)g(— ) [ h^^l - t a *)dt 

Jo V m 2/ Jo 

+TOl/ (mT) 5(a) i ^(t a2 )/ii(l-i ai )^ 

+mim 2 / g J hl (i _ t^)h 2 (l - t a *)dt, 
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and 

H 2 = f(b)g(b) f h 1 (t ai )h 2 (t a2 )dt + m 2 f(b)g(— ) [ h x {t^)h 2 {l - t a -)dt 
Jo \m 2 J J 0 

+m 1 f(—)g(b)[ M* Q2 )^(1 - t ai )dt 

+ mi m 2 f (j-'j g (j^J J h^l - t^)h 2 (l - t a *)dt 

for some fixed {a\,m\) , (a 2 , m 2 ) <G [0, 1] x (0, 1] and t e [0, 1] . 

Proof. Since / € SX (hi — (a 1 ,mi),b) and g e SX (h 2 — (a 2 , m 2 ),b) , we have 



b 

m 2 



f(ta + (1 - t)b) < h 1 (t^)f(a) + mifti(l - t ai )f ( — 

\ ni\ 

and 

g(ta + (1 - t)b) < h 2 {t a2 )g{a) + m 2 h 2 (l - t a *)g 

for all t e [0, 1] . Since / and g are non-negative, 
f(ta+(l-t)b)g(ta+(l-t)b) 
< h 1 (t^)h 2 (t^)f(a)g(a) + m 2 f(a)g ( — ) h^t^h^l - t a2 ) 

+mif (J^j .9(a) /i 2 (i a2 )/ii(l - + mi m 2 f (J^j g (J^j h^l - t ai ))h 2 (l - t a *). 

Then integrating the resulting inequality with respect to t over [0, 1] , 

1 f b 

—— / f(x)g(x)dx 

0 a J a 

< f(a)g(a) f h 1 (t^)h 2 {t^)dt + m 2 f(a)g( — \[ h^t^h^l - t a *)dt 
Jo \m 2/ / J 0 

+m 1 f(—)g(a) [ h^e^l - t a *)dt 
\ m iJ Jo 

+ mi m 2 f (J-^j g (J-^j J h^l - t^)h 2 {l - t a *)dt. 
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Analogously we have 

i 

/ {x) g [x) dx 



1 



< 



b — a 

f(b)g(b) [ h 1 (t^)h 2 (t^)dt + m 2 f(b)g(—)[ h^t^h^l - t a -)dt 
Jo \m 2 J Jo 

+mif(—)g(b)[ h^t^h^l-t^dt 
ymi/ Jo 

9 (£) I! hiii - tai)h2ii - ta2)dt 

which completes the proof. □ 

Remark 13. In Theorem 16, if we take h\{t) — h 2 (t) = t, then the inequality (2.6) 
reduces to inequality (1.6). 
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Voronovskaya Type Asymptotic Expansions for 
Generalized Discrete Singular Operators 



Abstract. Here we give asymptotic expansions for the generalized 
discrete versions of unitary Picard, Gauss- Weierstrass, and Poisson- 
Cauchy singular operators. These are of Voronovskaya type expan- 
sions and they are connected to the approximation properties of 
these operators. 

AMS 2010 Mathematics Subject Classification: 41A60. 

Key Words and Phrases: Asymptotic expansion, singular oper- 
ator. 

1 Background 

In [2] p. 307-310, the authors studied the smooth general singular integral oper- 
ators @r,i{f',x) defined as follows. For r G N and n € Z + , they defined 
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(1) 



r 



that is ^2 a j — 1- Let / : R — > R be Borel measurable. For each £ > 0, ^ is a 

3=0 

probability Borel measure on R. 

They defined for x e R the integrals 
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and they assumed O r ,n,f (/; x) £ R, Va; £ R. They also stated the fact that the 
operators Or,n,£ are not in general positive. They gave their main result as 

Theorem 1 Suppose f/^ \t\ n dp s (t) < p, V£ £ (0, 1] , p > 0 and c fc , 5 := 
t k dp e (t), k = 1, . . . ,n - 1. Lei / : R -» R fee smc/i tAot / (n) eiists, neN, 
and zs bounded and let £ — > 0+, 0 < 7 < 1. T/ien 

e r ,„, € (/;a:)-/( a: ) = X;^M c, { + o(r). (3) 



fc! 

fc=i Vj=i 



WTien n = 1 the sum collapses. 



They also covered the following special cases: 

Corollary 2 (n—1 case) Let f such that /'exists and it is bounded. Let £ - 
0+, 0 < 7 < 1. Here suppose £ _1 \t\ dp^it) < p, V£ £ (0, 1] , p > 0. T/ien 



e r , u (/;a;)-/(a : ) = o(^ 1 -T). (4) 



Corollary 3 (n=2 case) Let f such that f" exists and it is bounded. Let 
£ 0+, 0 < 7 < 1. Fere suppose £~ 2 t 2 d^(t) < p, V£ € (0, 1] , p > 0. 
T/ien °° 

e r ,2,*(/;a0- /(a) = /'(*) (X>^j c U+°(^" 7 )- ( 5 ) 



Corollary 4 (n—3 case) Let f such that exists and it is bounded. Let 
£ 0+, 0 < 7 < 1, with C 3 JZo l*| 3 < P> V C e (0, 1] , p > 0. Then 

Q r , u (f;x)-f(x) = f'(x) ^>jj c u + ^ ^ Qj j 2 j c 2 , c + 0 (^). 

(6) 

Corollary 5 (n=4 case) Let f such that exists and it is bounded. Let 
£ 0+, 0 < 7 < 1, witft i 4 dp € (t) < P> V £ G (0, 1] , P > 0. T/ien 

e r , 4>€ (/; x) - /(*) = /'(z) ^ c u + ™ ^ a, j 2 j C2 A (7) 
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On the other hand, in [3], the authors defined important special cases of 6 r ^ 
operators for discrete probability measures ^ as follows : 

Let / e C"(R), n e Z+, 0 < £ < 1, x e R. 
z) When 

-H 

e « 

/^M = — . (8) 

E e e 

i>= — oo 

they defined the generalized discrete Picard operators as 

co ( r \ -H 

E E^ + jV) e e 

(/;*) ~ — oo -^r^ • (9) 

E e « 

7y— — oo 



ii) When 



= 6 ' , (10) 



OO 

5 



E e 

z>— — OO 

they defined the generalized discrete Gauss- Weierstrass operators as 

oo / r \ -v 2 

E [Zajfix+jv) e « 

Z^ — — OO V 7—0 / 

w;,n,c (/;*)== — oo =g 7 • (ii) 

E e « 

y= — oo 

Hi) Let aeN, and /3 > When 

= ^sr — (i 2 ) 

E (^ 2 " + £ 2Q ) 

z>— — oo 

they defined the generalized discrete Poisson-Cauchy operators as 

oo / r \ _o 

v— — oo \ 7—0 / 

©;,n, 5 (/^) := 5o " ~ a • (13) 

E (v 2a + Z 2a ) 

I/= — oo 

They observed that for c constant they have 

K, n ,i (c; a;) = W*„ >€ (c; x) = 0* „ ? (c; x) = c. (14) 
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They assumed that the operators P* n t (f;x), W* n ^ {f;x), and 6*„. $ (f;x) e 
R, for x G R. This is the case when H/H^ R < oo. 

In [3], for k = 1, n, the authors defined the sums 



oo -H 

E e « 



I/— — OO 



rt,C : = rg , (16) 

E e e 



I/— — oo 



and for a e N, /3 > , they introduced 



: = ^ r - (it) 

E (^ 2a + C ) 

I^ — — oo 

Furthermore, they proved that these sums c^, p* k ^ and g£ ^ are finite. 
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2 Main Results 

First, we present our results for the generalized discrete Picard operators. 
Proposition 6 Let n e N. Then, there exists Ki > 0 such that 

r n E IH"e"V 

V || <^i<oo (18) 

E e-V 

1^ — — OO 

/or all £ € (0, 1] . 

00 2 

Proof. Since E 172 = it (Euler, 1741), we have that 
i/=i 

00 

1 < 2 e"^ (19) 

7y = — CO 

OO 



OO 1 



1/=1 

OO 

= l + y<oo. 



Thus 

< 1. (20) 



E e « 

z>— — 00 



Therefore, by (20), we obtain 

r n E IH™e"V 



' - < r E iH n e-v (21) 



00 _ _m 

e £ t^— — 00 



e « 



Z/— — OO 

OO 

/ / W\ \ 

e 2 5 e 2 * 



E 

/—-co 

= i2i. 



For z/ > 1, we have 



\v\ \ _w\ v\ _» z n 

T) eW = W eM = ^ (22) 
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where z := | > 1. Since 

e § = ykJ_> * ( 23) 

^ k\ - 2 n n\ v ' 

fe=0 

then 

2™n! > — . (24) 
Thus, by (21), (22), and (24), we get 

R i = 2 £((|) e ~ ft ) e ~ ft ( 25 ) 



< 2" +1 n!^V* 

00 

< 2 rt+1 n!^V*. 



Define the function g(y) = e 2 for c e [1, 00) . Thus, we have g'{y) = — 5 e 2 , 
We see that g'(v) < 0 for all v e [l,oo) . Then, by [4], we obtain 



00 °° 

E e ~ f ^ + / e ~ 5 ^ ( 26 ) 



1 

= 3e~5. 

Hence, by (21), (25), and (26), we have 

R x < 3e-h n+1 nl (27) 
: = K\ < 00 

for all £ e (0, 1] . ■ 

Now, we present our main result for P* n ^- 

Theorem 7 Let / : E — > E foe siicft iftai exists, n <E N, and is bounded. 
Let £ -> 0+ and 0 < 7 < 1. T/ien 

WTien n = 1, f/ie sum on R.H.S. collapses. 

Proof. By (15), Theorem 1, and Proposition 6. ■ 
For n = 1, we have 



G 
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Corollary 8 Let f : R — > E be such that f exists, and is bounded. Let £ — > 0 + 
and 0 < 7 < 1. TTien 



P* 1 , s (f;x)-f(x) = o(e-' ( ). (29) 



Proof. By Theorem 7. 
For n = 2, we get 



Corollary 9 Let f : R — > E &e smc/i </iai /" exists, and is bounded. Let £ — > 0 + 
(mc( 0 < 7 < 1. T/ien 

^ >2 ,|(/; a:) - fix) = /'(*) ^ a,i j cj, £ + o(£ 2 ^). (30) 

Proof. By Theorem 7. m 
For n = 3, we obtain 

Corollary 10 Le£ / : E — > E 6e suc/i that f" exists, and is bounded. Let 
£ ^ 0+ and 0 < 7 < 1. Tften 

p;, 3>? (/;z) -/(*) = /'(*) (X>j| c u + ^ (E«iJ 2 ) 4« + °(£ 3-7 )- 



VJ =1 / \J' =1 



(31) 



Proof. By Theorem 7. 
For n = 4, we derive 



Corollary 11 Lei / : E — > E &e suc/i i/ia£ /( 4 ) exists, and is bounded. Let 
£ ^ 0+ and 0 < 7 < 1. Tften 

Proof. By Theorem 7. ■ 

Next, we present our results for the generalized discrete Gauss- Weierstrass 
operators. 

Proposition 12 Let n e N. Then, there exists K 2 > 0 smc/i i/ia£ 

00 2 

r n E IH"e"T- 



?y = — CO 



E e-T 

/or a/Z £ e (0, 1] . 



< K 2 < 00 (33) 



Z^ — — OO 
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Proof. Since 

for all v € Z, we have 



\v\ < v 2 



e- l T>e- ! T. (34) 



for all £ e (0, 1] . Thus 

oo 

Additionally, since ^ — \ (Euler, 1741), we notice that 

°° 2 

i < e e " ( 35 ) 

z-*— — oo 

°° 2 

= i + 2E e ~ v 

i/=l 

oo 



< 



1 + 

V — 1 

1 ^ 

l +y <oo 



which yields that 



oo 



< 1. (36) 



E e-T 



z/— — OO 



Therefore, we get 

OO 2 

r n E IH"e"T- 



< r E M n e"V (37) 

e £ — oo 



OO 



< r- E M n e-v 



i-*— — CO 

CO 



E 

' — — CO 

= R 1 . 



Hence, by (27), we obtain the desired result. ■ 
Now, we present our main result for W* n ^. 
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Theorem 13 Let f : R — > R &e such that exists, n <E N, and is bounded. 
Let £ -> 0+ and 0< 7 < 1. T/ien 

W;, ni€ (/; - /(a:) = £ ^ a,- j fc j p*^ + o(f " 7 )- (38) 

WTien n = 1, i/ie sum on R.H.S. collapses. 

Proof. By (16), Theorem 1, and Proposition 12. ■ 
For n = 1, we have 

Corollary 14 Lei / : R — > R 6e smc/i iftai /' exists, and is bounded. Let £ — > 0 + 
and 0 < 7 < 1. T/ien 

w;,u(/;*)-/(») = o(C 1 - 7 ). (39) 

Proof. By Theorem 13. ■ 
For n = 2, we get 

Corollary 15 Let f : R — > R fee swc/i i/iai /" exists, and is bounded. Let 
£ ->• 0+ and 0 < 7 < 1. Tften 

w;^/;*) - /(*) - /'(.*) ^X>ij pu + °(^ 7 )- (40) 

Proof. By Theorem 13. ■ 
For n = 3, we obtain 

Corollary 16 Let / : R — > R fee smc/i that /"' exists, and is bounded. Let 
£ ^ 0+ and 0 < 7 < 1. TTien 

W* 3 ,£(/;z) -/(*) = /'(*) fl>iUu + ™ fE^i 2 jP2,i + o(£ 3 - 7 ). 



(41) 



Proof. By Theorem 13. 
For n = 4, wc derive 



Corollary 17 Le£ / : R — > R &e suc/i £/iat /( 4 ) exists, and is bounded. Let 
£ -> 0+ ond 0 < 7 < 1. T/ien 

W7,4,c(/;»)-/(a:) - /'(*) (X>^j P*,« ( 42 ) 



, /"(a) 2] * ,f"'{x) , ^ .3, . , , 

+ E a ^ Pa,£ + — E a ^ Ps,€ + °(£ 



4- 7 \ 
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Proof. By Theorem 13. ■ 

Finally, we present our results for the generalized discrete Poisson-Cauchy 
operators. 

Proposition 18 Let a,n € N and (3 > 2 |tl. Then, there exists K 3 > 0 such 
that 

OO o 

r n e n n (v 2a +e a y 

— ^ -» — < ^ 3 < 00 (43) 

E (^ 2a + e 2Q ) 

for all £ e (0, 1] . 
Proof. By [1], we have 

oo 

e o^+^t^oc. 

i/= — oo 

Then, we observe that 

oo 

OO 



> E (- 2a + £ 2 T" (44) 

I/= — OO 

OO 

= r 2 ^ + 2E(^ 2a +£ 2 T 



2a i t 2a\-' 3 

I/=l 

Therefore, we have 



e (" 2a +e a y 

U — — CO 



,2aj_p2a 

U — — CO 

Hence, we get 

,2a\-0 



1 < e^- (45) 



r n E M> 2a +r*)" 

V — — oo 

oo 

E (^ 2tt + £ 2a ) 



< £ 2a/? ~" E l^r(^ 2Q +C 2 ") " (46) 



^ — — OO 



OO 



< £2a/3-n |^|n-2a0 

GO 

E 

— -co 



i/= — oo 

< OO, 



for all £ e (0, 1] since 2af3 - n > 1. ■ 

Now, we present our main result for ©*„£■ 
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Theorem 19 Let f : R — > R &e suc/i t/iai exists, n e N, and is bounded. 
Lett -+ 0+, 0 < 7 < 1, and /3 > s±c±l. T/ien 

0;n,i(/;^)-/W = E^r^ (^ ajjfe ) ^ + o(r " 7) ' (47) 

WTien n = 1, i/ie sum on R.H.S. collapses. 

Proof. By (17), Theorem 1, and Proposition 18. ■ 
For n=l, we have 

Corollary 20 Lei / : R — > R be such that f exists, and is bounded. Let 
P > £ -»• 0+, and 0 < 7 < 1. L/ien 

e;, u (/;x)-/(.x) = 0 (^). (48) 

Proof. By Theorem 19. ■ 
For n = 2, we get 

Corollary 21 Lei / : R — ► R 6e such that f" exists, and is bounded. Let 
P > £ ^ 0+, and 0 < 7 < 1. L/ien 

2 ,*(/; - /(a:) = /'(*) ^E ^ 9 U + °(^ _7 )- ( 49 ) 

Proof. By Theorem 19. ■ 
For n — 3, we obtain 

Corollary 22 Let f : R — > R 6e suc/i i/iai /"' exists, and is bounded. Let 
P > £ 0+, and 0 < 7 < 1. L/ien 



(50) 



Proof. By Theorem 19. 
For n = 4, we derive 



Corollary 23 Lei / : R — > R be such that exists, and is bounded. Let 
P > £ -»• 0+, and 0 < 7 < 1. L/ien 

©;,4 lC (/; = /'(*) (l>i (5i) 



I j W ;2 * , J W -3 * , ( C i-1\ 

+ ~ sT" | E jJ I '/.- ' (j I Z.".-' |93, 5 + o(e 7 )- 



Proof. By Theorem 19. 
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Abstract. In this paper, the authors established the general solution and gen- 
eralized Ulam - Hyers stability of the simple additive-quadratic and simple cubic- 
quartic functional equations 

/(2a0 = 3/(a:) + /(-*), 

g(2x) = 12g(x)+4g(-x), 
via Banach space using direct and fixed point method. 

1. INTRODUCTION 

In mathematics, a functional equation is any equation that specifies a function in 
implicit form. Often, the equation relates the value of a function (or functions) at 
some point with its values at other points. For instance, properties of functions can 
be determined by considering the types of functional equations they satisfy. 

But the theory of functional equations is relatively young. The beginning of a 
theory of functional equations is connected with the work of an excellent specialist in 
this field, Hungarian mathematician J. Aczel. The stability problem for functional 
equations first was planed in 1940 by Ulam |41j : 

When is it true that a function which approximately satisfies a functional equation 
must be close to an exact solution of the equation?. 



2010 Mathematics Subject Classification. :39B52, 32B72, 32B82 . 

Key words and phrases. : Additive functional equation, quadratic functional equation, cubic 
functional equation, quartic functional equation, mixed additive-quadratic functional equations, 
mixed cubic-quartic functional equations, generalized Ulam - Hyers stability, Banach space, fixed 
point. 
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If the problem accepts a solution, we say that the equation is stable. This phe- 
nomenon is called Ulam — Hyers stability and has been extensively investigated for 
different functional equations. 

Let (G, .) be a groupoid and let (Y, .) be a groupoid with the metric p. The 
following definition of stability of the equation of additive homomorphism from G 
toY 

f(x + y) = f(x)+f(y) (1.1) 

is formulated. 



Definition 1.1. Equation (1.1) is stable in Hyers- Ulam sense, if for every e > 0 
there exists 5 > 0 such that for every function / : G — > Y fulfilling 

p(f(x + y),f{x)+f(y))<6, x,yeG 



there exists a solution g of (1.1) satisfying 



p(f(x),g(x)) < e, xeG. 



The study of stability problems for functional equations concerning the stability 
of group homomorphisms and affirmatively answered for Banach spaces by Hyers 
[22] . It was further generalized and excellent results were obtained by number of 
authors [21 [T71 [331 EHl [39] . Its solutions via various forms of functional equations like 
additive, quadratic, cubic, quartic, mixed type functional equations which involves 
only these types of functional equations were discussed. We refer the interested 
readers for more information on such problems to the monographs [H [T31 dH [T51 [TS1 
[231 12S1 [23 ETj . The generalized Ulam- Hyers stability of various types of functions 
equations in various spaces were discussed in [31 [U El El 0 El El HOI (HI H21 HE1 [201 

In this paper, the authors established the general solution and generalized Ulam - 
Hyers stability of the simple additive-quadratic and simple cubic-quartic functional 
equations 

f(2x) = 3f(x) + f(-x), (1.2) 

and 

g(2x) = l2g(x)+4g(-x), (1.3) 

having solutions 

f(x) = ax + bx 2 , (1.4) 

and 

g(x) = cx 3 + dx 4 , (1.5) 

respectively. 



In Section 2 the the general solution of (1.2) and (1.3) are respectively provided. 
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In Section 3 the generalized Ulam - Hyers stability of (1.2) and (1.3) are respec- 
tively proved via Banach spaces a direct method. 



In Section 4 the generalized Ulam - Hyers stability of (1.2) and (1.3) are respec- 



tively given via Banach spaces with the help of fixed point method. 



2. GENERAL SOLUTION OF (1.2) AND (1.3) 



In this section, the general solution of the functional equations (1.2) and (1.3) 



are respectively given. For this, let us consider X and y be real vector spaces. 



2.1. GENERAL SOLUTION OF (1.2). Using oddness and evenness of /, the 



following lemmas are trivial. Hence, we omit the proofs. 



Lemma 2.1. An odd mapping f : X y satisfying (1.2), then f is additive. 



Lemma 2.2. An even mapping f : X — > y satisfying (1.2), then f is quadratic 



2.2. GENERAL SOLUTION OF (1.3). Using oddness and evenness of g, the 



following lemmas are trivial. Hence, we omit the proofs. 



Lemma 2.3. An odd mapping g : X — )■ y satisfying (1.3), then g is cubic. 



Lemma 2.4. An even mapping g : X — >■ 3^ satisfying (1.3), then g is quartic 



3. STABILITY RESULTS IN BANACH SPACE: DIRECT METHOD 



In this section, the generalized Ulam - Hyers stability of the functional equations 



(1.2) and (1.3) are respectively is provided. Also throughout this section, let us 



consider X and y to be a normed space and a Banach space, respectively. 



3.1. STABILITY RESULTS OF (1.2). 



Theorem 3.1. Let j G { — 1, 1} and a : X — > [0, oo) be a function such that 



E 

n=0 



2nj 



converges in 



, , a (2 n %) 
and hm : — = 0 

rwoc 2™-? 



(3.1) 



for all x £ X. Let f a : X —> y be an odd function satisfying the inequality 

\\f a (2x)-3f a (x)-f a (-x)\\<a(x) (3.2) 
for all x G X. Then there exists a unique additive mapping A : X — >■ y which 



satisfying (1.2) such that 



-. oo 

\\f a (x) - A(x)\\ < - 



a(2 k ix) 



2 ^ 2 k 'J 



(3.3) 
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for all x G X . The mapping A(x) is defined by 



A(x) 



lim 

n— >oo 2 n 3 



for all x G X . 



Proof. Assume j = 1. Using oddness of f a in (3.2), it follows that 

fa(2x) 



fa(x) ~ 



< 



a (x) 



for all x G X. Now replacing x by 2x and dividing by 2 in (3.9), we get 

\f a (2x) f a (2 2 x) 



2 2 2 

for all x G X. From ( 3.9[ ) and (3.6), we obtain 

fa(2x 



< 



a (2x) 



2 2 



< 



< 



fa(x) - 



a(x) + 



2 

a(2x] 



+ 



f a (2x) f a {2 2 x) 



for all x G X. In general for any positive integer n, we get 



fa{x) 



fa(2 n x) 



< 



n— 1 



a(2 fc x) 1 ^ a{2 k x) 



k=0 



A:=0 



2fc - 2 ^ 2 fc 



for all x G Af. In order to prove the convergence of the sequence 

fa(2 n x) 



replace x by 2 m x and dividing by 2 m in (3.8), for any m, n > 0 , we deduce 
f a (2 m x) f a (2 n+m x) 



<2(n+m) 



fa(2 m x) - 



f a (2 n ■ 2 m x) 



2"' 

1 a(2 k+m x) 

k=0 



— 2 ^ ^ •)!.■— in 



2" 



— > 0 as m->oo 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



(3.f 



for all x G A\ Hence the sequence | ^ a ^ n — j * s a Cauchy sequence. Since y is 
complete, there exists a mapping A: X — >■ ^ such that 

= lim V x G AT. 
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Letting n — > oo in (3.8), we see that (3.3) holds for all x G X. To prove that A 
satisfies (1.2), replacing x by 2 n x and dividing by 2 n in (3.2), we obtain 

1 



2" 



f a (2 n ■ 2x) - 3f a (2 n x) - f a (-2 n x) < -a(2 n x) 



for all x G X. Letting n — > oo in the above inequality and using the definition of 
A(x) and (3.1), we see that 

A(2x) = 3A(x) + A(-x). 



Hence A satisfies (1.2) for all x G X. To prove that A is unique, let B(x) be another 
additive mapping satisfying (1.2) and (3.3), then 

\\A(x)-B(x)\\ = ^\\A(2 n x)-B(2 n x)\\ 



< - {\\A(Tx) - f a (Tx)\\ + \\f a (2 n x) - B(2 n x 

^ a(2 k+n x) 
^ 1^ 2 ( fc +") ^ flsn ^°° 

k=0 



for all x G X. Hence A is unique. Thus the theorem holds for j = 1. 



Replacing x by f in (3.9), we arrive 



2/a 



2a; \ 
^"7 



- /«(*) 



< a 



(3.9) 



for all x G A". The rest of the proof is similar to that of case j = 1. Thus, for j = — 1 
also the theorem is true. Hence the proof is complete. □ 



The following corollary is an immediate consequence of Theorem 3.1 concerning 



the stability of fll.2[ ). 

Corollary 3.2. Let A and r be nonnegative real numbers. Let an odd function 
f a :X^y satisfies the inequality 



||/ a (2x)-3/ a (x)-/ a (-x)|| < ^ 



A. 



x 



(3.10) 



for all x G X. Then there exists a unique additive function A : X — >■ 3^ siic/i i/iai 

|A|, 

||/ a (x)-A(x)||<<( A||x|r (3.11) 



12 -2 r 



/or all x G A\ 



Now, we will provide an example to illustrate that the functional equation (1.2) 



is not stable for r = 1 in condition (ii) of Corollary 3.2 
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Example 3.3. Let a : R — > R be a function defined by 



at(x) 



fix, if |x| <1 
[A, otherwise 



where \x > 0 is a constant, and define a function / 0 : R — >• R by 

/or a// 



/.<*> = 



n=0 



Then f a satisfies the functional inequality 

\f a (2x)-3f a (x)-f a (-x)\ < 10 fx\x\ 



(3.12) 



for all i6R. Then there do not exist a additive mapping A : R — > R and a constant 
K > 0 such that 



|/„(x) - A(ar)| < k\x\ 



for all 



(3.13) 



Proof. Now 



l/a(*)|<E 



|a(2 n x)| 



n=0 



E 

n=0 



2 ^. 



Therefore, we see that f a is bounded. We are going to prove that f a satisfies (3.12) 



If x = 0 then (3.12) is trivial. If \x\ > - then the left hand side of (3.12) is less 

than 10//. Now suppose that 0 < \x\ < — . Then there exists a positive integer 
such that 



1 I I 1 



(3.14) 



1 



so that 2 x < - and consequently 

2 fc - 1 (x),2 fe - 1 (-a;),2' c - 1 (2x) e (-1,1). 
Therefore for each n = 0, 1, . . . , k — 1, we have 

2"(x),2"(-x),2"(2x)G(-l,l) 

and 

a(2 n (2x)) - 3a{2 n {x)) - a{2 n {-x)) = 0 
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for n = 0, 1, . . . , k — 1. From the definition of f a and (3.14), we obtain that 
f a (2x) - 3/«(x) - / a (-x)| < £ -|a(2"(2x)) - 3a(2"(x)) - a(2»(-x)) 

n=0 

oo 

^ E ^H 2 "( 2a; )) - 3«(2"(x)) - a(2»(-x)) 



n=k 

oo 



n=k 



Thus / a satisfies (3.12) for all x G R with 0 < |x| < -. 



We claim that the additive functional equation (1.2) is not stable for r = 1 in 
condition (ii) of Corollary 3.2 Suppose on the contrary that there exist a additive 
mapping A : R — > R and a constant « > 0 satisfying (3.13). Since /„ is bounded 
and continuous for all x G R, A is bounded on any open interval containing the 
origin and continuous at the origin. In view of Theorem 3.1 A must have the form 
A(x) = cx for any x in R. Thus, we obtain that 

\fa(x)\<{K+\c\)\x\. (3.15) 

But we can choose a positive integer m with m\x > k + |c|. 

If x G (0, 2^=t) , then 2 n x G (0, 1) for all n = 0, 1, . . . , m — 1 . For this x, we get 

°° a(2 n x N ) m_1 u(2 n x) 

/•(*) = E "V^ ^ E = m ^ > (« + H) a 



n=0 



n=0 



which contradicts (3.15). Therefore the additive functional equation (1.2) is not 
stable in sense of Ulam, Hyers and Rassias if r = 1, assumed in the inequality 
condition (ii) of (3.11). □ 

Theorem 3.4. Let j G { — 1, 1} and a : X — » [0, oo) be a function such that 

a(2 n ix) 



E 

n=0 



4«i 



a (2 nj x) 

converges in R and lim : — = 0 (3.16) 

n— >oo 4 n -' 



/or all x £ X. Let f q :X^ybean even function satisfying the inequality 

\\f g (2x) - 3f q (x) - f g (-x)\\ < a (x) (3.17) 

for all x G X. Then there exists a unique quadratic mapping Q2 '■ X — > y which 
satisfying (1.2) such that 



^ 00 

||/ 9 (x)-Q 2 (x)||<- £ 



U— 1 -J 
K - 2 



a(2 fcj x) 



(3.18) 
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for all x G X . The mapping Q 2 (x) is defined by 



Q 2 {x) = am - . — 



(3.19) 



for all x G X . 



Proof. Assume j — 1. Using evenness of f q in (3.17), it follows that 

f ( 



4 



< 



a (x) 



4 



for all x G X. The rest of the proof is similar to that of Theorem 3.1 



The following corollary is an immediate consequence of Theorem 3.4 



(3.20) 
□ 

concerning 



the stability of (1.2). 



Corollary 3.5. Let A and r be nonnegative real numbers. Let an even function 
f q : X y satisfies the inequality 



\\f q (2x)-?,f q {x)-f q {-x)\\ < I 



A. 



r^2; 



(3.21) 



for all x G X. Then there exists a unique quadratic function Q2 '■ X — > y such that 

A 



\\f q (x)-Q 2 (x)\\<{ 



x\ 



(3.22) 



14 - 2 r 



for all x G X. 



Now, we will provide an example to illustrate that the functional equation (1.2) 



is not stable for r = 2 in condition (ii) of Corollary 3.5 

> R b 

a(x) 



Example 3.6. Let a : K — > R be a function defined by 

fix 2 , if \x\ <1 
/i, otherwise 

where \x > 0 is a constant, and define a function f q : R — >• K by 

a(2 n x) 



m = E 



n=0 



Then / ? satisfies the functional inequality 



for all x G 



20/^,2 



|/ 9 (2x)-3/ 9 (x)-/ 9 (-x)| < 



for all x G R. Then there do not exist a quadratic mapping Q 2 
constant k > 0 such that 



for all x G R. 



(3.23) 
—7- R and a 

(3.24) 
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Proof. Now 



!/,(*)!<£ 



|a(2 n x)| 



n=0 



n=0 



4/x 



Therefore, we see that f q is bounded. We are going to prove that f q satisfies (3.23). 



than 



If x = 0 then (3.23) is trivial. If \x\ 2 > — then the left hand side of (3.23) is less 
Now suppose that 0 < \x\ 2 < —. Then there exists a positive integer k 



such that 



4/c+i 



< \xr < 



4k ' 



(3.25) 



so that 4 x < - and consequently 



2 k -\x),2 k - 1 (-x),2 k - 1 (2x) G (-1,1). 



Therefore for each n = 0, 1 k — 1, we have 



and 



2 n (x),2 n (-a;),2 n (2x) G (-1,1) 



a(2 n (2x)) - 3a(2 n (a;)) - a(2 n (-s)) = 0 



for n = 0, 1, . . . , k — 1. From the definition of / 9 and (3.25), we obtain that 



f q (2x) - 3f q (x) 



-x) 



00 1 

n=0 
00 1 

^ E ^|«( 2n ( 2a; )) - 3a(2»(x)) - a(2»(-*)) 



n=k 

00 



^ E i 5 ^ = 5 ^ x 



20//, 



n=k 



Thus /, satisfies (3.23) for all x G R with 0 < |x| 2 < 



3 • 2 fc 
1 



\x\. 



We claim that the quadratic functional equation (1.2) is not stable for r = 2 in 
condition (ii) of Corollary 3.5 Suppose on the contrary that there exist a quadratic 
mapping Q 2 : R — > R and a constant k > 0 satisfying (3.24). Since f q is bounded 
and continuous for all x G R, Q2 is bounded on any open interval containing the 
origin and continuous at the origin. In view of Theorem 3.4[ Q 2 must have the form 
Q2{x) = cx 2 for any x in R. Thus, we obtain that 

\f q (x)\ < (k+\c\)\x\ 2 . (3.26) 

But we can choose a positive integer m with mfi > k + |c|. 
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If x G (0, ^r=r) , then 2 n x G (0, 1) for all n = 0, 1, . . . , m — 1 . For this x, we get 



m—l 



Efi(2 n x) . i i\ 2 

9n = rnfix > {k+ \c\)x 



n=0 



n=0 



which contradicts (3.26). Therefore the quadratic functional equation (1.2) is not 



stable in sense of Ulam, Hyers and Rassias if r = 2, assumed in the inequality 
condition (ii) of (3.22). □ 



Now, we are ready to prove our main theorem. 

Theorem 3.7. Let j G { — 1, 1} and a : X — > [0, oo) be a function with conditions 
(3.1) and (3.16) for all x G X. Let f : X -^y be a function satisfying the inequality 



\\f(2x)-3f(x)-f(-x)\\<a(x) (3.27) 
for all x G X . Then there exists a unique additive mapping A: X -^y and a unique 



quadratic mapping Q : X — )■ y which satisfying (1.2) such that 



\\f(x)-A(x)-Q 2 (x)\\ < 



1 oo 



. 1-3 
' 2 

OO 



a(2 k ix) a{-2 k ix) 



2 kj 



2kj 



. l-i 



a(2 kj x) a(-2 kj x) 



4^3 



4kj 



(3.28) 



for all x G X. The mapping A(x) and Q 2 (x) are defined in (3.4) and (3.19) respec- 
tively for all x G X . 

Proof. Let f Q (x) = Z-MZgj for aU x e X. Then / o (0) = 0 and f 0 (-x) = 

—fo{x) for all x G X. Hence 



||/ 0 (2x) - 3f 0 (x) - U-x)\\ <^1 + 



for all x G X. By Theorem |3.1[ we have 

1 
4 



1 oo 

\\f 0 (x) - A(x)\\ < - 



h—hzl 



a{2 k ix) + a(-2 k 'x) 



2 kj 



2kj 



(3.29) 



(3.30) 



for all xeX. Also, let f e (x) = !d?l+lA x ) f or a n x e X . Then / e (0) = 0 and 
f e (—x) = f e (x) for all x G X. Hence 



||/ e (2x) - 3/ e (x) - f e (-x)\\ < ^ + ^ 



(3.31) 
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for all x G X. By Theorem 3.4 we have 



\\fe(x) - Q 2 (X)\\ < 

for all x G X. Define 



oo 

- y 

s E^ 



i l-i 

~2~ 



-2 kj 



x 



/(*) = / e (x) + / 0 (X) 



(3.32) 



(3.33) 



for all x £ X. From (3.30), (3. 32) and (3.33), we arrive 



11/0*0 - A(x) - Q 2 (x)\\ = \\f e (x) + f 0 (x) - A{x) - Q 2 {x)\\ 

< \\f 0 ( x )-A(x)\\ + \\f e (x)-Q 2 (x) 



< 



oo 

E 

K ~ 2 
OO 

+i E 



ct(2 fe %) a(-2^x) 



2 fc J 



I— w 

R - 2 



a(2*»o0 ct(-2 fe J 



.r 



for all x G A\ Hence the theorem is proved. 



□ 



stability of (1.2). 



Using Corollaries 3.2 and 3.5, we have the following corollary concerning the 



Corollary 3.8. Let A and r be nonnegative real numbers. Let a function f : X — ^ y 
satisfies the inequality 



\\f(2x)-3f(x)-f(-x)\\ < 



A, 

A||x|| r , r^l,2; 



(3.34) 



for all x G X. Then there exists a unique additive function A : X — >■ y and a unique 
quadratic function Q 2 : X — >■ y such that 



A 111 



1 



\\f(x)-A(x)-Q 2 (x)\\ < 



A 



,r 



12 - 2 r 



+ 



Lr 



4-2' 



(3.35) 



for all x £ X. 



3.2. STABILITY RESULTS OF (1.3) 



Theorem 3.9. Let j G { — 1, 1} and B : X — > [0, oo) be a function such that 
B(2 n ^x) 



E 

n=0 



?«.7 



converges m 



B (2 n ^x) 

and lim -E—^ = 0 (3.36) 



5'U 
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for all x G X . Let g c : X —> y be an odd function satisfying the inequality 

\\g c (2x) - 12g c (x) - Ag c (-x)\\ < 0 (x) (3.37) 

for allx G X. Then there exists a unique cubic mapping C : X y which satisfying 
(1.3) such that 



oo 

\g c {x)-C{x)\\<- £ 



x 



Ik j 



fc=l=i 



for all x G X . The mapping C(x) is defined by 



CM = lim S ^ 



<H,I 



(3.38) 



(3.39) 



for all x G X. 



Proof. Assume j ; = 1. Using oddness of g c in (3.37), it follows that 

g c {2x) 



9c{x) 



< 



for all x G X. The rest of the proof is similar to that of Theorem 3.1 



(3.40) 
□ 



The following corollary is an immediate consequence of Theorem 3.9 concerning 



the stability of (1.3). 

Corollary 3.10. Let fi and r be nonnegative real numbers. Let an odd function 
g c : X — >■ y satisfies the inequality 



\g c {2x)-12g c {x)-4g c (-x)\\ < 



/i. 



jx\ \x\ | r , r 7^ 3; 

for all x G X . Then there exists a unique cubic function C : X — > y such that 



(3.41) 



\g c (x)-C(x)\\ < 



fi\ \x\ 



(3.42) 



18 - 2 r 



for all x £ X. 



Now, we will provide an example to illustrate that the functional equation (1.3) 



is not stable for r = 3 in condition (ii) of Corollary 3.10 



Example 3.11. Let j3 : ffi. — > K be a function defined by 

fix 3 , if |x| <1 
H, otherwise 

where \x > 0 is a constant, and define a function g c : R — > K by 

y> 0(2 n x) 

L 4 gn ' 

n=0 



9c[x) 



for all x G 
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Then g c satisfies the functional inequality 

\g c (2x) - 12g c (x) - 4g c (-x)\ < 



13 



17 fi x 8 3 ^ |3 



7 



\x\ 



(3.43) 



for all x G R. Then there do not exist a cubic mapping C : R — )■ R and a constant 
K > 0 such that 

\g c {x) — C(x)\ < k\x\ 3 , 



for all i6R. 



(3.44) 



Proof. Now 



n=0 



n=0 



/i 8/Z 

3™ ~ T' 



Therefore, we see that g c is bounded. We are going to prove that g c satisfies (3.43). 



If x — 0 then (3.43) is trivial. If |a;| 3 > - then the left hand side of (3.43) is less 



than . Now suppose that 0 < \x\ < -. Then there exists a positive integer 

7 8 
k such that 



1 , , 1 
< \x\ < 



gfc+2 



fc+1 ' 



(3.45) 



so that 8 k x x < - and consequently 



2 k - 1 (x),2 k - 1 (-x),2 k - 1 (2x) G (-1,1). 
L, . . . , k — 1, we have 
2 n (x),2 n (-x),2 n (2x) G (-1,1) 

(3(2 n (2x)) - 12/3(2"(x)) - 4/3(2 n (-x)) = 0 



Therefore for each n = 0, 1, . . . , k — 1, we have 



and 



for n = 0, 1, . . . , k — 1. From the definition of g c and (3.45), we obtain that 

oo _ 

g c (2x) - \2g c {x)-Ag c {-x)\ < ^ - |/3(2 m (2x)) - 12/3(2») - 4/3(2"(-x)) 



n=0 

oo 



< E ^ |^( 2 W) - 12 /?(2 n (x)) - 4/?(2"(-*)) 

n=fc 

<> — 17u = 17 u x r = — \x\ 3 . 

— / i s n 7-8 7 



n=k 



Thus satisfies (3.43) for all x G M. with 0 < |x| 3 < 



We claim that the cubic functional equation (1.3) is not stable for r = 3 in 
condition (ii) of Corollary 3.10 Suppose on the contrary that there exist a cubic 
mapping C : R — > R and a constant k > 0 satisfying (3.44). Since g c is bounded 
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and continuous for all x G R, C is bounded on any open interval containing the 



origin and continuous at the origin. In view of Theorem |3.9[ C must have the form 
C(x) = cx 3 for any x in R. Thus, we obtain that 

\9c{x)\ < {k+\c\)\x\ 3 . (3.46) 

But we can choose a positive integer m with m\x > k + |c|. 

If x G (0, w=r) > then 2 n x G (0, 1) for all n = 0, 1, . . . , m — 1 . For this x, we get 



m—l 



y2 " = m A ta;3 > (« + |c|) x 3 



n=0 



n=0 



2" 



which contradicts (3.46). Therefore the cubic functional equation (1.3) is not stable 



in sense of Ulam, Hyers and Rassias if r = 3, assumed in the inequality condition 
(ii) of gjgb. □ 



Theorem 3.12. Let j G { — 1, 1} and (3 : X — > [0, oo) fre a function such that 



^ /3 (2"%) 

> — t^— — converges in 



n=0 



, , /3 (2 n %) 
ana hm : — = 0 



(3.47) 



(3.48) 



for all x E X . Let g q : X y be an even function satisfying the inequality 

\\g q (2x)-12g q (x)-Ag q (-x)\\<(3(x) 
for all x G X. Then there exists a unique quartic mapping Q4 : X — > y which 

(3.49) 



satisfying (1.3) such that 



\Mx) - Qa(x)\\ < ± 



f3{2 k i 



x 



16 16 fc J 

fc=i=i 



for all x G X . The mapping Q&{x) is defined by 

g q (2 nj x) 



lim 

n-»oo 16™-? 



(3.50) 



/or all x £ X . 



Proof. Assume j = 1. Using evenness of g q in (3.48), it follows that 

Og(2x) 



16 



< 



16 



for all x <E X. The rest of the proof similar to the Theorem 3.1 



(3.51) 
□ 



The following corollary is an immediate consequence of Theorem 3.12 concerning 
the stability of (1.3). 
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Corollary 3.13. Let ft and r be nonnegative real numbers. Let an even function 
g q : X y satisfies the inequality 



\\g q {2x)-l2g q {x)-Ag q {-x)\\ < 



li, 

fi\\x\ 



(3.52) 



r ^4; 

for all x G X . Then there exists a unique quartic function Q±: X — >■ y such that 

\\g q (x) - Q 4 (x)\\ < 



|15|' 

a* i \ x \ r 

14 - 2 r 



(3.53) 



for all x G X. 



Now, we will provide an example to illustrate that the functional equation (1.3) 



is not stable for r = 4 in condition {%%) of Corollary 3.13 



Example 3.14. Let (3 : R — > R be a function defined by 

^ ' /i, otherwise 
where /i > 0 is a constant, and define a function g q : R — )■ R by 

/3(2 n x) 



n=0 



16™ 



/or a// x G 



Then g g satisfies the functional inequality 



\g g (2x)-12g q (x)-4g q (-x)\ < 



17 x 16/x 
15 



j; 



(3.54) 



for all x G R. Then there do not exist a quartic mapping Q4 : IR — )• IR and a constant 
k > 0 such that 



Proof. Now 



\g q {x) - Q 4 (^)| < /«k| 4 , 
\(3{2 n x)\ 



for all x G 



(3.55) 



\g q (x)\<Yl 



n=0 



|16 r 



E 

n=0 



/i 16/x 
16" ~~ To"' 



Therefore, we see that g q is bounded. We are going to prove that g q satisfies (3.54). 



less than 



16 x 17/1 
15 



If x = 0 then (3.54) is trivial. If \x\ A > — then the left hand side of (3.54) is 



16 



1 



. Now suppose that 0 < \x\ < — . Then there exists a positive 



integer k such that 



16 



IQk 



< b| 4 < 



16 



fc-i ' 



(3.56) 
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so that 2 k 1 x < - and consequently 



ik-l. 



(x),2 fe - i (-x),2^ i (2x)G(-l,l). 
Therefore for each n — 0, 1, . . . , k — 1, we have 

2™(x),2 n (-x),2 n (2x) G (-1,1) 

and 

P{2 n {2x)) - 12f3(2 n (x)) - 4/3(2 n (-x)) = 0 
for n — 0, 1, . . . , k — 1. From the definition of g g and (3.56 ), we obtain that 

g q (2x) - 12g q (x) - 4g q (-x)\ < £ -|/3(2"(2x)) - 120 (F(x)) - i0(F(-x)) 

n=0 
oo 1 



n=k 

oo 



< —17a = 17 ax 



16 



n=k 



15 ■ 16 fe 



17 x 16u . , A 
15 1 1 



Thus g q satisfies (3.54) for all x G R with 0 < |x| 4 < 



16' 



We claim that the quartic functional equation (1.3) is not stable for r = 4 in 
condition (ii) of Corollary 3.13 Suppose on the contrary that there exist a quartic 
mapping Q 4 : R — > R and a constant k > 0 satisfying (3.55). Since # g is bounded 
and continuous for all x G R, Q4 is bounded on any open interval containing the 
origin and continuous at the origin. In view of Theorem 3.12 , Q4 must have the 
form Qa{x) = cx 4 for any x in R. Thus, we obtain that 

\g q (x)\ < (k+\c\)\x\ 4 . (3.57) 

But we can choose a positive integer m with mfi > k+\c\. 

If x G (0, =^=t) > then 2 n x G (0, 1) for all n = 0, 1, . . . , m — 1 . For this x, we get 



m— 1 



Ai(2 n x) 



m/ix 4 > (/t + |c|) 



n=0 



ra=0 



which contradicts (3.57). Therefore the quartic functional equation (1.3) is not 
stable in sense of Ulam, Hyers and Rassias if r = 4, assumed in the inequality 
condition (ii) of (3.53). □ 



Now we are ready to prove our main theorem. 
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Theorem 3.15. Let j G { — 1, 1} and 0 : X — > [0, oo) be a function with conditions 
(3.36) and (3.47) for allx G X . Let g : X — ?• 3^ be a function satisfying the inequality 



\g{2x)-12g(x)-4g(-x)\\ < 0 (x) 



(3.58) 



for all x G X . Then there exists a unique cubic mapping C : X — >■ y and a unique 
quartic mapping : X — » y which satisfying (l.cfy such that 



\g{x)-C{x)-Q A {x)\\ < 



1 y> ( P{2 ki x) ft(-2 fc V) \ 

2 



1 y> fp{2 k ix) (3(-2 k ix) 
+ 16 ^ I 16^' + 16^ 



(3.59) 



for all x G X. The mapping C(x) and Q&(x) are defined in (3.39) and (3.50) 
respectively for all x G X. 



Proof. The proof of the Theorem is similar to the Theorem 3.7 



□ 



Using Corollaries 3.10 and 3.13 we have the following corollary concerning the 
stability of (1.3). 



Corollary 3.16. Let fi andr be nonnegative real numbers. Let a function g : X — > y 
satisfies the inequality 



\\g(2x)-12g{x)-Ag{-x)\\ < 



A* I \ x \ 



r^3,4; 



(3.60) 



for all x,y G X . Then there exists a unique cubic function C : X -^y and a unique 
quartic function Q4 : X — >• 3^ such that 



\g(x)-C(x)-Q 4 (x)\\ < 




(3.61) 



for all x £ X. 



4. STABILITY RESULTS OF (1.2) AND (1.3): FIXED POINT 



METHOD 



In this section, we apply a fixed point method for achieving stability of the func- 



tional equations (1.2) and (1.3) are respectively present. 



Now, first we will recall the fundamental results in fixed point theory. 
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Theorem 4.1. (Banach's contraction principle) Let (X,d) be a complete metric 
space and consider a mapping T : X — > X which is strictly contractive mapping, 
that is 

(Al) d(Tx,Ty) < Ld(x,y) for some (Lipschitz constant) L < 1. Then, 

(i) The mapping T has one and only fixed point x* = T(x*); 

(ii) The fixed point for each given element x* is globally attractive, that is 
(A2) lim n ^ toa T n x = x*, for any starting point x G X ; 

(Hi) One has the following estimation inequalities: 
(A3) d(T n x,x*) < d(T n x,T n+1 x),V n > 0,V x G X; 

(A4) d{x,x*) < d(x,x*),V x G X. 

Theorem 4.2. (28] Suppose that for a complete generalized metric space (fl, 5) and 
a strictly contractive mapping T : Q — > Q with Lipschitz constant L. Then, for each 
given x G Q , either 

d{T n x, T n+l x) = oo V n > 0, 
or there exists a natural number Uq such that 
(FP1) d{T n x,T n+1 x) < oo for all n > n 0 ; 

(FP2) The sequence (T n x) is convergent to a fixed to a fixed point y* of T 
(FP3) y* is the unique fixed point ofT in the set A = {y G Q : d(T n °x, y) < oo}; 
(FP4) d(y*, y) < ^(y, Ty) for all ye A. 

Hereafter throughout this section, let us consider S and J 7 to be a normed space 
and a Banach space, respectively. 



lim ^C(^) = 0 (4.1) 



4.1. FIXED POINT STABILITY RESULTS OF QLty . 

Theorem 4.3. Let fa'.E^-Tbea odd mapping for which there exist a function 
C : E — y [0, oo) with the condition 

1 

where 

such that the functional inequality 

\\f a (2x)-3f a (x)-f a (-x)\\<((x) (4.3) 
for all x G E. If there exists L — L(i) < 1 such that the function 

x -> if)( X ) = C (|) , 

has the property 

ip(x) = — i) (KiX) . (4.4) 
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for all x G £ . Then there exists a unique additive mapping A : £ — >■ T satisfying the 
functional equation (1.2) and 



\\fa(x) - A(X)\\ < ^-J^X) 

for all x G £. 

Proof. Consider the set 

T = {p/p : £ -> p(0) = 0} 
and introduce the generalized metric on T, 

d(p, q) = mf{K G (0, oo) :|| p(x) — q(x) \\< Kip(x), x G £}. 
It is easy to see that (r, d) is complete. 
Define T : V -> Y by 

Tp(x) = — p(KiX), 

for all x G £. Now p, q G T, 

<^(p, <?) < ^ =>• || p(^) — qix) || < Kip(x),x G £, 



(4.5) 



< — Kip(Kix),x G £, 



< LKip(x),x G £, 



=>- || Tp(x) — Tg(x) || < LKip(x),x G £, 

This implies d(Tp,Tq) < Ld(p,q), for all p,g e T. i.e., T is a strictly contractive 
mapping on F with Lipschitz constant L. 

Using oddness of f a in (4.3), we arrive 

||/.(2x)-2/(x)|| <C(a:) 

for all x G £ . It follows from ( 4.6[ ) that 

/«(2x) 



fa\ x , 



< 



C(*) 



(4.6) 
(4.7) 



for all x G £ . Using (4.4) for the case i = 0 it reduces to 

fa(2x) 



~ fa(x) 



< Lij}(x) 



for all x G £, 



i.e., d(T/ a , f a ) < L => d(Tf a , f a )<L = L 1 < oo. 



(4J 
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Again replacing x = § in (4.6), we get 



/.M- 2/. (!)|<c(f) 



(4.9) 



for all x G £ . Using (|4.4|) for the case i — 1 it reduces to 

< ip(x) 



fa(x) ~ 2f a 



X 



for all x G £, 



i.e., d(/ a , T/ a ) < 1 => d(f a , T/ a ) < 1 = L° < oo. 



(4.10) 



From (4.8) and (4.10), we arrive 

d(f a ,Tf a )<L l -\ 

Therefore (FP1) holds. 

By (FP2), it follows that there exists a fixed point A of T in T such that 

fa(^x) 



A(x) = lim 



k ' 



Vx G f. 



(4.11) 



To order to prove A : £ — > T is additive. Replacing x by k?x in (4.3) and dividing 
by k\, it follows from (4.1) that 

- k U^2x) - 3/ a («fx) - /a(-^x) < -^C(^) 

for all x £ £. Letting — > oo in the above inequality and using the definition of 
A(x), we see that 

A(2x) = 3A(x) + A(-x) 
i.e., A satisfies the functional equation (1.2) for all x G £. 

By (FP3), A is the unique fixed point of T in the set 

A = {AGr :c /(/ a ,A)<oo}, 

such that 

\\f a {x)-A{x)\\<K^{x) 
for all x G £ and K > 0. Finally by (FP4), we obtain 



this implies 
which yields 



d(f a ,A)< 



L 



l-i 



1 — L 



L 



l-i 



\\f a (x) - A(x)\\ < -ip(x) 



1 — L 



this completes the proof of the theorem. 



□ 
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concerning 



Corollary 4.4. Let f a : 8 — >■ J 7 be an odd mapping and there exists real numbers p 
and r such that 

\\f a (2x) - 3f a (x) - f a (-x)\\ < | W r 1; (4.12) 

for all x G 8. Then there exists a unique additive function A : 8 — >■ J 7 suc/i i/ia£ 



/or a// a; G S. 



\\Ux)-A{x)\\< 



p\\x\\ 
12 - 2 r 



(4.13) 



Proof. Setting 

for all x G £. Now 
1 



Thus, (4.1) is holds 



p\\x\ 



h ' 

— IIkVIT 



— > 0 as k — > oo, 
— >• 0 as A; — > oo. 



But we have ijj(x) = £ (f ) has the property ip(x) = — ip (kix) for all x G 8. 



Hence 



Now, 



K; 



K 7 ' 



I 1 1 ^ 
I K>i% 1 1 > 



ip{x) = C 



I 

K i 



X 



\x\ 



r 1 1 1 1 r 
Ka \ \X\\ « 



v — 1 II I If 



Hence the inequality (4.4) holds either, L = 2 1 if i = 0 and L = ^ if i = 1. 



Now from (4.5), we prove the following cases for condition (i) 



Case:l L = 2" 1 if i = 0 



||/ B (x)-A(x)||<^t!^(x) = p. 
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Case:2 L = if % = 1 

i 



\\f a (x) - A(x)\\ < ^^^(x) = -p. 

1 9-1 



Also the inequality (4.4) holds either, L = 2 r 1 for r < 1 if i = 0 and L = ^= 
for r > 1 if i — 1. Now from (4.5), we prove the following cases for condition (zz). 
Case:3 L = 2 r ~ l for r < 1 if % = 0 

||/ B (x) - A(x)\\ < \ _ J.^ ^(x) = j^pMY ~ '"' " 
Case:4 L = for r > 1 if i = 1 



2 - 2 r 



2 r 

1-1 



||/ a (x) - A(x)\\ < ^\ 1>{x) = k^p\\x 



2 r -2 

Hence the proof is complete. □ 

Theorem 4.5. Let f q : £ — >■ J 7 fre a even mapping for which there exist a function 
( : £ — > [0, oo) un£/i £/ie condition 

lim -^C(«fc) = 0 (4.14) 

where Ki is defined in mJ? ) suc/i i/iai t/ze functional inequality 

\\f q (2x) - 3/ 9 (x) - < C(z) (4.15) 

/or all x £ £. If there exists L — L(i) < 1 such that the function 

x -> ^(x) = C (?) > 

has the property 

/or all x £ £. Then there exists a unique quadratic mapping Q2 : £ — > J 7 satisfying 
the functional equation (1.2) and 

1 - L 

for all x G £ . 



\\f g (x)-Q 2 (x)\\ < 7 ^{x) (4.17) 



Proof. Consider the set 

T = {p/p :£^T, p(0) = 0} 
and introduce the generalized metric on T, 

d(p, q) = inf{i^ G (0, 00) :|| p(x) — q(x) \\< Kip(x),x G £}. 
It is easy to see that (r, d) is complete. 
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Define T : T -> T by 



Tp(x) = -^p(KiX) 
Kt 



for all x G £ . Now p, q G T, 

d(p, q) < K \\ p(x) — q(x) \\< Kip(x),x G £, 



< -~^Kl/)(KiX),X G £, 



< LKip(x),x G £, 



=>■ || Tp(x) — Tq(x) || < LKi[)(x),x G £, 
=>-d(p, g) < 

This implies d(Tp,Tq) < Ld(p,q), for all p, q G I\ i.e., T is a strictly contractive 
mapping on F with Lipschitz constant L. 



Using evenness of f q in (4.15), we arrive 



||/ ff (2x)-4/(x)||<C(x) 



for all x £ £. It follows from (4.18) that 



/ ? (2z) 



< 



C0«0 



(4.18) 
(4.19) 



for all x G £. Using (4.16) for the case i = 0 it reduces to 

/,(2x) 



for all x G £, 



i.e., d(T/„ /,) < L =► d(Tf q , f q )<L = L 1 < oo. 



Again replacing x — § in (4.18), we get 



/,M-4/,(f)||<c(f) 



(4.20) 



for all x G £ . Using (4.16) for the case i — 1 it reduces to 

'X s 



for all x G £, 



i.e., d(f q , Tf q ) < 1 => d(f q , Tf g ) < 1 = L° < oo. 



From the above two cases, we arrive 



d(f q ,Tf g )<L 



1-i 



Therefore (FP1) holds. The rest of the proof is similar to that of Theorem 4.3 □ 
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The following corollary is an immediate consequence of Theorem 4^3 
the stability of Ok. 



concerning 



Corollary 4.6. Let j \ : £ — >■ T be an even mapping and there exists real numbers 
p and r such that 

||/<2x)-S/(«)-/(-«)||<{ W ^ r + 2 . (4.21) 

for all x G £. Then there exists a unique quadratic function Q2 ■ £ — > J 7 such that 



||/ 9 (x)-g 2 (x)|| < 



(ii) 



p 




|3 




P 


\x\\ r 


|4 


- 2 r | 



(4.22) 



for all x G S. 



Proof. The proof of the corollary is similar lines to the of Corollary 4.4 



□ 



Now, we are ready to prove the main fixed point stability results. 

Theorem 4.7. Let f : £ — )■ T be a mapping for which there exist a function 
£ : E — > [0,oo) with the conditions (4-1) and (4-H) where Hi is defined (4-2) such 
that the functional inequality 

\\f(2x)-?>f{x)-f{-x)\\ <C(x) (4.23) 

for all x G £. If there exists L = L(i) < 1 such that the function 

x -> ijj{x) = C (?) > 

with the properties (4-4) an d (4-16) for allx G £. Then there exists a unique additive 
mapping A : £ — )■ T satisfying the functional equation and a unique quadratic 
mapping Q : £ — > T satisfying the functional equation (1.2) and 



\\f(x)-A(x)-Q(x)\\ < 



L 



l-i 



1-L 



(ip(x) + 4>(-x)) 



(4.24) 



for all x G £. 



Proof. It follows from (3.29) and Theorem 4.3, we have 

||/ 0 (x)-A(x)||<i^l(Vi(x)+^(-x)) 



for all x G £. Also, it follows from (3.31) and Theorem 4.5, we have 



for all x G £. Define 



\\fe(x) - Q(X)\\ < l^-j ty{x) + V(-X)) 
/0) = fe(x) + f 0 (x) 



(4.25) 

(4.26) 
(4.27) 
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for all x e £. From (4.25), (4. 26) and (4.27), we arrive 



\\f(x)-A(x)-Q(x) 



= \\f e (x) + f 0 (x)-A(x)-Q(x)\\ 

< ||/ 0 (x)-i4(x)|| + ||/ e (x)-Q(x)|| 
1 L 1 ^' 

< ~ [(ip(x) + 4j{-x)) + (ij){x) + ip(-x))} 



< 



2 1 - L 

L l ~ l 



1 — L 



(4>(x) + ip(—x)) 



for all x e X. Hence the theorem is proved. 



□ 



The following corollary is an immediate consequence of Theorem 4.7, using Corol 



laries 4.4 and 4.6 concerning the stability of (1.2) 



Corollary 4.8. Let f : £ — >■ J 7 be a mapping and there exists real numbers p and r 
such that 



\\f(2x)-3f(x)-f(-x)\\ < 



(ii) p\ \x\\ r , r 7^ 1, 2; 



(4.28) 



for all x G 8. Then there exists a unique additive function A: £ — )■ T and a unique 
quadratic function Q 2 : £ —> T such that 



\\f(x)-A(x)-Q(x)\\ < 



P 1 



p\\x\ 



1 



1 1 

+ 



12-2 



4-2 r 



(4.29) 



for all x G £. 



4.2. FIXED POINT STABILITY RESULTS OF (1.3). 



Theorem 4.9. Let g c : £ — >■ J 7 be a odd mapping for which there exist a function 
C : £ — y [0, oo) with the condition 



, lim zkC(«*^ = 0 



where 



ft , 



2 i/ i = 0; 
i 



2 «/ * = 1, 
suc/i that the functional inequality 

\\g c (2x)-12g c {x)-4g c (-x)\\<({x) 

for all x G £. If there exists L — L(i) < 1 swc/i t/iai the function 

x -> ^(a?) = C (|) , 



(4.30) 
(4.31) 
(4.32) 
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l/j(x) —— 77 1p {KiX) . 



(4.33) 



has the property 

for all x £ £. Then there exists a unique cubic mapping C : £ — > T satisfying the 

(4.34) 



functional equation (1.3) and 



\g c {x)-C{x)\\<-^j^{x) 



for all x G £. 

Proof. Consider the set 

T = {p/p : £ T, p(0) = 0} 
and introduce the generalized metric on T, 

d(p, q) = inf{i^ G (0, oo) :|| p(x) — q(x) \\< Kip(x),x G £}. 
It is easy to see that (r, d) is complete. 
Define T : V ->■ V by 

Tp(x) = -^p(Kix), 

for all x G £. Now p, q G T, 

d(p, q) < K \\ p(x) — q{x) \\< Kip(x), x G £, 



< -^Kip(Kix),x G £, 

K7 



< LKi/;(x),x G £, 



K i K i 
=>- || Tp(x) — Tq(x) || < LKip(x),x G £, 

^d{p, q) < LK. 

This implies d(Tp,Tq) < Ld(p,q), for all p, q G T. i.e., T is a strictly contractive 
mapping on T with Lipschitz constant L. 



Using oddness of g c in (4.32), we arrive 

\\g c (2x)-8f(x)\\ <C(x) 



for all x G £. It follows from (4.35) that 

g c (2x) 



< 



(4.35) 
(4.36) 



for all x G £. Using (4.33) for the case i = 0 it reduces to 

g c {2x) 



9c{x) 



< Lip(x) 
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(4.37) 



for all x G 8, 

i.e., d(Tg c , g c ) < L d(Tg c , g c ) < L = L 1 < oo. 
Again replacing x = | in (4.35), we get 

l*<*)-8*(f)hf(f) 

for all x (z £. Using (4.33) for the case i = 1 it reduces to 

0 c (x) - 8# c (|) < 

for all x E 8, 

i.e., d(c/ c , T# c ) < 1 =J> (% c , T# c ) < 1 = L° < oo. 

From the above two cases, we arrive 

d{g c ,Tg c )<L l -\ 

Therefore (FP1) holds. The rest of the proof is similar to that of Theorem 4.3 □ 

concerning 



The following corollary is an immediate consequence of Theorem 4.9 



the stability of (1.3). 

Corollary 4.10. Let g c : 8 — >■ T be an odd mapping and there exists real numbers 
p and r such that 



\g c (2x)-12g c (x)-4g c (-x)\\ < 



W P, 

(a) p\\x\ 



(4.38) 



for all x G 8. Then there exists a unique cubic function C : 8 — > J 7 such that 



\g c (x)-C(x)\\ < 



p 




1" 




P 


1 1 1 V 

\x\\ 


|8 -2 r \ 



(4.39) 



for all x G 8. 



Proof. The proof of the corollary is similar lines to the of Corollary 4.4 



□ 



Theorem 4.11. Let g q : 8 — >■ T be a even mapping for which there exist a function 
£ : 8 — > [0, oo) with the condition 

1 



, lim 7SfcC(«*aO = 0 



where Ki is defined in ( 0 . ffip smc/i i/iai i/ie functional inequality 

\\g q {2x)-l2g q {x)-Ag q {-x)\\ < ((x) 
for all x E 8. If there exists L — L(i) < 1 such that the function 

x -> tp(x) = C (|) , 



(4.40) 
(4.41) 
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has the property 



ip(x) 



ip (KiX) 



(4.42) 



(4.43) 



for all x G £ . Then there exists a unique quartic mapping Q4 : £ — )■ T satisfying 
the functional equation and 

\\g q (x)-Q,(x)\\ < ^j^{x) 

for all x G £. 
Proof. Consider the set 

T = {p/p : £ -> J", p(0) = 0} 
and introduce the generalized metric on T, 

5) = mf{K G (0, 00) :|| p(x) — q(x) \\< Kip(x), x G £}. 
It is easy to see that (r, d) is complete. 
Define T : V -> T by 

for all x G £. Now p, g G T, 

d(p, ?) < || p(a^) — g(^) ||< Kip(x),x G £. 



L,4,..,. 



< -^Kip(Kix),x G £, 



< LKip(x),x G £, 



=>■ || Tp(x) — Tg(a;) ||< LKip(x),x G £, 
=>-d(p, g) < LK. 

This implies d(Tp,Tq) < Ld(p,q), for all p,g e T. i.e., T is a strictly contractive 
mapping on T with Lipschitz constant L. 



Using evenness of g q in (4.41), we arrive 



for all x & £. It follows from (4.44) that 



\\g g (2x)-Wf(x)\\ <((x) 
CO*) 



16 



- Qa\X, 



< 



16 



(4.44) 
(4.45) 



for all x G £. Using (4.42) for the case i — 0 it reduces to 

^(2x) 



16 



< Lip(x) 
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for all x G £, 

i.e., d(Tg q , g q ) < L => d(Tg q , g q ) < L = L 1 < oo. 
Again replacing x = | in (4.44), we get 



2!) 



g q (x) - lQg q 



(X 



V2 



(4.46) 



for all x G £. Using (|4.42|) for the case i = 1 it reduces to 

< ip(x) 



g q {x) - lQg q 



for all x G £, 



i.e., d(g q , Tg q ) < 1 d(g q , Tg q ) < 1 = L° < oo. 



From the above two cases, we arrive 

d{g q) Tg q )<L l -\ 



Therefore (FP1) holds. The rest of the proof is similar to that of Theorem 4.3 □ 

concerning 



The following corollary is an immediate consequence of Theorem 4.11 



the stability of (1.3). 

Corollary 4.12. Let g q : £ — > T be an even mapping and there exists real numbers 
p and r such that 



\\g q (2x)-12g q (x)-4g q f(-x)\\ < 



(ii) p\ \x\\ r , r ^ 4; 

for all x G 8. Then there exists a unique quartic function Q4 : £ — >■ T such that 

P 



(4.47) 



\\g q (x) - Q 2 (x)\\ < 



|15|' 
P\ \ x \ 



(4.48) 



116-21' 



for all x G £. 



Proof. The proof of the corollary is similar lines to the of Corollary 4.4 



□ 



Now, we are ready to prove the main fixed point stability results. 

Theorem 4.13. Let g : £ — )■ T be a mapping for which there exist a function 
£ : £ — > [0,oo) with the conditions (4-30) and (4-40) where is defined (4-31) such 
that the functional inequality 

\\g(2x) - 12g(x) - Ag(-x) || < ((x) (4.49) 

for all x G £. If there exists L — L(i) < 1 such that the function 

x -> tp(x) = C (!) , 
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with the properties (4-33) and (4-42) for all x G £ . Then there exists a unique cubic 
mapping C : £ — > T satisfying the functional eq uati on and a unique quartic mapping 
: £ T satisfying the functional equation (1.3) and 



\g{x) - C{x) - QA{x)\\ < 



L 



1-i 



-(ip(x) + ip(—x)) 



for all x G £ . 



Proof. The proof of the Theorem is similar to the Theorem 4.7 



The following Corollary is an immediate consequence of Theorem 4.13 



(4.50) 

□ 

using 



Corollaries 4.10 and 4.12 concerning the stability of (1.3). 



Corollary 4.14. Let g : £ — > J 7 be a mapping and there exists real numbers p and 
r such that 



\g(2x)-12g{x)-4g{-x)\\ < 



(4.51) 



W p, 

(ii) p\\x\\ r , r^2,4; 

for all x G £. Then there exists a unique cubic function C : £ — >■ J 7 and a unique 
quartic function Q$: £ — >■ T such that 



\\g(x)-C(x)-Q A (x)\\ < 
for all x G £. 



\P\ 
p\ \x 



1 1 
7 + 15 



18 - 2 r 



+ 



1 



16 - 2 r 



(4.52) 
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1 Introduction and Preliminaries 

Let T : X — > A be a mapping. A point x € X is called a fixed point of 
T if x = Tx. Many results appeared in literature related to the fixed point 
of mappings which are contractive on the whole domain. It is possible that 
T : X — ► X is not a contraction but T : Y — ► A is a contraction, where 
Y is a subset of X. One can obtain fixed point results for such mapping by 
using suitable conditions. Recently Arshad et al. [7] proved a result concerning 
the existence of fixed points of a mapping satisfying a contractive conditions in 
closed ball in a complete partial metric space( see also [5, 6, 16, 20, 27, 28, 29]). 

Matthews [17] introduced the concept of a partial metric space. In partial 
metric spaces, Matthews excluded an additional condition of metric spaces that 
is d(x,x) = 0 for all x. As it is better to prove a result with weaker conditions, 
so one should prove new results in partial metric spaces. Partial metric spaces 
have applications in theoretical computer science (see [15, 17]). Romaguera [23] 
intoduced 0-complete partial metric space which is a genralization of complete 
partial metric space. 

The existence of fixed points of a-admissible mappings in complete metric 
spaces has been studied by several researchers (see [4, 14, 15, 25, 26] and ref- 
erences therein). In this paper we discuss common fixed point results for a-r] 
dominated mappings in a closed ball in 0-complete partial metric space. The 
results given in this paper improve and extend several recent results in [7, 29]. 
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Consistent with [12, 17, 23], the following definitions and results will be 
needed in the sequel. 

Definition 1.1. [17] Let X be a nonempty set. If for any x,y,z € A, mapping 
p: X x X —> R + satisfies 

(Pi) p(x, x) = p(y, y) = p(x, y) if and only if x = y, 

(P 2 ) p(x,x) < p(x,y), 

(P3) p{x,y) =p(y,x), 

(P 4 ) p(x,z) <p{x,y) +p(y,z) -p(y,y). 

Then it is said to be a partial metric on X and the pair (X,p) is called a 
partial metric space. 

Each partial metric p on X induces a To topology t p on X which has as a 
base the family of open balls {B p {x,e) : x € X, e > 0}, where B p [x,e) — {y € 
X : p(x, y) < p(x, x) + e}. Also B p (x, r) — {y e X : p(x, y) < p(x, x) + r} is a 
closed ball in (X,p). 

It is clear that if p(x, y) = 0, then from Pi and P 2 , x — y. But if x = y, 
then p(x, y) may not be 0. 

Definition 1.2. [17] Let (X,p) be a partial metric space, then, 

(a) A sequence {x n } in (X,p) converges to a point x € X if and only if 
]ha n ^ 00 p(x,x n ) =p(x,x). 

(b) [23] A sequence {x n } in (X,p) is called 0-Cauchy if lim p(x n , x m ) = 0. 

n,m — >oo 

The space (X,p) is called 0-complete if every 0-Cauchy sequence in X 
converges to a point x £ X such that lim^^oo p(x, x n ) — p(x, x) — 0. 

(c) [23] If (X,p) is complete, then it is 0-complete. 

Romaguera [23] has given an example which proves that converse assertion of 
(c) docs not hold. It is easy to see that every closed subset of a 0-complete 
partial metric space is 0-complete. 

We require the following lemma for subsequent use: 
Lemma 1.3. [12] Let A be a non empty set and / : X — > X a function. Then 
there exists a subset E C X such that fE = fX and / : E — > X is one to one. 

2 Common fixed point results 

Definition 2.1: Let T : X — > X and a, 77 : A x X — > [0, +00) two functions. We 
say that T is cn-ry dominated mapping if x € X such that a(x,Tx) > rj(x,Tx). 
If a(x, y) > rj(x, y) and a(j/, z) > rj(y, z) implies that a(x, z) > r)(x, z) then we 
say that T is triangle a-i] dominated mapping. Also, if we take rj(x, y) = 1 then 
T is called a-dominated mapping and triangle a-dominated mapping respec- 
tively and if we take a(x,y) = 1 then T is called 77-subdominated mapping and 
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triangle ?7-subdominatcd mapping respectively. 

In the following we present common fixed point theorems for the pair of 
a-77-dominated contractive mappings in a closed ball. 

Theorem 2.2. Let (X,p) be a 0-complete partial metric space. Suppose there 
exist two functions, a, 77 : X x X — > [0, +00) such that S and T are a-rj dom- 
inated mapping. Let xo,x,y € X, r > 0. If there exist some k,t such that, 
k + 2t G [0, 1) and the following conditions hold: 

p(Sx,Ty)<kp(x,y)+t\p(x,Sx)+p(y,Ty)}, (2.1) 



for all B(x 0 ,r) such that a(x,y) > rj(x,y) or a(y, x) > r/(y,x) and 

p(x 0 ,Sx 0 ) < (l-X)[r+p(x 0 ,x 0 )}, (2.2) 

where A = - ^ - . 

l-t 

Then there exists a point x* in B p (x 0 , r) such that p(x* , x*) = 0. Moreover, 
if for any sequence {x n } in B p (x 0 ,r) such that a(x n ,x n+1 ) > r]{x n ,x n+ \) for 
all n G N U {0} and x n — > u G B p (xo,r) as n — > +00 then a(x„,u) > rj(x n ,u) 
for all n e U {0}, then 2* is a common fixed point of S and T. 
Proof. Let x\ in X be such that x\ — Sx 0 and x 2 — Tx\. Continuing this 
process, we construct a sequence x n of points in X such that, 

X2i+i = Sx 2u and x 2 i+2 = Tx 2 i+i, wherei = 0, 1, 2, 

As S is a-T] dominated mapping then a(xo,Xi) > r](xo,Xi). As T is a-77 dom- 
inated mapping then a{x\,x 2 ) > r/(a;i,a;2)- Continuing in this way we obtain 
a(x n , x n +i) > r)(x n , x n +\) for all n € A^U{0}. First, we show that x n € B p (xq, r) 

k + 1 

for all n £ N. Using inequality (2.2) and the fact that A = - — -, we have, 

p(x 0 , Sx 0 ) <r+ p(x 0 , x 0 ). 



It implies that x\ £ B p (xq, r). Let x 2 , ■ ■ ■ ,Xj G B p (x 0 , r) for some j € iV". If j = 



2i + l, then as xi, x 2 , Xj e B p (x 0 ,r) and a(x 2 j, ^+1) > 77(x 2l , s 2 i+i),where 
2 



i = 0, 1, 2, . . . 2— -. So using inequality (2.1), we obtain, 



p{x 2l+1 ,x 2i+2 ) = p(Sx 2u Tx 2i+ i) < kp{x 2l ,x 2i+1 ) 

+t\p(x 2i , Sx 2i ) + p(x 2i+1 , Tx 2i+ i)\, 



which implies that, 



p(x 2i+1 ,x 2i+2 ) < Xp(x 2l ,x 2i+1 ) 

< X 2 p(x 2t -i,x 2t )<...<X 2l+1 p(x 0 ,x 1 ). (2.3) 
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If j = 2i+2, thenasxi,x 2 , ...,Xj € B p (x 0 ,r) and a(x 2 i+i, x 2i+2 ) > v( x 2i+i, x 2i+2 ), 
where i = 0, 1, 2, . . . , 3 -^-. We obtain, 

p{x 2l+2 , x 2l+3 ) < X 2i+2 p(x 0 , an). (2.4) 
Thus from inequalities (2.3) and (2.4) , we have, 

p(xj, Xj + i) < X 3 p(xo,xi) for some j € N. (2.5) 

Now 

p(x 0 ,x j+1 ) < p(x 0 ,x 1 ) + ... +p(xj,x j+1 ) 

< p(x 0 , x\ ) + ... + \ 3 p{xq,x 1 ), (by 2.5) 
p(x 0 ,x j+ i) < p(x 0 ,xi)[l + ... + X 3 ^ 1 + X 3 } 

(I - A J+1 ) 

< (l-A)[r+p(x 0 ,x 0 )] V — ' 

< r+p(x 0 ,x 0 ), 



gives Xj+i e B p (x 0 ,r). Hence x„ e B p (x 0 ,r). Also a(x n ,x n+ i) > r)(x n ,x n+ i), 
then 

p(x n ,x n+1 ) < A>(x 0 ,xi), for all n e N. (2.6) 

So we have, 

p(x n+k ,x n ) < p(x n+k ,x n+k -i) + — +p(x n+1 ,x n ) 

< \ n+k - 1 p(xo,x 1 ) + ... + \ n p(x 0 ,x 1 ), (by 2.6) 
p(x n+k ,x n ) < AXx 0 ,xi)[A fe_1 + X k ~ 2 + ... + 1] 

(1 — X k ) 

< A™p(x 0 ,xi)— > 0 as n — > oo. 

1 — A 



Notice that the sequence {x„} is a 0-Cauchy sequence in (B p (xo,r),p). As 
(B p (x 0 ,r),p) is complete, therefore by Definition 1.2, there exists a point x* € 
B p (xo,r) with 

lim p(x„,x*) =p(x*,x*) = 0. (2.7) 

n^oo 

Now, 

p(x*,Sx*) < p(x*,x 2ll+2 ) +p(x 2 „+2, Sx*) - p{x 2n+2 ,x 2n+2 ). 

On taking limit as n — > oo and using the fact that a(x„,x*) > ry(x„,x*) when 
a(x„,x„ +1 ) > t?(x„,x„ + i) and x„ -> x*, we have, 

p(x*,5x*) < lim \p(x*,x 2n+2 ) + kp(x 2n+ i,x*) 

n— >oo 

+t{p(x 2 „+i,x 2ll+ 2) + p(x*,Sx*)}], 
by inequalities (2.6) and (2.7), we obtain, 

(l-t)p(x*,Sx*) < 0 
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and x* — Sx*. Similarly, by using, 

p(x*,Tx*) < p(x* ,x 2n +i) + p{x 2n +i,Tx*) -p(x 2n +i,X2n+i), 

we can show that x* — Tx* . Hence S and T have a common fixed point in 

B p (x 0 ,r). 

m 

If we take T = S for all x, y € X in Theorem 2.2, we obtain following result. 
Corollary 2.3. Let (X,p) be a 0-completc partial metric space. Suppose there 
exist two functions, a, r\ : X x X — > [0, +oo) such that S is a-r] dominated 
mapping . Let x 0 , x, y e X, r > 0. If there exist some k, t such that, k+2t g [0, 1) 
and the following conditions hold: 

p(Sx,Sy) < kp(x,y) +t[p(x,Sx) + p(y,Sy)}, 



for all x, y g B(x 0 ,r) such that a(x,y) > r)(x,y) and 

p(x 0 ,Sx 0 ) < (1 - A)[r+p(a;o,xo)], 



where A 



If for any sequence {x n } in B p (xQ,r) such that a(a;„,x n +i) > f]{x n , a; n +i) 
for all n g A^UlO} and i„ — > tt € B p (x 0 , r) as n — > +oo then a(a; n , w) > rj(x n ,u) 
for all n g A r U{0}. Then there exists a point x* in B p (xo, r) such that = Sx* 
and = 0. 

If 77(35, y) = 1 for all ir, y g X in Theorem 2.2, we obtain following result. 

Corollary 2.4. Let (X,p) be a 0-complete partial metric space. Suppose there 
exists, a : X x X ^ [0, +00) such that S and T are a-dominated mapping. Let 
xo,x,y g X, r > 0. If there exist some fc, f such that, fc + 2t g [0, 1) and the 
following conditions hold: 

p{Sx,Ty) < kp{x,y)+t[p(x,Sx) +p(y,Ty)}, 



for all x,y <E B(x 0 ,r) such that a(x,y) > 1 or a{y,x) > 1 and 
p(x 0 ,Sx 0 ) < (1 - A)[r+p(a; 0 ,x 0 )], 



where A 



1-f 



If for any sequence {x n } in B p (x 0l r) such that a(x n , x n+ i) > 1 for all 
n g TV U {0} and x n — > u g B p {x a ,r) as n — > +00 then a(x n ,u) > 1 for all 
n g A^UjO}. Then there exists a point x* in B p (x 0 , r) such that a;* = 5*3;* = Tx* 
and = 0. 

If a(x,y) — 1 for all x, y g A" in Theorem 2.2, we obtain following result. 
Corollary 2.5. Let (X,p) be a 0-complete partial metric space. Suppose there 
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exists, T] : X x X — > [0, +00) such that S and T are 77-subdominatcd mapping. 
Let x 0 ,x,y £ X, r > 0. If there exist some k,t such that k + 2t e [0,1) and 
V{ x ->y) < 1 or f](y,x) < 1 implies that 

p(Sx,Ty) < kp(x,y)+t\p(x,Sx) + p(y,Ty)}, 

for all x, y £ -B(xo, r) and 

p(x 0 ,Sx 0 ) < (1 - A)[r +p(x 0 ,x 0 )], 



If for any sequence {x n } in B p (x 0 ,r) such that ?7(x n , x rl+ i) < 1 for all 
11 € JVU {0} and x n — > u € B p (xo,r) as n — > +00 then r)(x n ,u) < 1 for all 
n e A^UjO}. Then there exists a point x* in B p (x 0 , r) such that x* = 5*2;* = Tx* 
and = 0. 

Corollary 2.6. Let (X, d) be a complete metric space. Suppose there exists, 
a : X x X — > [0, +00) such that S 1 and T are a-dominated mapping. Let 

a(x, y)d(Sx, Ty) < kd{x, y) + t[d{x, Sx) + d(y, Ty)] 

holds for all x, y e X and k + 2te [0, 1). 

If for any sequence {x n } in X with a(x n , x n+ \) > 1 for all n e N U {0} and 
x n — > x as n — > +00, we have a(x„, x) > 1 for all n e N U {0}. Then S 1 and T 
have a common fixed point. 

Theorem 2.7. Adding the following conditions to the hypotheses of Theorem 
2.2. 

(i) Let S and T are triangle a-r) dominated mapping. 

(ii) If for any two points x,y in B p (xo,r) there exists a point z 0 € B p (x 0 ,r) 
such that a(x, z 0 ) > r)(x, z 0 ), a(y, z 0 ) > 77(2/, z 0 ). 

(iii) For all z £ B p (xq, r) such that a(z, Sx 0 ) > r](z, Sxq) implies 



p(x 0 , Sx 0 ) + p(z, Tz) < p(x 0 , z) + p(Sx 0 , Tz). 

Then S and T have a unique common fixed point x* and p(x* , x*) = 0. 
Proof. Let y be another point in B p (x 0 ,r) such that y = Sy = Ty. Now, 

p(y,y) = p(Sy,T y ) 

< kp(y,y)+t{p{y,Ty)+p(y,Sy)} 
(l-k-2t)p(y,y) < 0. 

This implies that, 

p(y,y) = o. (2.9) 
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Now if a(x*,y) > rj(x*,y), then, 

p(x*,y) = p(Sx*,Ty) 

< kp(x*,y)+t\p(x*,Sx*)+p(y,Ty)} 
(l-k)p(x*,y) < 0. (by 2.7 and 2.9) 

This shows that x* = y. Now if a(x*,y) i](x*,y), then there exists a point 
zo e B p (xo,r) such that a(x*,z 0 ) > ri(x*,z 0 ) and a(y,z 0 ) > i](y,z 0 ). Choose a 
point zi in X such that z\ — Tz 0 and z 2 — Szi. Continuing this process, we 
construct a sequence z n of points in X such that, 

Z2i+i = Tz 2i , and z 2i+2 = Sz 2i +i, wherei = 0, 1, 2, 

As T is a-i] dominated mapping then a(zo,zi) > t](zo,zi). As S is a-rj dom- 
inated mapping then a{z\,z 2 ) > ^{zx^z-i). Continuing in this way we obtain 
a(z n , z n+ i) > i](z n , z n+ i) for all n € N U {0}. As 5* and T are triangle a- 
rj dominated mapping , so a(zQ, z\) > r](zo,zi) and a{z\,z 2 ) > r\(z\,z 2 ) im- 
plies that a(z 0 , z 2 ) > r](z 0 , z 2 ). Continuing in this way we obtain a(z 0 , z n+1 ) > 
T](z 0 ,z n+ i). Now a(x*,z 0 ) > r](x* 1 z 0 ) and a(z 0 ,z n+ i) > r](zo,z n+1 ) implies 
that a(x*,z n+ i) > r](x*, z n+ i). Also a(x n ,x*) > rj(x n ,x*) and a(x* , z n+ i) > 
r](x*,z n+ i) implies that a(x n , z n+ \) > r](x n , z n+ \). Now we will show that 
z n € B p (x 0 ,r) for all n e N. Now, 

p(Sx 0 ,Tz 0 ) < kp(x 0 ,z 0 ) +t\p(x 0 ,xi) +p(z 0 ,Tz 0 )] 

< kp(x 0 ,Zo)+t\p(x 0 ,z 0 )+p(x 1 ,Tz 0 )], (by (iii)) 
p(Sx 0 ,Tz 0 ) < Xp(x 0 , z 0 ) and (2-10) 



p(xo,Zi) < p{x 0 ,x 1 )+p{x 1 ,z 1 )-p{x 1 ,x 1 ) 

< (l-\)[r + p(x 0l x 0 )}+\p(x 0 ,z 0 ), (by 2.2 and 2.10) 



p(xo,Zi) < (1 - A)[r +p(x 0l x 0 )} + X[r +p(x 0l x 0 )} (as z 0 e B p (x 0 , r)) 
= r+p(x 0 ,x 0 ), 



implies that z\ € B p {xq,t). Let z 2 ,Zs,...,Zj € B p (xo,r) for some j € N. If j is 
even, then, we have, 

p(x 1 ,Tz j ) = kp(x 0 ,Zj) +t\p(x 0 ,x 1 ) +p(zj,Tzj)] 

< kp(x 0 ,z j )+t\p(x 0 ,z j )+p(x 1 ,Tz j )}, (by (hi)) 



p{xi,Tzj) < Xp(x 0 ,Zj) < X[r +p(x 0 ,x 0 )}. (as Zj e B p (x 0 ,r)) (2.11) 

Now, 

p(x 0 ,Tzj) < p(x 0 ,xi) +p(x 1 ,Tz j ) -p(x 1 ,x 1 ) 

< {l-X)[r+p(x 0 ,x 0 )} + X[r+p(x 0 ,x 0 )}, (by 2.11) 

p(x 0 ,z j+1 ) < r+p(x 0 ,x 0 ) (2.12) 
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Now, if j is odd then, following similar arguments as we have used to prove 
inequality (2.5), we have, 

p(zj,Zj + i) < X 3 p(z 0 , zi) for some j <G N. (2-13) 

Now, we have, 

p(x 2 ,z j+1 ) = p(Tx 1 ,Sz j ) < kp(x 1 ,z j ) +t\p(x 1 ,Tx 1 ) +p{z ] ,Sz j )] 

< kp{xi,Zj)+t[\p{xo,Xi) + \p{zj- 1 ,Tzj-i)\, (by 2.6 and 2.13) 

p(x 2 ,z j+ i) < kp(xi,zj) +t\\p(x 0 ,Zj-i) +p(xi,Zj)], (by (hi)) 

p(x 2 ,z j+ i) < (k + t\)p(xi,Tzj-i) +t\[r +p(x 0 ,x 0 )], (as Zj_i G B p (xo,r)) 

p(x 2 ,Zj + i) < [(k + tX)X + tX][r+p(x 0 ,x 0 )], (by 2.11, as j - 1 is even) 

p(x 2 ,z j+1 ) < X 2 [r +p(x 0 ,x 0 )} (2.14) 

Now, 

p(x 0 ,z j+1 ) < p(x 0 ,x 1 )+p(x 1 ,x 2 )+p(x 2 ,z j+1 ) 

< p(x 0 ,xi) + Xp(x 0 ,xi) + X 2 [r +p(x 0 ,x 0 )], (by 2.6 and 2.14) 

p(x 0 ,z j+ i) < r+p(x 0l x 0 ). (2.15) 



Therefore, from inequalities (2.12) and (2.15), zj + i € B p (xo,r) in both cases. 
Hence z n e B p (x 0 ,r) for all n e N. Thus, inequality (2.13) becomes 

p(z n ,z n+1 ) < X n p(z 0 ,zi) — >0asn^oo. (2-16) 

As a(y,z 0 ) > r)(y,z 0 ) and a(z 0 ,z n+1 ) > r)(z 0 ,z n+ i) implies that a(y,z n+ i) > 
V(y,z n +i)- Also a(x*,z n+ i) > r)(x*,z n+ i). Then, for i e N, 

p{Tx*,Sz 2i - l ) < kp(x*,z 2i - l ) + t\p(x*,Tx*)+p(z 2i - l ,Sz 2i - 1 )] 
= kp(Sx*,Tz 2i - 2 ) +tp(z 2i -i,z 2i ), 
p(x*,Sz 2i _i) < k 2 p(x* ,z 2i _ 2 ) + ktp(z 2i - 2 ,Z2i-i) +tp(z 2i -i,z 2 i) 

< k 2l p{x*,z 0 ) + k 2l - 1 tp(z 0 ,z 1 ) + --- 
+ktp(z 2l - 2 , z 2i -i) + tp(z 2 i-l,Z2i)- 

On taking limit as i — > oo and by inequality (2.16), we have, 

p(x*,Sz2i-i)=0. (2.17) 

Similarly, 

p(Sz2i-i, y) — > 0 as i — > oo. (2-18) 
Now by using inequality (2.17) and (2.18), we have 

p{x*,y) < p(x*,Sz 2i -i) +p(Sz 2 i-i,y) — ^ 0 as i > oo. 
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So, x* — y. Hence a;* is a unique common fixed point of T and S in B p (xo, r). m 
Example 2.8. Let X = [0, +oo) n Q and p : X x X -> R+ be the 0-complete 
partial metric on X defined by p(x,y) — max{x,y}. Define <x(x,y) — 2x — y, 
T](x, y) — x — y and 

f ^ ifze [0,i]nQ [ % ifxe [o,i]nQ 

Sx = { l \ and Tx = { 1\ 

y x - - if x e (l, oo) n Q I x - - if x e (l, oo) n Q 

Clearly, S and T are a-r] dominated mappings. Take, k=-,t=-,Xo = -, 

1 ' 111 

r = -, then B p (x 0 ,r) = [0,1] n Q. We have, p(a; 0 ,x 0 ) = max{-,-} = -, 

A = _ = — with 
1-t 25 

14 

(1 - A)[r + p(a;o,x 0 )] = — 

and ^ 

p(x 0 ,5x 0 ) =^2' 32") = 2 ^ ~ + P( a; °' x o)]- 
Also if, a; = y = 2 e (1, oo) n Q, then, 

p(S2,T2) = m ax{2-^,2-i} = y 

> imax{2,2} + i[max{2,2- i} + max{2,2- ^}] = ^ 
So the contractive condition does not hold on X. 



Now if, x,y e B p (a; 0 ,r),thenp(5x,ry) = max{^, ^} 

1 1 2- 

< - max{s,j/} + -[max{i, -} + max{?/, -}] 
5 6 lo 17 

= fcp(a, y) + t\p(x, Sx) + p(y, Ty)] 
Also, a(z, Sx 0 ) > r](z, Sxo) implies 

p(x 0 ,Sx 0 ) +p(z,Tz) < p(x 0 ,z) +p(Sx 0 ,Tz) 



for all z € B p (x 0l r). 

Therefore, all the conditions of Theorem 2.7 are satisfied. Moreover, 0 is the 
common fixed point of S and T and p(0, 0) = 0. 



In Theorem 2.7, the condition "If for any sequence {x n } in B p (x 0 ,r) such 
that a(x n ,x n +i) > v( x n, x n +\) for all n € N U {0} and i„^b£ B p (xQ,r) as 
n — ► +oo then a(a; n ,u) > r)(x n ,u) for all n € TV U {0}", the condition (i), (ii), 
(hi) are imposed to restrict the condition (2.1) only for a-r] dominated mapping 
and for those x,y in B p (x 0 ,r) for which a(x,y) > f](x,y) or a(y, x) > r](y,x). 
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However, the following result relax these restrictions but impose the condition 
(2.1) for all elements in B p (x n ,r). 

Theorem 2.9. Let (X,p) be a 0-complete partial metric space, x 0 € X, r > 0 
and S, T : X — > X be two mappings. Suppose for k + 2t € [0, 1), the following 
conditions hold: 

p(Sx, Ty) < kp(x, y) + t[p(x, Sx) + p(y, Ty)}, 
for all x, y in B p (xq, r) and 

p(x 0 ,Sx 0 ) < (1 - X)[r +p(x 0 ,x 0 )], 

where A = - — -. Then there exists a unique point x* in B p (xo,r) such that 

x* = Sx* = Tx* and p(x*,x*) = 0. Moreover, S and T have no fixed point 
other than x* . 

Proof. By following similar arguments of Theorem 2.1, we can obtain a unique 
point x* in B p (x 0 ,r) such that x* = SV = Tx*. Let y = Ty. Then y is the 
fixed point of T and it will not be a fixed point of S. Now, 

p(a:*,y) = p{Sx*,Ty) < kp(x*,y) +t\p(x*,Sx*) +p(y,Ty)] 
p{x*,y) < <p(y,y)- (by 2.7) 

A contradiction, as p(y,y) < p(x*,y). Hence x* — y. Thus T has no fixed point 

other than x*. Similarly S has no fixed point other than x* . 

■ 

In Theorem 2.7, the conditions (iii) and (2.2) are imposed to restrict the 
condition (2.1) only for x,y in B p (xo,r) and Example 2.8 explains the utility 
of these restrictions. However, the following result relax the conditions (iii) 
and (2.2) but impose the condition (2.1) for all elements x,y € X such that 
a{x,y) > f](x,y) or a(y,x) > rj(y,x). 

Theorem 2.10. Let (X,p) be a 0-complete partial metric space. Suppose there 
exist two functions, a, rj : X x X — > [0, +oo) such that S and T are triangle a-r) 
dominated mapping. If there exist some k,t such that, k + 2t € [0, 1) and the 
following conditions hold: 

p(Sx,Ty) < kp(x,y) +t[p(x,Sx) +p(y,Ty)}, 

for all x,y ^ X such that a(x, y) > r](x, y) or a(y, x) > r)(y, x). 

If for any sequence {x n } in X such that a(x n ,x n+ i) > ri(x n ,x n +i) for all 
n e N U {0} and x„ ^ w e I as in +oo then a(x n ,u) > r](x n ,u) for all 
n E NU {0}. Also for any two points x, y in X there exists a point zo el such 
that a(x,zo) > rj(x,zo), a(y,zo) > w(y,zo). Then there exists a point x* in X 
such that x* = Sx* = Tx* and p(x*,x*) = 0. 
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Now we apply our Theorem 2.7 to obtain unique common fixed point of 
three mappings in closed ball in 0-complete partial metric space. 

Theorem 2.11. Let (X,p) be a partial metric space, S,T, f : X — > X such that 
SXLiTX C fX. Suppose there exist two functions, a, rj : X x X — > [0, +oo) such 
that S T and / are a-r/ dominated mapping and a(fx, Sx) > T](fx, Sx) and 
a(fx,Tx) > rj(fx,Tx). Suppose for k + 2te [0, 1), x 0 G X, r > 0, B p (fx 0 ,r) C 
fX and for all fx, fy G B(fx 0 , r), a(fx, fy) > r](fx, fy) implies that 

P (Sx, Ty) < kp(fx, fy) + t\p(fx, Sx) + p(fy, Ty)}, (2.19) 

and 

p(fx 0 ,Sx 0 ) < (1- X)[r+p(xo,x 0 )], (2.20) 

where A = - ^ - and 
1-t 

p(fx 0 ,Sx 0 )+p(fy,Ty)<p(fx 0 ,fy)+p(Sx 0 ,Ty), (2.21) 

for all fy G B p (fx 0 ,r) such that a(fy, Sx 0 ) > rj(fy, Sx 0 ). 

If for any sequence {x n } in B p (fx 0 ,r) such that a(x n ,x n+ \) > i](x n ,x n+ i) 
for all n G N U {0} and — > u G B p (fx n ,r) as ri — > +oo then a(a;„,u,) > 
rj(x n ,u) for all n G ./V U {0} and for any two points x,y in B p (fxo,r) there 
exists a point zq G B p (fxo,r) such that a(x, zo) > ^(^j^o), "(2/7^0) > v(Ui z o)- 
If /X is 0-complete subspace of X and (S 1 , /) and (T, /) are weakly compatible, 
then S, T and / have a unique common fixed point fz in B p (fx 0 ,r). Also 
p(fz,fz)=0. ' 

Proof. By Lemma 1.3, there exists E C X such that fE = fX and / : 
E — > X is one-to-one. Now since U C fX, wc define two map- 
pings g, h : fE — > /E by g(/x) = Sx and ft.(/x) = Tx respectively. Since 
/ is one-to-one on E, then g, h are well-defined. As a(fx, Sx) > f](fx, Sx) 
implies that a(fx,g(fx)) > r)(fx,g(fx)) and a(fx,Tx) > rj(fx,Tx) implies 
that a(fx,h(fx)) > r)(fx,h(fx)) therefore g and h are dominated maps. Now 
fxo G B p (fx 0 ,r) C fX, then fx 0 G /A. Let y 0 = fx 0 , choose a point y\ in 
fX such that y t = h(y 0 ). As a(y 0 ,h(y 0 )) > r)(y 0 ,h(y 0 )) so a(y 0 ,2/i) > v(yo,yi) 
and let y 2 = Now a(y 1 ,g(y 1 )) > 17(2/1,3(2/1)) gives a(y 1 ,y 2 ) > il(y 1 ,y 2 ). 

Continuing this process and having chosen y n in fX such that 

J/2»+i = ft(j/2*) and y 2l +2 = fl(?/2i+i), where i = 0, 1, 2, 

a (2/n, 2/n+i) ^ ildjniVn+i)- Following similar arguments of Theorem 2.2, y n G 
Bp(fx 0 ,r). Also by inequalities (2.20) and (2.21) we obtain, 

P(fx 0 ,9(fx 0 )) +p(fy,h(fy)) <p(fx 0 ,fy) + p(g(fx 0 ),h(fy)), 

for all fy G B p (fxo, r) such that a(fy, Sxq) > rj(fy, Sxq) and 

p(fxo,g{fxo)) < (1 - A)[r +p(x 0 ,x 0 )]. 
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By using inequality (2.19), for fx, fy e B(fx 0 , r), a(fx, fy) > rj(fx, fy) implies 
that 

p (g(fx), h(fy)) < kp(fx, fy) + t[p(fx, g(fx)) + p(fy, h{fy))]. 

As fX is a 0-complete space, all conditions of Theorem 2.7 are satisfied, we 
deduce that there exists a unique common fixed point fz € B p (fx 0 , r) of g and 
h. Also p(fz, fz) = 0. ■ 

The rest of the proof is similar to the proof given in Theorem 4 [7], so we 
leave it. Hence we obtain a unique common fixed point of S, T and /. 

Unique common fixed point results of three and four mappings in 0-complete 
partial metric space in a closed ball are given below which can be proved with 
the help of Theorem 2.5, by using the technique given in Theorem 7 [7] 

Theorem 2.12. Let (X,p) be a partial metric space, xq € X, r > 0 and S, T 
and / are self mappings on X such that SX U TX C fX, B p (fxo,r) C fX. 
Suppose for k + 2t e [0, 1), the following conditions hold: 

p (Sx, Ty) < kp(fx, fy) + t\p(fx, Sx) + p(fy, Ty)], 

for all fx, fy £ B p (fx 0 , r) and 

p(fx 0 ,Sx 0 ) < (1 - A)[r +p(x 0 ,x 0 )], 

k + 1 

where A = - — - . If fX is 0-complete subspace of X and (S, f) and (T, f) are 

weakly compatible, then S, T and / have a unique common fixed point fz in 
B p (fx 0 ,r). Also p(fz, fz) =0. 

Theorem 2.13. Let (X,p) be a partial metric space, x 0 € X, r > 0 and S,T,g 
and / be self mappings on X such that SX, TX C fX = gX and B p (fx 0 ,r) C 
fX. Suppose for k + 2t e [0, 1), the following conditions hold: 

p (Sx, Ty) < kp(fx, gy) + t\p(fx, Sx) + p(gy, Ty)} , 

for all fx, fy € B p (fx 0 , r) and 

p(fx 0 ,Sx 0 ) < (1 - A)[r +p(x 0 ,x 0 )], 

k + 1 

where A = - — -. If fX is 0-complete subspace of X and (S,f) and (T, g) are 

weakly compatible, then S, T, f and g have a unique common fixed point fz in 
B p (fx 0 ,r). Also p(fz, fz) = 0. 

Corollary 2.14. (Theorem 2.9 of [29]) Let (X,p) be a partial metric space 
and S, T, g and / be self mappings on X such that SX, TX C fX = gX. Assume 
that for r > 0 and x 0 be an arbitrary point in X, the following conditions hold: 

p(Sx,Ty) < kp(fx,gy) 
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for all elements fx, gy € B(fx 0 ,r) C fX; 0 < k < 1 and 
p(fx 0 ,Sx 0 ) < (1 - k)[r +p(fx 0 ,fx 0 )]. 

If fX is 0-complete subspace of X then there exists fz <G X such that fz) = 
0. Also if (S, /) and (T, <?) are weakly compatible, then S, T, f and g have a 
unique common fixed point fz in B(fxQ,r). Further S and T have no fixed 
point other than x* . 

Corollary 2.15. (Theorem 7 of [7]) Let (X,p) be a partial metric space, 
xo, x, y e X, r > 0 and S, T, g and / be self mappings on X such that SX, TX C 
fX = gX and B(fxo,r) C /X. Assume that the following condition holds: 

p(Sx,Ty) < k\p(fx,Sx) + P {gy,Ty)\ 

for all fx, fy € B(fxo, r), where 0 < k < 1/2, and 

p(fx 0 ,Sx 0 ) < (1 - A)[r +p(fx 0 ,fx 0 )} 

where A = If fX is complete subspace of X and (£, /) and (T,g) are 

weakly compatible, then S, T, f and g have a unique common fixed point fz in 
B(fx 0 ,r). Also p(/z, /z) = 0. 

The study of existence of fixed points in partially ordered sets has been initi- 
ated by Ran and Reurings [22] with applications to matrix equations. Agarwal 
et al. [2], Ciric et al. [10] and Nashine et al. [18] presented some new results for 
nonlinear contractions in partially ordered metric spaces and noted that their 
theorems can be used to investigate a large class of problems. [1, 3, 8, 9, 19, 21, 
24] gave some fixed point theorems in ordered partial metric spaces. 

Recall that if (X, ^) is a preordered set and T : X — > X is such that for 
x e X, with Sx < x, then the mapping T is said to be dominated. Define the 
set V by 

V = {(x,y) E X x X : x < y or y < x}. 



Let (X,<,p) be a preordered 0-complete partial metric space. From Theo- 
rem 2.2 to Theorem 2.7, Theorem 2.10 and Theorem 2.11, we derive following 
important results in preordered 0-complete partial metric spaces. 

Theorem 2.16. Let (X, <,p) be a preordered 0-complete partial metric space, 
x 0 , x, y G X, r > 0 and S, T : X — > X be two dominated mappings. Suppose 
for k + 2t e [0, 1), the following conditions hold: 

p(Sx,Ty) < kp(x,y) +t[p(x,Sx) +p(y,Ty)}, 

for all (x,y) in (B p (x 0 ,r) x B p (x 0 ,r)) n V and 

p(x 0 ,Sx 0 ) < (1 - X)[r +p(x 0 ,x 0 )}, 
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where A = - — -. If, for a nonincreasing sequence {x n } in B p (x 0 ,r), {x n } — > u 

implies that u di x n , then there exists a point x* in B p (xQ,r) such that x* = 
Sx* = Tx* and p(x*,x*) — 0. Also, x* is unique, if for any two points x, y in 
B p (xo,r) there exists a point zq <E B p (xq,t) such that zo ^ % and zq ^ y and 
for all z G B p (x 0 , r) such that 2 ^ 5a; 0 , we have 

p(x 0 ,Sx Q ) +p(z,Tz) < p(x 0 ,z) +p(Sx 0 ,Tz) 



Corollary 2.17. Let (A, -<,p) be a preordered 0-complete partial metric space, 
x 0 g A and S, T : X — > X be two dominated mappings. Suppose for fc + 2t g 
[0, 1), the following conditions hold: 

p(Sx,Ty) < kp(x,y) +t[p(x,Sx) +p(y,Ty)], 

for all (a;, j/) in V. If, for a nonincreasing sequence {x„} — > u implies that 
it ^ i B , then there exists a point x* in X such that x* = Sx* = Tx* and 
p(x*,x*) — 0. Also, x* is unique, if for any two points x,y in X there exists a 
point z 0 g A such that z 0 ^ a; and z 0 ^ 2/- 



In Theorem 2.13, the condition "for all z g B p (x 0 ,r) such that z ^ 5x 0 , we 
have 

p(x 0 ,Sx 0 ) +p(z 1 Tz) < p{x 0 ,z) +p(Sx 0 ,Tz)" 

is imposed to obtain unique fixed point of a contractive mapping satisfying con- 
ditions (2.1). However, the following result relax this restriction but impose the 
conditions (2.1) and (2.2) for t = 0. 

Corollary 2.18. (Theorem 2.2 of [29]) Let (X,<,p) be an ordered 0-complete 
partial metric space, S, T : X — > X be dominated maps and Xq be an arbitrary 
point in A. Suppose there exists k g [0,1) with 

p{Sx,Ty) < kp(x,y) for all comparable elements x, y in B p (xo,r) 

and p(x 0 ,Sx 0 ) < (1 - fc)[r + p(a; 0 , a; 0 )]. 

If for a non-increasing sequence {x n } in B p (xo,r), {x n } — > u implies that 
u ^ x„. Then there exists x* £ B p (xo,r) such that p(x*,x*) — 0 and x* = 
Sx* — Tx* . Also if, for any two points x,y in B p (xo,r) there exists a point 
z g B p (x 0 ,r) such that z X x and z <y, then x* is a unique common fixed 
point in B p (xq, r). 

Corollary 2.19. (Theorem 1 of [7]) Let (A, -<,p) be an ordered complete partial 
metric space, x 0 , x, y g X, r > 0 and S, T : X — > A be two dominated mappings. 
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Suppose for t g [0, the following conditions hold: 

p(Sx,Ty) < t\p(x,Sx) +p(y,Ty)], 



for all {x,y) in (B p (x 0 ,r) x B p (x 0 ,r)) n V and 

p(x 0 ,Sx 0 ) < (1 - \)[r+p(x 0 ,x 0 )], 

where A = Y~~f/ ^' ^ or a nonmcreasm g sequence {x n } in B p (x 0 ,r), {x n } — > u 

implies that zz ^ x n , then there exists a point x* in B p (x 0 ,r) such that x* = 
Sx* = Tx* and p(x*,x*) = 0. Also, x* is unique, if for any two points x, y in 
B p (xo,r) there exists a point z 0 € B p (xo,r) such that z§<x and z 0 <y and 

p(x 0 ,5a;o) + p{z,Tz) < p(x 0 ,z) +p(Sx 0 ,Tz) 



for all 2 € B p (x 0 , r) such that 2 ^ Sxo- 

Theorem 2.20. Let (X, ^,p) be a preordered partial metric space, x 0 g X, 
r > 0 and S 1 , T be self mapping and / be a dominated mapping on X such 
that SXUTX d fX, Tx r< fx, Sx ^ /x and B p (fx 0 ,r) C /X. Suppose for 
k + 2t E [0, 1), the following conditions hold: 

P (Sx, Ty) < fcp(/x, /y) + i[p(/x, Sx) + p(/y, Ty)], 



for all (/x,/y) g (B p (fx Q ,r) x B p (/i 0 ,r))nV and 

p(fxo,Sx 0 ) < (1 - A)[r +p(x 0 ,x 0 )], 

where A = ^ - and 
1-i 

p(/x 0 , 5x 0 ) + Ty) < p(/x 0 , /y) + p(Sx 0 , Ty), 



for all /y g B p (fx 0 ,r) such that /y ^ Sxn. If, for a nonincreasing sequence 
{x„} in B p (fx 0 , r), {x„} — > zt implies that zt ^ x„ and for any two points z and 
x in B p (fxo,r) there exists a point z/ g B p (fxo,r) such that y ^ z and z/ X x. 
If /X is 0-complete subspace of X and (S, f) and (T, /) are weakly compati- 
ble, then S,T and / have a unique common fixed point fz in B p (fx 0 ,r). Also 
p(fz,fz)=0. 

Corollary 2.21. (Theorem 2.8 of [29]) Let (X, <,p) be an ordered partial 
metric space and S, T self mapping and / be a domonited mapping on X such 
that SX U TX C fX and Tx, Sx ^ fx. Assume that for r > 0 and x 0 be an 
arbitrary point in X, the following conditions hold: 

p{Sx,Ty)<kp{fx,fy) 
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for all comparable elements fx, fy€ B(fx 0 ,r) C /A; 0 < k < 1 and 

p(fx 0 ,Tx 0 ) < (1 - k)[r + p(fx 0 , fx 0 )]. 

If for a non-increasing sequence {x n } — > u implies that u < x n , also for any 
two points z and x in B(fx 0 ,r) there exists a point y € B(fx 0 ,r) such that 
y ^ z and y d £ that is every pair of elements in B(fxo, r) has a lower bound in 
B(fx 0 ,r). If fX is 0-complete subspace of X and (S 1 , /) and (T, /) are weakly 
compatible, then S, T and / have a unique common fixed point fz in B(fxo, r). 
Also p(fz, fz) = 0. 

Corollary 2.22. (Theorem 4 of [7]) Let (X, <,p) be a ordered partial metric 
space, xo,x,y e X, r > 0 and S, T self mapping and / be a dominated mapping 
on X such that SX U TX C /X, B(fx 0 ,r) C /X and (Tx, /x), (Sx, /x) e V. 
Assume that the following conditions hold: 

p (Sa;, Ty) < fc[p(/x, Sx) + Ty)] 

for all (fx, fy) G (B(fx Q ,r) x B(fx 0 ,r)) fl V; where 0 < fc < 1/2, 

p(/x 0 , Sx 0 ) + p(/y, Ty) < p(fx 0 ,fy) + p(Sx 0 , Ty) 

for all /y G B(fxo,r) such that /y ^ S'.xo, 

P (fx 0 ,Tx 0 ) < (l-X)[r+p(fx 0 ,fx 0 )} 

where A = If, for a nonincreasing sequence {x n } in B(fx 0 ,r), {x n } — ► u 

implies that u ^< x„ and for any two points 2 and x in B(fx 0 ,r) there exists a 
point y <E B(fx 0 ,r) such that y < z and y X x. If /A is complete subspace of 
A and (5, /) and (T, /) are weakly compatible, then S, T and / have a unique 
common fixed point fz in B(fx n ,r). Also p(fz, fz) — 0. 

Theorem 2.23. Let (X,<,p) be a preordered partial metric space, xq <G A, 
r > 0 and S,T be self mapping and / be a dominated mapping on A such 
that SX U TX C /A and Tx ^ /x, S"x ^ /x. Suppose for k + 2t e [0, 1), the 
following conditions hold: 

p (Sx, Ty) < kp(fx, fy) + t\p(fx, Sx) + p(fy, Ty)}, 

for all (fx,fy) £ V. If, for a nonincreasing sequence {x„} in A, {x„} — ► u 
implies that u < x n and for any two points z and x in A there exists a point 
y G A such that y < z and y ^ x. If fX is 0-complete subspace of A and /) 
and (T, /) are weakly compatible, then S, T and / have a unique common fixed 
point fz in B p (fx 0 ,r). Also p(fz,fz) = 0. 

Remark 2.24. We can obtain the preordered complete metric version of all 
theorems, which are still not present in the literature. 
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QUALITATIVE ANALYSIS OF A 
SOLOW MODEL ON TIME SCALES 

MARTIN BOHNER, JULIUS HEIM AND AILIAN LIU 

Abstract. In this paper, we further analyze the Solow model on 
time scales. This model was recently introduced by the authors 
and it combines the continuous and discrete Solow models and ex- 
tends them to different time scales. Assuming constant labor force 
growth in the Solow model, we establish a comparison theorem. 
Then, under the more realistic assumption that the labor force 
growth rate is a monotonically decreasing function, we discuss the 
comparison theorem as well as stability and monotonicity of the 
solutions of the Solow model. The economic meanings are also 
indicated in some remarks. 



I. Introduction 

The neoclassical growth model, developed by Solow [17] and Swan 
[18], had a great impact on how the economists think about economic 
growth. Since then, it has stimulated an enormous amount of work 
[2,12,20]. Since differential equation systems are usually more easily 
handled than difference systems from the analytical point of view, some 
of the economic models have used continuous timing [1,9, 13-15] while 
others are given in difference models because some people think eco- 
nomic data are collected at discrete intervals and transformation of cap- 
ital into investments depends on the length of time lag, etc. [8,10,21]. 

Hence, in economic modeling, either continuous timing or discrete 
timing is present, and there is not a common view among economists 
on which representation of time is better for economic models [14]. 
Meanwhile, many results concerning differential equations may carry 
over quite easily to corresponding results for difference equations, while 
other results seems to be completely different in nature from their con- 
tinuous counterparts [6]. 



2000 Mathematics Subject Classification. 91B62, 34C10, 39A10, 39A11, 39A12, 
39A13. 

Key words and phrases. Solow model, time scales, labor growth rate, comparison 
of solutions, stability. 
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2 MARTIN BOHNER, JULIUS HEIM AND AILIAN LIU 

The blanket assumption that economic processes are either solely 
continuous or solely discrete, while convenient for traditional mathe- 
matical approaches, may sometimes be inappropriate, because in real- 
ity many economic phenomena do feature both continuous and discrete 
elements. In biology, a familiar example is a "seasonal breeding pop- 
ulation in which generations do not overlap" [6, 19]. A similar typical 
example in economics is the "seasonally changing investment and rev- 
enue in which seasons play an important effect on this kind of economic 
activity" . In addition, option pricing and stock dynamics in finance [11] 
and the frequency and duration of market trading in economics [19] also 
contain this hybrid continuous-discrete processes. 

Therefore, there is a great need to find a more flexible mathematical 
framework to accurately model the dynamical blend of such systems, so 
that they are precisely described and better understood. To meet this 
requirement, an emerging, progressive and modern area of mathemat- 
ics, known as "dynamic equations on time scales" , has been introduced. 
This calculus has the capacity to act as the framework to effectively 
describe the above phenomena and to make advances in their associate 
fields, see e.g., [3-5,19]. 

This theory was introduced by Stefan Hilger in 1988 in his Ph.D. 
thesis [16] in order to unify continuous and discrete analysis, and has 
been developed by many mathematicians. A time scale T is defined as 
any nonempty closed subset of R. In the time scales setting, once a 
result is established, special cases include the result for the differential 
equation when the time scale is the set of all real numbers R and the 
result for the difference equation when the time scale is the set of all 
integers Z. The induction principle plays an important role in the 
proofs of some of our results, so we give it here. 

Theorem 1.1 (See [6, Theorem 1.7]). Let t 0 G T and assume that 

{S(t) : t G [t„,oo)} 

is a family of statements satisfying: 

A. The statement S(to) is true. 

B. If t G [to,°o) i s right- scattered and S(t) is true, then S(a(t)) is 
also true. 

C. Ift G [tojOo) is right-dense and S(t) is true, then there is a neigh- 
borhood U of t such that S(r) is true for all r G U fl (t, oo). 

D. If t G [to? oo) is left-dense and S(r) is true for all r G [to,t), then 
S(cr(t)) is true. 

Then S(t) is true for all t G [t 0 , oo). 
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QUALITATIVE ANALYSIS OF A SOLOW MODEL ON TIME SCALES 3 

For other notations and a systematic introduction to time scales 
theory, we refer the reader to [6,7]. 

2. The Solow Model on Time Scales 

In this section, we will first recall some elements of the Solow model 
on general time scales as introduced by the authors in [5]. In the orig- 
inal Solow model [1, 17], the key elements are the production function, 
i.e., how the inputs of capital K and labor L are transformed into out- 
puts, and how capital and labor force change over time. Here we still 
assume the following: 

1. The production function F satisfies: 

(a) F(XK, XL) = XF(K, L) for any X,K,Le K + (constant return 
to scales); 

(b) F(K, 0) = F(0, L) = 0 for any K, L e R + ; 
/ s dF dF d 2 F d 2 F 

{c) M >0 'dL >0 'dK 2< °'dI 2< ^ 
/1N , dF dF dF , dF , T , 

(d) hm — - = hm — = oo, hm — — = hm — = 0 (Inada 
K ^o+ dK l^o+ dL k^oo dK l-^oo dh 

conditions). 

2. The capital stock changes are equal to the gross investment / = 
sF(K, L) minus the capital depreciation 5K, where s and S are the 
savings rate and the depreciation factor of goods, respectively. 

3. The labor force L changes at a constant rate n. 

The three assumptions give, for any t G T 



(2.1) 



(Y(t) =F(K(t),L(t)), 

K A {t) =I(t)-5K(t), 

I(t) = sY(t), 

^L A (t) =nL(t). 

From (2.1), we obtain 

(2.2) K A (t) = sY(t) - 8K(t) = sF(K(t), L(t)) - 5K(t). 
Define 

K (t) , / \ Y(t) 
*(*):= ^ and y(t) := ^, 

which are regarded as the capital stock per worker and the production 
per worker, respectively. Let 

f(k) := F = F(k,l) 
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be the production function in intensive form. Then condition 1 changes 
to 

17(0) = 0; 

(2.3) \ f'(k) > 0 and f"(k) < 0 for all keR + 
\ lim f'(k) = oo and lim f'(k) = 0. 

Applying the time scales quotient rule [6, Theorem 1.20], we use (2.2) 
to find 



L J w L(t)L°(t) 
K A (t) _ K(t)L A (t) 
L°(t) ~ L(t)L°(t) 

K A (t) K(t)n 



L(f)(l + n(t)n) L(t)(l + fi(t)n) 
sF(K(t),L(t)) - SK(t) K(t)n 



L(t)(l + fi(t)n) L(t)(l + pi(t)n) 



1 + fi(t)n 1 + fi(t)n 

i.e., 

(2-4) k A (t) = S f(k(t)) - 5 + " k(t), 

1 + n(t)n 1 + n(t)n 

which describes the Solow model on time scales. When T = R, equa- 
tion (2.4) is the continuous Solow model in [1], whereas when T = Z, 
equation (2.4) is the discrete Solow model discussed in [10]. 

Equation (2.4) has a nontrivial equilibrium, denoted by k n , which is 
the unique positive solution of the equation 

sf(k) = {5 + n)k. 

For n = 0, we denote by k 0 the nontrivial steady state of equation 
(2.4). Obviously, we have 

lim k n = k 0 , 

n->0+ 

and k n increases to ko as n decreases to zero. 

Next we will discuss some sufficient conditions for the existence and 
uniqueness of solutions of initial value problems for equation (2.4). 
Some comparison theorems between two solutions with different initial 
conditions will be given. 
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" , the initial 



Theorem 2.1. Assume (2.3). For t 0 G T and k 0 G M 

value problem 



(2.5) 



A; A (t) 



/ios a unique solution on 
Proof. Let 

w(t, fc) 



{t€T:i> t 0 }- 

■/(*) s+n 



k. 



1 + /i(t)n v ' 1 + //(t)n 
Then u(-, k) is rd-continuous and regressive on T, and 

du 



\u(t, k±) - u(t, k 2 ) 



dk 



\ki - k 2 \ 



i f(fi)- 5 + n 

l + fi{t)n K ^ J l + fi{t)n 

< (sf(to) + S + n)\k 1 -k 2 \, 



\ki - k 2 \ 



where £ G (ki,k 2 ). With the theorem of global existence and unique- 
ness in [6, Theorem 8.20], we can deduce that the solution of the prob- 
lem (2.5) exists uniquely. □ 

Hence in the following, with condition (2.3), we always have the 
existence and uniqueness of solutions for initial value problems (2.5). 

Theorem 2.2. Assume (2.3) and let S > 0 be such that —5 G 1Z + . Let 
k\ and k 2 be solutions of equation (2.4) on with initial conditions 
ki(to) = koi and k 2 (to) = ko 2 , respectively. If 0 < koi < k 02 , then 

ki < k 2 on Tf Q . 

Proof. We use the induction principle Theorem 1.1. 

A. If t — to, then the result is obvious from the hypothesis. 

B. If t G T^" is right-scattered and k\(t) < k 2 (t), then 

h(a(t)) - k 2 (a(t)) = h(t) - k 2 (t) + n(t)(k*(t) - k£(t)) 

fi(t) 



= k 1 (t)-k 2 (t) + 
fi(t) 



1 + fi(t)n 



l + (i(t)n 
sf(k 2 (t))-(S + n)k 2 (t)} 



s/(fci(t))-(<J + n)A;i(*)] 



= k 1 (t)-k 2 (t) + 



1 + fi(t)n 
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(5 + n)fl(t) 



1 + fi{t)n 



[h(t) - k 2 (t)} 



< o, 

so 

h(a(t)) < k 2 (a(t)). 

C. If t is right-dense and k\{t) < A: 2 (i) , then there exists a right neigh- 
borhood U + {t)C\T of t such that k\(r) < /c 2 (r) for any r G £/ + (t)nT. 
For if such a neighborhood does not exist, then there must exist a 
decreasing series {t„} C U + {t) H T and lim t n = t, such that 

n— >co 

ki(t n ) > k 2 (t n ) 

and taking limit on both sides, we obtain k\{t) > k 2 {t), a contra- 
diction. 

D. If t is left-dense and k±(r) < k 2 (r) for any r e [io>0 H T, then 
from the continuity of the solutions, ki(t) < k 2 (t). Uniqueness of 
solutions of initial value problems yields ki(t) < k 2 (t). 

Now an application of Theorem 1.1 concludes the proof. □ 

Note that Theorem 2.2 implies that the solution for the initial value 
problem (2.5) is always positive provided k(to) > 0. 

Corollary 2.3. Assume (2.3) and let 5 > 0 be such that —5 G 1Z + . 
Then all solutions of equation (2.4) converge to the nontrivial steady 
state k n monotonically, and the equilibrium point k n is asymptotically 
stable and hence is a global attractor. 

Proof. If k(t 0 ) < k n , then Theorem 2.2 implies that 

k(t) < k n for any t G T^. 

Hence 

This means that k is increasing to the equilibrium point. Similar argu- 
ments apply to the case with A; (to) > k n , which concludes the proof. □ 

Remark 2.4. Corollary 2.3 means that for two countries or districts with 
constant population growth rates, the one with the smaller population 
growth rate has a bigger capital per worker in the long run. 
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3. Improved Solow Model on Time Scales 

In Section 2, we assumed that the labor force L grows at a constant 
rate n on the time scale, i.e., 

(3.1) L A (t)=nL(t), 

which implies that the labor force grows exponentially, that is, 

L(t) = L 0 e n (t,t 0 ), 

where Lq is the initial labor level at to £ T. With the properties of the 
exponential function on time scales and the fact that n > 0, we have 

lim L(t) = oo. 

This means the labor force approaches infinity when t goes to infinity, 
which is unrealistic, because in reality the environment has a carrying 
capacity. So the simple growth model of labor in equation (3.1) can 
provide an adequate approximation to such growth only for an initial 
period, but does not accommodate growth reductions due to competi- 
tion for environmental resources such as food, habitat and the policy 
factor etc. [1]. 

Since the 1950s, developing countries have recognized that the high 
population growth rate has seriously hampered the economic growth 
and adopted the population control policy. As a result, the population 
growth rates of many countries decreased fast in the last 40 years, such 
as in China. Also due to the aging of the population and, consequently, 
a dramatic increase in the number of deaths, the population growth rate 
decreased below zero in some developed countries, and is projected to 
decrease to zero during the next few decades in the developing countries 

[!]■ 

So to incorporate the numerical upper bound on the growth size, on 
the reference of [10], we revise Condition 3 from Section 2 as follows. 

3/ The labor force L satisfies the following properties: 

(a) The population is strictly increasing and bounded, i.e., 

L > 0, L A > 0 on T+ and lim L(t) = < oo. 

(b) The population growth rate is decreasing to 0, i.e., 

L A 

If n — — , then lim n(t) = 0 and n A < 0 on Tt. 
Hence equation (2.4) takes the form 
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Note that this is a nonautonomous dynamic equation on a time scale. 
Next we give the theorem of existence and uniqueness for solutions of 
initial value problems for (3.2). 

Theorem 3.1. Assume (2.3). For t 0 G T and k 0 G 1R + , the initial 
value problem 

, x IW) = — s T^^f(Ht))- * +7 y) k (t) 

(3.3) I W l + fi(t)n(ty K K>> l + fi(t)n(t) W 
(k(t 0 ) =k 0 , 

has a unique solution on T^. 

Proof. Following the same way as in the proof of Theorem 2.1, we let 



s S + n(t) 



Uit ' k) ~ l + f i(t)n(t) f{k) l + ii{t)n(t) 
So u(-,k) is rd-continuous and regressive, and 
du 



k. 



0k^ 



< sf(ko) + 6 + n(t 0 ). 



From the theorem of global existence and uniqueness in [6], the solution 
of the problem (3.3) exists uniquely. □ 

Theorem 3.2. Assume (2.3) and let 5 > 0 be such that —5 G 1Z + . Let 
k\ and k-i be solutions of equation (3.2) with initial conditions ki(to) = 
k 0 i and A^o) — ^02; respectively. If 0 < k 0 i < k 02 , then 

ki < k 2 on T+ Q . 

Proof. The proof is similar to the proof of Theorem 2.2. □ 

Remark 3.3. Theorem 3.2 means that if two economies have the same 
fundamentals, then the one with the bigger initial capital per worker 
will always have the bigger capital per worker for ever on any time 
scale. The result in Theorem 3.2 includes the results in [1] and [10] as 
special cases. 

Theorem 3.4. Assume (2.3) and let 5 > 0 be such that —5 G 7Z + . Let 
ki and k 2 be solutions of the dynamic equations on the same time scale 

< 3 - 4 > fcA w - r^kw^ ~ fc w - «<*<*>• «> 

and 

< 3 - 5 > 44 w - rriKW /Wt)) " T^& k ^ «<*<*>•«>• 
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respectively, with the same initial condition fci(to) = k 2 (to). If n i < n 2 
on T^ Q , then 

k\ > k 2 on . 

Proof. From n\{t) < n 2 (t), we have u(k(t),t) > v(k(t),t) for all t G T^. 
Let z := ki — k 2 . Obviously, we have z(t 0 ) = ki(t 0 ) — k 2 (t 0 ) — 0 and 

z A (t 0 ) = fcf(io) - A; 2 A (t 0 ) = u(k 1 (t 0 ),t 0 )-v(k 2 (t 0 ),t 0 ) > 0. 

So 2 is right-increasing at to, i-e., if to is right-scattered, then we have 
z(o~(to)) > z(to) = 0; if to is right-dense, then there exists a nonempty 
neighborhood t/ + (t 0 )nT of t 0 such that z(t) > 0 for any t G £/ + (t 0 )nT. 
We now show that z > 0 holds on T^. If this is not the case, then 
there must be a point ti > t 0 , ti G T such that z(ti) < 0 and z(t) > 0 
when t G (to,ti) fl T. If t\ is left-dense, then continuity of z gives that 
z(ti) > 0, which contradicts the assumption. Hence ti is left-scattered. 
Let p(ti) = t 2 . Then z(t 2 ) > 0, i.e., ki(t 2 ) > k 2 (t 2 ). Let A; 2 be the 
solution of equation (3.5) satisfying the initial condition k' 2 (t 2 ) = k\{t 2 ). 
From the discussion in the beginning of this proof, we obtain that k\ — k' 2 
is also right-increasing at t 2 , i.e., 

(3.6) h(t) > k' 2 (t) for t G U + (t 2 ) n T, 

where U + {t 2 ) fl T is a nonempty right neighborhood of t 2 (at least 
including t-i). Taking into account that k 2 (t 2 ) < k' 2 (t 2 ), Theorem 3.2 
gives 

(3.7) k 2 (t) < k' 2 (t) for all t G T+. 
From (3.6) and (3.7), we have 

h(t) > k 2 (t) for t G U + (t 2 ) n T, 

and thus fci(ti) > fc 2 (ti), which contradicts the fact z(ti) < 0. This 
concludes the proof. □ 

Remark 3.5. Theorem 3.4 implies that, on any economic domain, for 
two economies with the same initial capital per worker, the economy 
with the smaller population growth rate will always have the bigger 
capital per worker on any time scale. The result here also includes the 
results in [1, 13] and [10] as special cases. 

Theorem 3.6. Assume (2.3) and let 5 > 0 be such that —5 G 1Z + . If 
k solves (3.2), then lim k(t) = k 0 . 
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Proof. We want to prove that for any e > 0, there exists T > 0, such 
that if t > T, t G T, we have \k(t) - k 0 \ < e. Now let e > 0. Since 

lim k n = k 0 , 

n-*0+ 

we know that there exists n > 0 such that 

£ 

\k n — fco| < - for all n G (0, n). 

Let ti G such that n tl = n{t\) < n, i and let k nt and k 0 be the 
solutions of 

and 

k A (t) = sf(k(t))-5k(t), 
respectively, with the initial conditions 

K H {ti) = fco(*i) = fc(^i)- 
Then Theorem 3.4 implies that 

k ntl (t) < k(t) < k 0 (t) for all * G T+. 
Since lim k 0 (t) = k 0 , there exists 7\ > 0 such that 



IM*) - £ol < I for a11 ^> T i- 

3 



Moreover, since lim k nt (t) = k nt , there exists T 2 > 0 such that 

\kn H (t) - k nti | < | for all t > T 2 . 
Hence for t > T := max{T"i, T 2 , t±}, we have 

which implies that |/c(t) — fc 0 | < e f° r an Y ^ G Tj. □ 

Remark 3.7. Theorem 3.6 says that for any economic domain T, the 
population growth rate n(t) has no influence on the level of per worker 
output in the long run. That is, provided that the economy possesses 
a population growth rate strictly decreasing to zero, the capital per 
worker always converges to the positive steady state of the Solow model 
on a time scale with a population growth rate of zero. 

Theorem 3.8. Assume (2.3) and let 5 > 0 be such that —5 G 1Z + . 
Then the solution k of (3.2) with k(to) = ko is asymptotically stable. 
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Proof. To prove the Lyapunov stability of k in equation (3.2) with 
initial condition k(to) = ko, we have to show that for any e > 0, there 
exists i] > 0 such that for any solution q of equation (3.2) with initial 
condition q(to) = go and such that \k(t 0 ) — q(t 0 )\ < rj, we have 

\k(t) - q(t)\ < e for any t G Tj. 

Let (pi and ip 2 be the solutions of equation (3.2) with initial conditions 

3 1 
<fi(to) = nk(to) and ^2(^0) = 7:^0)? respectively. From Theorem 3.6, 

we have 

lim (fi(t) = lim (p 2 (t) — ko = lim k(t). 

t— >oo t— >oo t— >oo 

Thus, for any e > 0, there exists t\ > t 0 , h G Tf, such that 



■to' 

|^i(t) - k(t)\ < £ - and \<p 2 (t) - k(t)\ < £ - for all t G T+. 



Let g solve (3.2) with the initial condition q 0 G (^-k(t 0 ), -k(t Q )*j . From 
Theorem 3.2, we have 

V?i(t) <q(t) < <p 2 (t) for any t G T+. 

Thus 

\q(t) - k(t)\ < e for any t G T+. 

Next we choose 1] such that for any solution q with initial value qo, 
\qo — k 0 \ < rj implies \k — q\ < e on [to,ii] H T. Following the proof 
of the theorem of continuous dependence on initial conditions, making 
use of the finite covering theorem, we can obtain that for any e > 0, 
there exists r] < k 0 /2 such that \qo — k 0 \ < i] implies \k(t) — q(t)\ < e 
for all t G [to,ti] fl T. From Theorem 3.6, for any solutions k and q of 
equation (3.2), we have that 

lim k(t) = lim q(t) = k 0 , 

and then 

lim \q(t) - k(t)\ = 0. 

So the solution of equation (3.2) is asymptotically stable. □ 

Remark 3.9. Theorem 3.8 says that under the same fundamentals, if 
two economies operating on the same time domain have nearly the 
same initial capital per worker, the following capitals per worker will 
take on similar behavior. 

Next we will present the monotonicity of the solutions of (3.2). 
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Theorem 3.10. Assume (2.3) and let 5 > 0 be such that —5 G 1Z + . 
Let t 0 G T and k, k nto , ko be solutions of the dynamic equation (3.2), 

(3-8) k A (t) = * /wo) - , am, 

l + /i(t 0 )^t 0 l + /i(i 0 )^to 

and 

(3.9) A; A (t) = s/(fc(t)) 

respectively, with the initial values 

k{to) = k ntQ (t 0 ) = k 0 (t 0 ). 

Then 

1- K t0 <k<k 0 on T+; 

2. If k(t 0 ) < fc no ; ^ en k i s strictly increasing on Tf o ; 

3. If k no < k(to) < ko, then there exists t G T such that k is decreasing 
on [t 0 ,t] fl T and is increasing on T~ ; 

4- If k 0 < k(to), then k is increasing on or there exists t G T 
such that k is decreasing on [to,t] fl T and is increasing on T~ . 

Here k no and k 0 are the equilibria of (3.8) and (3.9), respectively. 

Proof. 1. For £ > t 0 , t G T, we have n(t 0 ) > > 0. So from 

Theorem 3.4, we obtain the result easily. 
2. We want to prove the statement S(t) given by k A (t) > 0 is true 
for any t G T^. To do this, we use Theorem 1.1. 

A. Since k(t 0 ) < k no , we have k A (t 0 ) > 0. So S(t) holds at t — t 0 . 

B. If t is right-scattered and k A (t) > 0, then 

fc(<r(t)) = k{t) +fi{t)k A {t) 

W ^ W l+/i(t)n(t) 

(1 - MOW*) + 



< 



1 + /i(t)n(t) 
(l-/i(*)g)fc(^(t)) + a/i(t)/(fc((r(t))) 

1 + fi(t)n(a(t)) 
[1 + f,(t)n(a(t))]k(a(t)) 
I + fi(t)n(a(t)) 
u(t)[sf(k(vm-{5 + n(*mH°(t))] 
1 + fj,(t)n{a(t)) 

= k(a(t)) + j —- + / i(a(t))n(a(t))]A; A (a(t)), 
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SO k A (a(t)) > 0. 

C. If t is right-dense and k A (t) > 0, then there exists a neighbor- 
hood U + {t) n T such that k A (r) > 0 for any r G U + (t) n T. 
To prove this, we assume that there does not exist such a 
neighborhood. Then there must exist a decreasing sequence 
{t n } C U + (t) n T such that lim t n = t and k A (t n ) < 0. 

n— >oo 

From the properties of /, taking limit on both sides, we obtain 
k A {t) < 0, which is a contradiction. 

D. Assume that t is left-dense and k A (r) > 0 for any r G [to, t)f)T. 
From continuity, we can get k A {t) > 0. If k A {t) = 0, then for 
any r G [to, t) H T, from the chain rule in [6], we have 

[(l+fm)k A ] A (r) = [s(fok)-(5 + n)k] A (r) 

= sf'(k(r))k A (r) — n A {r)k{r) 

-{5 + n a {r))k A {r). 

Taking limit on both sides when r — > t~ , we obtain 

[(1 + i2n)k A )] A (t) = -n A (t)k(t) > 0. 

So since t is left-dense and from the continuity, we have 

(1 + i2(t)n(t))k A (t) > (1 + n{r)n{r))k A {r) > 0 

for all r G U~{t) fl T. Hence k A (t) > 0. 
If k no < k(t 0 ) < k 0 , then 

1 + ii(to)n{to) 1 + ii(to)n(to) 

= i + MtoMto) / { nt0 [to}} ~ i + M*oM* 0 )^° ( ' o) 

= <(*o)<0. 

Hence is right-decreasing at to? i- e -? if is right-scattered, then 
k(a(t 0 )) < A; (to); if is right-dense, then there exists a nonempty 
neighborhood U + (t 0 ) fl T of t 0 such that k(t) < k(t 0 ) for any t G 
f/ + (t 0 ) flT. If k A < 0 is true on T^, then A; is decreasing on T^. 
Considering lim k(t) = k 0 in Theorem 3.6, we have 

t— foo 

k 0 < k(t) < k(t 0 ) < k 0 for t G T+, 

which is a contradiction. So there must exist t G such that 
k A (t) > 0, and for simplicity we assume t is the first point that 
verifies the inequality. So it must be proved that k A (t) > 0 for all 
t G T~ , which is similar to the proof of Statement 2. 
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4. Following the same proof as in Statement 3, we can obtain the 
monotonicity. 

This completes the proof. □ 
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Abstract. The continuous wavelet transform for functions / in L P (R") where 
1 < p < oo is defined with respect to a radially symmetric admissible function 
so that the singularities of / are the singularities of the continuous wavelet 
transform. 
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1. Introduction 

The local regularity of functions / in the Hilbert space L 2 (R n ) by means of 

the continuous wavelet transform has been studied in [3], where the main point 

of this result is the use of the inversion formula given for functions in L 2 (R. n ), 

and where the continuous wavelet transform is defined with respect to a radially 

symmetric admissible function h in C^°(lR n ). 

l 
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In this paper we extend this local property for functions / in the space L p (M n ) 
with 1 < p < oo. In this case we will use the inversion formula for the continuous 
wavelet transform for functions in L p (J8L n ) given in [5]. For this purpose, we 
will consider two symmetric functions h\ and hi instead of one h, one for the 
decomposition and the other one for the inversion formula, in such a way that 
the admissibility condition will depend of hi and hi. 



In this section we will give the definition of and admissible function in order 
to define the continuous wavelet transform for a function in the space L p (M n ). 

Definition 1. For h in L^iW 1 ), the dilation operator J a : L 2 (M n ) — > L 2 (M n ) and 
the translation operator Tf, : L 2 (M. n ) — > L 2 (R n ) are defined respectively as: 

1) (Jah)(x) = a^^hfa^x), where a > 0 and 

2) (T b h)(x) = h(x - b), where x,beR n . 

Now, the admissibility condition is given. 
Definition 2. A radially symmetric function h in L 2 (M. n ) is admissible if 



In this case, h is the Fourier transform of h. 

Thus, the continuous wavelet transform with respect to an admissible function 
now is given. 

Definition 3. Let f be in L p (M. n ) with 1 < p < oo, and let h be a radially 
symmetric admissible function in L 1 (M n )nL 2 (M n ). The continuous wavelet trans- 
form of f with respect to h is defined as 



2. Notations and definitions 




where h(y) = i](\y\). 



{L h f)(a,b) = [(J a h)~*f\ (b), 



(1) 



where * means convolution and h~(x) = h(—x). 
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Remark 1. According to Definition 3, and since J a h G L 1 (M") and f G L p (M. n ), 
it follows from Young's Inequality that (Lhf)(a,b) G L p (M. n ) and 

l(W)M)| p <||/||p Pahh 

Remark 2. The inversion formula of the continuous wavelet transform for f in 
L p (M. n ) with 1 < p < oo can be obtained from Theorem 1 given by Weisz in [5]. 
In this case, 



f= lim — *— [ [ (L h J)(a,b)T b J a h 2 -^—dadb, 



(2) 



where the convergence is in the L p (M n ) norm, and where hi and h 2 are radially 
symmetric admissible functions in L 1 (M n ) n L 2 (M. n ), and where 

1 



0 < a 



hi,h 2 



k 



dk < oo. 



(3) 



In this case, hi{y) = r)i(\y\j) and ^2(2/) = V^dvlj), where j = 1 or j = 00. 



We should remark also that for the special case p = 2, the inversion formula 
(2) and the condition (3) are given in [1]. Also, for the case that / G the 
inversion formula for the continuous wavelet transform is given in [4] . 



Lemma 1. // / G L p (R n ) with 1 < p < 00 and h G Cg°(R n ) is a radially 
symmetric admissible function, then for a > 0, (Lhf)(a,b) is of class C°° , and 



f 1 f-l)l a l 

/ M-hdr^ 

J Rn a 2 ai Q i 



Ti) 



x — b 



dx. 



dZ(L h f)(a,b)-. 
for any multi-index «68". 

Proof. Since J a h G L7 0 °°(M n ), it follows that (J a h)~ * / G C°° and 
d£ [(J a h)~ * /] (b) = [dg(J a h)~ * /] (b) for any multi-index a G 
Then from (1), (L h f)(a,b) is of class C°°, and 



(4) 



(5) 



d?{L h f){a,b) = [%(J a h)~*f\ (b) 



1 h 
—h 

a? 



x 



f(x)dx 



' — l)\a\ 1 



h C 



f(x)dx. 
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This proves Lemma 1. □ 
Note that from (4) and (1), 

dZ(L h f)(a,b) = ^^(L dah f)(a,b) (6) 

3. Partial result 

In this section we will prove first that if / in L p (R n ) is of class C°° in a 
neighborhood of bo, then we have the existence of the limit of 

-X^(L h f)(a,b) 

as (a, b) — > (0, 6i) for any b\ in a neighborhood of bo- That is, we have the 
following result. 

Theorem 1. Suppose that h G Cq°(R) is a non-zero radially symmetric admis- 
sible function where h(0) = 0. If f in L p (M. n ) is of class C°° in a neighborhood 
of x = bo in W 1 where 1 < p < oo, then for each multi-index a G W 1 , 

lim -l,d^L h f)(a,b) 

exists for each bi in a neighborhood of bo G W 1 . 

Proof. First, note that from Lemma 1 the function W£/ is continuous at any 
(ai, bi) 6 R + x 1" for any multi-index a£R™. 

Suppose now that / in L p (M n ) is of class C°° in a neighborhood of x = bo G M n 
containing the closed ball B&(bo), where A > 0. Take bi in the open ball Ba(6o), 
and choose b G Ba (bo). 

Now, since / G L p (R n ) and h G C 0 °°(M), it follows from (4) that 

' x — b 



dZ(L h f)(a,b) = [ /(x)4(-l) |Q| ^ 



/i 



Moreover, since h G C 0 oo (R"), there exists L > 0 such that supph C -Bl(O). 
Then C 5 L (0) also. 

Then 
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d«(L h f)(a,b) = [ /(x)4(-l) |Q| ^ \h ( 
JB aL {b) a 2 L V 



' x — b 



dx. 



Now consider a such that a e (0, Then for b e £?a(6 0 ) 

we have B aL (b) C -Ba(^o)- Then by hypothesis / is of class C 00 on B aL (b). 
Therefore we may integrate by parts to obtain 

d^(L h f)(a,b) = [ d£f(x)\h (— Hr. 

JB aL (b) a 2 V a 

Hence, for x = b + ay, 



d?(L h f)(a,b) = / a7d?f(b + ay)h(y)dy. 
Jb l (o) 

Since / is C 00 at the points in the region of integration, for y e B L (0) we have 
from Taylor's formula with integral remainder given by 

d?f(b + ay) = d a f(b) + f l^ +a f(b + tay)ay^dt, 

J ° |/3|=1 P ' 

that 



1 1 



aa2 



jrd?(L H f)(a,b) 



B L (0) 



1 1 



flfl2 



Bl(0) 



a*d£f(b + ay)h(y)dy 



d a f(b) + r dH +a f(b + tay) ay? dt 

J ° 1/31=1 



h(y) dy 



= -d a f(b) [ h(y)dy + [ f V % +a f(b + tay) / h(y) dt dy. 
a Jb l (o) Jb l (o) Jo | /3 | =1 

Since h(0) = 0, then / h(y)dy = 0, and since / is of class C°° in a neigh- 

JB L (0) 

borhood of x = bo, and since d^ +a f is continuous near b±, it follows that for b 
and bi in Ba (bo), 
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lim ±Ard?(L h f)(a,b)= [ [ J2 d b +a f( b ^)y Ph (y)dtdy 

(a,6)-(0,6i) 0 02 Jb l (0)Jo f^. 



= E k + "/(M / /My) 

1/91=1 L Jb lW 



dy 



Note that since h G C 0 °°(M n ), we have 

/ y (3 h(y)dy < co. 



1 1 



Thus, lim w d?(L h f)(a, b) exists for each multi-index ct G M n . 

(o,6)-(o,6i) a a 2 

Now, let us prove the converse of Theorem 1, which is our main result. 



□ 



4. Main result 



Theorem 2. Suppose hi G C^°(lR n ) and /12 £ Co(M n ) are non-zero radially 
symmetric admissible functions and satisfy condition (3). Consider f in L p (J8L n ) 
with 1 < p < oo. If for each multi-index a 6 R" w have the existence of the 
limit of (W% 1 f)(a,b) = ^-^d^(Lhf)(a,b) as (a,b) — > (0,6i) /or eac/i 6i in an 
open neighborhood of x = o 0 G M. n , then f is of class C°° in an open neighborhood 
of bo G M. n for any multi-index a G M. n . 

Proof. Suppose then that for any multi-index a6K" 

lim i K/)(a,J) 

(o,6)-»(0,6i) 

exists for each 6i in an open neighborhood containing the closed ball 
B r (b 0 ), where r > 0. 



Now, for fixed x in B r (b 0 ), let 



M-y)(W£/)(a,z + ay) if a > 0 



h 2 (-y)F^(x) if a = 0 
Then we have the following notes. 
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Note 1. For x in B r (b 0 ), the function T% i h2 f is well-defined for all a > 0 and 
all y in W l . 



(l% uh J)(a,x,y) = h 2 (-y)-- 7 =^ r [( JaKT * /] (x + ay), (7) 



Note 2. For a > 0, the function T% h J is given by 

1 1 (-l)H 
a a/o™ a 1 ' 

and since hi e C£°, it comes from the definition of (W^ l /)(a,6) and from (6), 
that for fixed y el" and a > 0, the function X^ ih J is infinitely differ entiable in 
the variable x. 

Then we have the following three results, where the proofs are given in the 
Appendix. 



Lemma 2. The function T% h J is continuous on [0, oo) x B r (b 0 ) x M. n . 



Lemma 3. For fixed x in B r (b 0 ), the function I% l fl2 f is in -^ 1 ([0, oo) x R n ). 
Lemma 4. For x in the open ball B r (bo), let 

poo r 

w(x)= / (l hl ,h 2 f)(a,x,y)dyda, 
Jo Jr™ 

and let 

poo r 

MU/)(*)= / / (^ lM f)(a,x,y)dyda. 

Jo JR n 

Then 

d a w(x) = (Ih u h 2 f)( x ) for each multi-index a e R n . (8) 

Back to the proof of Theorem 2, note that from Lemma 4, the function w is of 
class C°° on B r (bo)- Thus if we define 



u c (x) 



[ [ h 2 (-y)--^=(L h J)(a,x + ay)dyda 
JL JRn ay/a n 



for any x in M. n and c > 0, we have from Lemma 4 that for x G B r (bo), 

lim u c (x) = w(x). 

c^+oo 

That is, u c — > w pointwise on B r (b 0 ) as c — > +oo. 
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On the other hand, by (2), we have u c — * C^faf m the L p (M n ) norm. Then 
/ = (Ch 1 ,h 2 )~ 1 ' w almost everywhere on B r (bo). 

Finally, since from (8) the function w is C°° on B r (bo), it follows that / is of 
class C°° on B r (b 0 ). 

This completes the proof of Theorem 2. □ 



5. Appendix 



Proof of Lemma 2. Let (ai,Xi,yi) be any point in [0, oo) x B r (b 0 ) x R n . 
Note that if ai > 0, then from (7), the function T% l fl2 f is continuous at 
(ai,xi,yi). 

Now, if ai = 0, then by hypothesis of Theorem 2, 



, ft ^ 2 /)(°>^) = ft jM"!/)(Vl&/)(a, x + ay)] 

(o,x,»)-t-(0,xi,i/i) (o,x,»)-t-(0,xi,i/i) 



M-l/i), ft ,(V^/)(a,x + ay) = /i 2 (-y 1 ) ft (V^/)(a,6) 

(a,x,j/)->(0,xi,j/i) ' (o,6)-t-(0,xi) 



This completes the proof of Lemma 2. □ 

Proof of Lemma 3. Note that for a > 0, and from the definition of (W£ /) (a, 6) 
and then from (6) that 

(2? 1>ha /)(a,x,y) = h 2 (-y)(WU)(a,x + ay) 



h2(-y)-—d%(L h J)(a,x + ay) (q) 



1 i (— l)M 

M-V) — » rj— ( L ^f/) (a,x + ay). 

flfl2 ai a i 
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Now, since / G L p (R. n ) and hi G C^°(IR n ), we can choose 1 < q < oo so that 
i + | = 1 and hence, /i G L 9 (M n ). Thus, from Holder's inequality, 

\V%j»f)(a,x,y)\ < \H-y)\a- n - Ha|+ «||/||p||/i?|| 9 (io) 

Now, let 



(l% uh J)(a,x,y)\ if 0<a<l 
(^(-^la-^-^ll/llpll^H, if Ol 



Then 

\(i% lM f)(a,x,y)\<(GLhJ)(a,y) (ii) 



for all (a,x,y) G [0, oo) x B r (b 0 ) x M n . 
Hence, 

|(^hi,ft2/)(a>J/)|^a 



o 



•i 



/ / \(^ lM f)(a,y)\dyda+ / |(<£ liAa /)(a,y)| rfytfa 

\(l% lM f)(a,x,y)\dyda+ / / \h 2 {-y)\ a—H-l+f \\f\\ p \\h«\\ q dyda. 



Suppose now that supp h 2 C Bd(0) for some d > 0. Then 
/ / \(G% uh2 f)(a,y)\dyda 

JO JR n 

= [ f |(^ 2 /)(a^,y)|dyda (12) 

Jo JB d (0) 

+ 11/11, IKII, (J_M-v)\dy) (^a-"- 1 - 1 "^^ . 
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Since from Lemma 2 the function X^ h J is continuous on [0, oo) x Bd(0), and 
a _ " _1_ ' Q ' + «da < oo for any multi-index a G W 1 , where | + | = 1 with 



l 

1 < q < oo, it follows that 



^/G^OC^xR"). (13) 
Hence, (T^ 2 /)(•,*, •) G L\[0,oo) x R"). 

This completes the proof of Lemma 3. □ 
Proof of Lemma 4. First note that from (9), 

%p hlM f)(a,x,y) = (l% lM f)(a,x,y) (14) 
for any multi-index a G M. n . 

Now note that since from Note 1 for a = 0 the function I^fof is 
well-defined on [0, oo) x B r (bo) x W 1 , from Lemma 3 the function (X/ lli / l2 /)(-, x, •) is 
integrable for each x G B r (bo), from Note 2 we have that d x (Xh lt h 2 f) 
exists, and since from (11) and (13) there is Ghi,h 2 f G L 1 ([0, oo) x IR n ) such 
that \d«(l hlM f)(a,x,y)\ < {G hlM f)(a,y) for all [0, oo) x B r (b 0 ) x R n , it follows 
from (Theorem 2.27, [2]) that 



w(x)= I I (l hlM f)(a,x,y)dyda 
is differentiable and 



o 



dw(x)= / / d x (l hlM f)(a,x,y)dyda 
Jo ii™ 

Hence, for any multi-index «6R" and from (14) 
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poo p poo p 

d a w(x) = / d%(I hlM f)(a,x,y)dyda = / (l% ih J)(a,x,y)dyda 
Jo Jr u Jo JR n 

This completes the proof of Lemma 4. □ 
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Abstract 

In this paper, we investigate the Struve transformation on certain space of 
Boehmians. The transform under consideration is defined and some of its prop- 
erties are also illustrated . 

Keywords: Struve transform; Modified Struve, Generalized function; Boehmian. 

1 Introduction 

In some physical situations, differential equations are sometimes governed by bound- 
ary conditions that are not enough smooth but are generalized functions. It is of 
importance to extend the classical integral transforms to generalized functions espe- 
cially that possess a convolution property of Fourier convolution type. As a youngest 
space of generalized functions, and more particularly of distributions, the space of 
Boehmians was initiated by the concept of regular operators [6] . Regular operators 
form a subalgebra of the field of Mikusinski operators and include only such func- 
tions whose support is bounded from the left. The space of Boehmians was initiated 
to contain all regular operators, all distributions and some objects which are neither 
operators nor distributions. 

In literature, several integral transforms have been extended to various soaces 
of Boehmians by many authors. We reacall, Roopkumar in [19, 20] ; Karunakaran 
and Vembu in [18] ; Karunakaran and Roopkumar in [17] ; Mikusinski and Zayed 
in [16] ; Al-Omari in [6] ; Al-Omari and Kilicman in [5, 9, 15] ; Al-Omari et. al. in 
[11] ; Loonker et. al. in [25, 26] and many others. 



The Struve 7i v - transform as an example of a symmetric Watson transform is 
defined by [1,2] 



S.K.Q. AL-OMARI 




(1) 



where 7i v denotes the Struve function of order v with a power series form 
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T is the gamma function. 

When Rev > ^, the Struve function can be written in an integral representation; 
giving 



2( X -Y „» 

U v (x) = — , V2/ tt- / sin (x cos t) sin 2v (t) dt. (3) 

V^r [v + v + |) 7 o 

Struve functions have many applications in physics and applied mathematics. In 
optics, they occur as the normalized line spread function and, in fluid dynamics 
they occur as acoustics for impedance calculations [3]. 

The Struve transform have been investigated on the space l VtQ (R + ) of those 
measurable functions defined on R+ such that fll 



\x»f(x)\ q — V < oo. (4) 

X J 



In the strip, —2 < Rev < 0, v = |, q = 2; we have li 2 = fa • Hence, the 
Struve transform is bounded on Z2 and for Rev / —1, we have [1, p. p. 209] 

\\ S v9\\l 2 (R + )^ C \\9\\l 2 (R + )- ( 5 ) 

The Bessel-Struve transform was defined in [24] and the modified Struve trans- 
form was defined in [4] . 

2 Definitions and Notations 

The construction of Boehmians is similar to the construction of the field of quotients 
and in some cases, it just gives the field of quotients. On the other hand, the 
construction is possible where there are zero divisors, such as space C (the space of 
continous functions) with the operations of pointwise additions and convolution. 

Let Q be a linear space and S be a subspace of Q. We assume to each pair of 
elements f € Q and ui 6 S, is assigned the product f * g such that the following 
conditions are satisfied : 

(1) If oj , ip € S , then u> -kip G S and oj * ip = ip * oj. 

(2) If f e G and lj, if) € S, then (/ * uj) * ip = f * (cj ★ tjj) . 

(3) // f,g G g,u G S and A 6 1, i/ten 

(f + g)*uj = f*u} + g*u} and A (/ * w) = (A/) * w. 

Let A be a family of sequences from S, such that : 

Ai If f,g e G, {5 n } £ A and f * 5 n = g * 5 n , then f = g, Vn G N. 
A 2 // {w„} , {5„} G A, t/ien {w n * V> n } G A. 

Elements of A will be called delta sequences. Consider the class A of pair of 
sequences defined by 



A = ({/„} , {co n }) : {f n } C g l \ {co n } G A, 
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for each n G N. 

An clement ({f n } , {u n }) £ A is called a quotient of sequences, denoted by, 

{/nil 

!//n*w m = / m *w„,Vn,meN. 



I 

{svj 



Two quotients of sequences \^ n \ and \® n \ are said to be equivalent, ' 



, if fn * i> m = 9m * w n , Vn, m G N. 



{w„} 



XTie relation ~ is an equivalent relation on A and hence, splits A into equiva- 



These 



lence classes. The equivalence class containing \^ n \ is denoted by \^ n \ 

equivalence classes are called Boehmians; or usual Boehmians; and the space of 
all Boehmians is denoted by B. 

The sum of two Boehmians and multiplication by a scalar can be defined in a nat- 



ural way : 
{afn} 



{fn} 



+ 



{9n} 



{fn *1p n +9n* ^n} 

{u n * tp n } 



and a 



{fn} 
Wn} 



Wn} 



, a G C, space of complex numbers. 



Wn} _ 

The operation * and the differentiation are defined by : 



\{fn}' 


* 


' {9n} ' 


A u} n}_ 







\{fn 


*9n} ' 


and V a 


\{fn}' 




[ {£>%}] 


.K 


* W. 


A u) n}_ 




. Wn} 



Many a time, Q is equipped with a notion of convergence. The relationship 
between the notion of convergence and * are given by: 

(4) If f n — ► / as n — > oo in Q and, to G S is any fixed element, then 

f n * oj — > / * u in Q as n — ► oo. 

(5) If f n f as n —¥ oo in Q and {uj n } G A, then 

f n * to n f in G as n — > oo. 

{fn} 



The operation * can be extended to B x S by : If 



Wn} 



G B and u> G S, then 



{fn} 
Wn} 



* UJ 



{fn * u} 
{U} n } 



In B, two types of convergence, 5 - convergence and A - convergence, are defined 
as follows: 

5 - convergence: A sequence of Boehmians {/3 n } in B is said to be 5 convergent 
to a Boehmian (3 in B, denoted by j3 n —>■ (3, if there exists a delta sequence 



{uj n } such that 
and 



(I3 n *uj k ),((3*uj k ) G£,Vfc,nGN, 



{j3 n * uik) — ► (P * 0Jk) as n — ► oo, in Q, for every k G N. 
The following is equivalent for the statement of 5 - convergence : 
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fin — > (3 as n — > oo in B if and only if there is {f n ,k} , {fk} G Q and {oju} G A 



such that j3 Ti 



{fn,k} 



,/3 



{fk} 

Wk] 



and for each k G N, f n> k — ► fk as n — > oo in 



A - convergence: ^4 sequence of Boehmians {(3 n } in £> is said to 6e A - convergent 
to a Boehmian (3 in B, denoted by (3 n —> f3, if there exists a {uj n } G A such 
that {(3 n — (3) * oj n G G, Vn G N, and (/3 ra — /3) * oj n — ► 0 as n — > oo in 

See; [5] [9] , [11] , [13] , [27] , [28] , [29] for further investigation of the abstract 
construction of Boehmians. 

3 Basic Theorem and Notations 

Let k (R_|_) denote the space of test functions of compact support defined on R+ [14, 10] 
Then, the following definitions are needful tour next investigations. 

Definition 1 Let <f> G l2(M.+),<p G k(R + ); then denote by • the Mellin - type 
convolution product of first kind given by [14, 12] 

fOO 

((f)»<p)(y)= <p(v)dv- (6) 



Properties of • may be introduced as : 

(i) (<p . (t) = (V • 0) (*) ; 

(u) ((</» + V) • y>) (t) = (</>• y>) (*) + (1> • y>) (t) ; 

(ra) • ■0) (t) = a (ip • (f)) (i) , a is complex number ; 
(vi)((<j>»il>)»<p) (t) = (^.ty •¥>))(*)• 

Definition 2 Let (j) £ h and 99 G /c(R + ); t/ien we define a product x, between 
4> and tp, by 

/oo 
0 (jctj) 99 (n) dn. (7) 
0 

Theorem 3 Let -2 < Ren < 0 and <p G k (R+); t/ien 5* r (0 • ip) = S^cf) x <p, for 
every <f) G I2 (R+) • 

Proof Under the Hypothesis of the theorem we by Definition 1.2. and (1) write 

/oo 
(<W) {y)V^yn v ( xy )dy 
0 

/oo / ;»oo \ 
[J V~ 1 <t> (w^ 1 ) V (v) d VJ V^yftv (xy) dy 

00 ;»oo 

V~ 1( P 0?) / <f> (y^T 1 ) VxyTi v (xy) dydrj (8) 
0 Jo 
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By change of variables yrf x = 9 and Fubini's theorem, (8) then gives 

/OO / />OQ \ 
^ I J 0(9) y^9rj7i v (x9 V ) d9j <p (t?) d V 



0 



(Sl r (f)) (xrj) <f (rf) dr) 



= (sS^x^Kx). 

This completes the proof of the theorem. 

4 Space of Boehmians 

Let us now construct spaces of Boehmians where our Struve transform is defined. 

Let A be the set of delta sequences (approximating identities) satisfying the 
following properties : 

/OO 
6 n (x)dx = l,n€ N; 
o 

/OO 
\S n (x)\ dx < oo,n G N; 
o 

(4) : supp S n (x) C [a, o n ] , 0 < a n < b n and a n , b n —> 0 as n —> oo, where 

suppo~ n (x) = {x G K+ : <5 n (x) / 0, Vn G N} . 
We first consider the space B (fa, (k, •) , x) for our construction. 

Theorem 4 Let (f) 1 , 0 2 G fa (R+) , Vi, V?2 ^ K 0^+)j ^ en we ^ a ^e i/ie following iden- 
tities 

(») (01 + 02) X ¥>1 = 01 X ¥>1 + 02 X ¥>1- 

(ii) • </? 2 = • <Pl ^ n K 0^+) • 

(m) Lei (j) n —> 4> in fa (R+); i/ien /or every G k(R+) , 0 n x — ► 0 x 99 as 
n — ► 00. 

Proof of part (i) and (ra) follows from simple integration. 
Part (ii) follows from the properties of • enumerated in [14] . 

Theorem 5 Let 0 G fa (R+) and <P\,ip<i G k(R+); i/ien 99 x (v? 1 • </? 2 ) = ip x 
(0 x ^) x c,? 2 . 

Proof Under the hypothesis of the theorem and Fubini's theorem we write 

/OO 
0(xt?) • V9 2 ) {v)dV 
0 

/OO /'OO 
4>{xr]) j y' 1 ip 1 (rjy- 1 )ip 2 (y)dydrj 
0 J 0 

/OO POO 
¥2 (y) y' 1 / 0 (z??) ("iT 1 ) (9) 
o Jo 
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Change of variables on (9) implies 

/oo poo 
/ <ft (xy£) ?! (0 d£ip 2 (y) dy 
0 J 0 

/oo 
((ft x yd (xy) (f 2 (y)dy 
o 

= {(<f> x ¥>i) x ¥> 2 ) (*) ■ 
This completes the proof of the theorem. 

As final in this construction of £> (Z2, (k, •) , x), we prove the following theorem. 

Theorem 6 Let (ft £ 0^+) aric ^ {<5n} a deZia sequence; then (ft x 5 n ^ (ft as 
n — ► 00. 

Proof By properties delta sequences we have 



x 5 n 



l« 2 2 (R + ) 



|(0 x <5 n ) (x) - (ft(x)\ 2 dx 



< 



0 

6„ poo 



oo ;»oo 

0 (x??) S n (rj) - (ft (x) 5 n (77) rfr? 
0 JO 



\(ft (xrj) - (ft (x)| 2 \S n (rj)\ dxdr] 



a n J 0 



(By Jensen's inequality) 

r 00 2 
= M (b n — a n ) / |(/> (xr/) — (/) (x)| dx — ► 0 as n —> 00, 
J 0 

where K n = [a n , b n ] , is a compact set containing the support of S n , Vn G N. 
But 



0 < \\6 x 



< ||0x<5 n -^|| 



0 as n — > 00. 



- , nlU 2 (IR + ) 

Hence, we have obtained 

U x 6 n\\i 2 (R + ) ~ \\<f>\\i 2 (R + ) -^Oasn^oo. 
This completes the proof of the theorem. 

This our space is constructed and regarded as a space of Boehmians. 
The sum of two Boehmians and multiplication by a scalar can be defined in a 
natural way : 



{fn} 



+ 



{gn} 



{fn X j) n + g n X UJ n } 



(10) 



and 



a 



{fn} 



.K} 

aeC, the space of complex numbers. 





f" {fn}' 

a 

{^n}_ 




~{afn}~ 






_ Wn} _ 
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The operation x and the differentiation are defined by : 



\{fn}' 


X 


" {9n} ' 




\{fn 


x g n }' 


and V a 


\{fnY 




\{V a fn}] 


_{ u n}_ 






.K 




_Wn}_ 




Wn} 



(11) 



Similarly, the space B (I2, (k, •) , •) can be established. 

Sum and multiplication by a scalar in B (I2, {k, •) , •) can be defined as 



{fn} 



+ 



{9n} 



and 



{fn} 



{fn •^ n + 9n» ^n} 



a 



a- 



{fn} 



Wn • 4> n } 



{«/n} 



(12) 



{w„} J ' 



A^n}\ V K). 

aeC, the space of complex numbers. 

The product • and the differentiation in B (I2, (k, •) , •) are defined as : 



{fn} 
{uJ n } 



Definition 7 Let 



{9n} 



{fn • 9n} 



and V c 



{fn} 

.K} 



{D a fa} 
{w n } 



(13) 



G B (h, (k, •),•); then, in view of Theorem 3, for —2 < 

{<U" 



[{Sn} 

Rev < 0, we define the Struve transform of 



{<Uj 



as 



\{4>nY 




\Sl r {<t>n}] 


[{Sn}. 




[ {Sn} \ 



(14) 



which belongs to the space B (I2, (k, •) , x) . 
Definition (7) is well - defined by Theorem 3. For more details, let 

«„}" 



-{A*n} 



e B (l 2 , (k, •),•); then 



Applying Definition 7 and Theorem 3, Equation 15 then gives 



(15) 



(16) 



Hence, from (16), we see that - ~ - v ^"^ in B (I2, (k, •) , x) . Therefore 







{^J in} 


{^n} 




K} 



This completes the proof of the theorem. 
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Theorem 8 Let P 1 

then 



G B (l 2 , (k, •) , •) and j3 2 



S t v r ({3 1 .f3 2 ) = S t v r p 1 x(3 2 . 



K} 



€B(Z 2j (k, •),•); 



Proof Assume the requirements of the theorem are satisfied for some f3 1 and /3 2 G 
# (l 2 , («,•),•) ; then 



<jtr f [" {VU • {£n} 

" UK}«K} 



{U 
{^n} 



(By Equation 13) 
(By Equation 14) 

(By Theorem 3) 
(By Equation 11) 



Therefore, we have obtained 

S t v r (f3 1 .(3 2 ) = Sl r (P)x(3 2 . 

This completes the proof of the theorem. 

Conflict of Interests : The author declare that there is no conflict of interests 
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Abstract 

Integral transforms of strong Boehmians have not yet been reported in the liter- 
ature. Perhaps, because the strong Boehm ian space is not widely known nor used 
[10]. In this article, we derive certain space of Boehmians (the space of stronge 
Boehmians) which handle the Fourier transform with a different performance. The 
Fourier transform of a strong Boehmian has been established as a one-to-one map- 
ping which is continuous with respect to 5 and A convergence. The inverse Fourier 
transform is also defined and some of its properties are obtained. Related theorems 
are discussed in some detail. 



Keywords: Fourier Transform; Distribution space; Boehmian space. 



1 Introduction. 

The Fourier transform of a function / G C 1 (1Z) of one variable is defined by 



/(?) :=^/(0 := f f(a)e^da, 



(1) 



If, in addition, / G C l (1Z) , then it is possible to recover the function / by means of 
the inversion formula 



/ (a) := T- 1 (/) (a) := ±- jf /» e**<k, 



(2) 



almost everywhere. 

Following, are elementary properties of the Fourier transform on C 1 (1Z) : 
(i) If / G C 1 (TV) then its Fourier transform exists, continuous, and 



< 



(3) 



(ii) If / G C l (TV) and g G C l (1Z) then the Parseval formula can be read as 



f(a)g(a)da= / f^)g^)d,. 
n Jn 



(4) 
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(in) If / e C 1 (1Z) and g £ £ l (1Z) and • is the usual convolution product then 
/ • g exists for almost all q G 1Z and is a member of C 1 (1Z) ; moreover, 

(/ • 9)~ = f9 and {fgT = {^T 1 f • g. (5) 

The space S (TV) , of smooth functions of rapid descent, is defined as the space 
of complex valued C°°— functions on 1Z such that for every choice of non-negative 
integers m, n, 

7 m , n (V):=supL m P fe V(<T) <oo. (6) 

A sequence (ip n ) is said to converge to zero in S (JZ) if 7 mi „ (ip n ) — ► 0 as n — ► oo 
for all m,n e M, (M = {1, 2, 3, ...}) . 

Theorem 1.1. The Fourier transform and its inverse are continuous isomorphisms 
from S (K) into S (R) . { see [17, p.185]). 

Aided by above theorem, the distributional Fourier transform T on S , the dual 
of S of tempered distributions, is discribed to be the adjoint mapping of T such that 

FM) = (f,F1>) , (7) 
for every ip € S. 

For convenience, notations T f and / are used interchangeably in this note. In 
[11] , Mikusinski discusses some basic properties of the space of integrable Boehmians 
and further shows that the Fourier transform of an integrable Boehmian is always a 
continuous function and has all basic properties of the Fourier transform in the space 
of Lebesgue integrable functions. On the other hand, the author in [13], establishes 
that the Fourier transform of a tempered Boehmian is a distribution. 

In an earlier paper [2], we have extended the Fourier transform to certain space 
of ultradifferentiable Boehmians. In the present paper we discuss certain class of 
Boehmians for the Fourier transform with careful attention. An avenue towards this 
end is to discuss the space of Boehmians and derive its properties, while the Fourier 
transform of Boehmians may be considered satisfactory and well recognized. The 
inverse Fourier transform is established. Further work on this theory is obtained. 

This paper is organized as follows: The Fourier transform is reviewed in Sec- 
tion 1. Section 2 presents a general construction of strong Boehmian space. The 
construction of general Boehmian spaces is presented in Section 3. The convolution 
theorem and the space B of Boehmians are given in Section 4. The extended Fourier 
transform and its properties are established in Section 5. 

2 The Space St (S, Q, A, •) of Strong Boehmians of Rapid 
Descent. 



Many authors have extended several integral transforms to Boehmian spaces but 
none to the space of strong Boehmians. Perhaps, because the space of strong 
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Boehmians is not widely known nor used. General construction of strong Boehmians 
was briefly presented in [10]. The space of strong Boehmians is identified with a 
subspace of the space of general Boehmians. Denote by ft the field of real numbers 
then V (TV) will denote the Schwartz space of test functions of compact support over 
ft. By S (H) we denote the space of rapidly decreasing functions (the space of rapid 
descent) on H, Ti = ft+i x ft, ft + i = [l,oo) . The dual space of S (H) , S (Ti) , 
consists of tempered distributions ( distributions of slow growth); see, for example, 
[8,14,17]. 

The usual convolution product • between two functions, ip £ S (TC) and e G 
V (ft) , is defined by 



e) (?) = J ip (a, a) e (? - a) da. 



(8) 



where a £ ft+i- 

Let Q (TV) be the subset of V (ft) of test functions where / e (a) da = 1. 

J K 

Let ip G S (Ti) and e £ Q (TV) , then the pair of functions (tp, e) , or ^, is said to 
be a quotient of functions if and only if 



tp (a, a) • dpe (a) = tp ((3, a) • d a e (a) , 



(9) 



a, f3 £ Ti+i, and 



d r e (a) = re (ra) . (10) 
Two quotients of functions j and ^ are said to be equivalent, j ~ ^, if and only if 

tp (a, a) • cZ^r (a) = k ((3, a) • d a e (a) , (11) 

a, /3 G ft+i- 

Denote by „4 = | ^ : V-0 G 5 (H) ,e £ Q (ft) j then the equivalence class contain- 
ing ^ is said to be a strong Boehmian. The space of all such Boehmians is denoted 
by St(S, <?,•). A typical element in St(S,G,») is denoted by j . Following, are 

auxilliary results which are useful in the sequel [10, p. p. 886]. 

(n) If e,r £ Q (TV) then e • r £ Q (TV) . 

(r 2 ) If tp £ S (Ti) and e £ Q (TV) then tp • e £ S (Ti) . 

(r 3 ) If | G .4 and r G £ (ft) then ^ G A and f 

(r4) If e G <5 (ft) then d r e £ Q (ft) , r > l,d r has the usual meaning in Equ.(10). 

Addition and scalar multiplications of strong Boehmians are respectively defined 
by usual way 



~ 



~± 

e 


+ 


-T . 




1p»T + K»£ 


and A 


£ 




e 



Differentiation in St (S, Q, •) and the operation • are respectively defined by 







~V k ip' 


and 


't 


• r = 


4>»T 


e 




e 


e 


e 
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In St(S,Q,»), convergence is denned as follows: A sequence ((3 n ) of strong 
Boehmians is said to be Q convergent to a Boehmian (3 in St {S,Q, •) if for some 

, we have tp n — ► ip as 



€ 



,x 



ift n ,ift G S (TL) and e G Q (TV) such that (3 n 

n — > co in St {S, Q, •) . 

Denote by A = {(e n ) G Q : suppe„ — ► 0 as n — ► cx)} then A is a family of delta 
sequences on 7£ which correspond to the Dirac delta distribution. Since the strong 
Boehmian space can be identified with a subspace of general Boehmians, it seems 
more convenient to consider the Boehmian subspace St {S, Q, A, •) of St (S, Q, •) , 
in short St, rather than St (S, Q, •) where the former is obtained through injecting 
St (S,Q,») with the set A of delta sequences. Concept of quotients, Equ.(9) , and 
equivalence classes, Equ.(ll) , are retained as in St- That is, — is quotient in St if 



ip n (a, a) • dpe m (a) = ip m ((3, a) • d a e n (a) , 



and — ~ 



if 



tp n K o-) • dp T m (o - ) = K m (/?, a) • d a e n (a) , a, (3 G 7e+i. 
The sum of two Boehmians and multiplication by a scalar in S t are defined by 





+ 













and a 



a-ir, 



, a G 



where C denotes the field of complex numbers. 

The operation • and the differentiation are respectively defined by 



fn *j^n 



and P a 



Definition 2.1. // 



2V 



G St and (ft £ S then 



fn 




~V° 


in' 




. e " 




t 


n 




in 

e n 


• (ft 




in*4> 

tn 



In St, two types of convergence, 5 convergence and A convergence, are defined 
as follows: 

Definition 2.2. A sequence of Boehmians (f3 n ) in St is said to be 5 convergent 

to a Boehmian (3 in St, denoted by f3 n (3, if there exists a delta sequence 
(e n ) such that {f3 n • e n ) , (/3 • e n ) G S, Vfc, n G N ,and 

(J3 n • e&) —►(/?• efc) as n — ► cx), m 5, for every k G A/". 

The following lemma is equivalent to the statement of S convergence 

Lemma 2.3. j3 n — > j3 (n — ► oo) m «St i/ and only z/ i/tere is tp nk ,ip k G 5 and 



(efe) G A suc/i i/iai /3 n 



,/3 



iu 



and /or eac/i k G A/", 



■0 n iftk as n ~~ * 00 i n 



Definition 2.4. A sequence of Boehmians ((3 n ) in St is said to be A convergent 

to a Boehmian (3 in St, denoted by (3 n —> (3, if there exists a (e n ) G A such 
that {f3 n — (3) • e n G S, Vn G J\f, and (f3 n — (3) • e n — ► 0 as n — > oo in S . 
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3 Boehmian Spaces, their General Construction. 

The idea of construction of Boehmians was initiated by the concept of regular oper- 
ators introduced by Boehme [9] . Regular operators form a subalgebra of the field of 
Mikusinski operators and they include only such functions whose support is bounded 
from the left. In a concrete case, the space of Boehmians contains all regular opera- 
tors, all distributions and some objects which are neither operators nor distributions 
[4] . The minimal structure necessary for the construction of Boehmians consists of 
the following elements: 

(i) A nonempty set £; 

(ii) A commutative semigroup (At,*) ; 

(iii) An operation * : C x M —>■ C such that: 

ip ★ (ei * 62) = (ip * ei) ★ 62 for each ip G C and ei, 62, G A4; 
(vi) A collection A C M M such that: 

(a) If ip, k G £, (e„) G A, ip * e n = k ★ e n for all n, then ip = k; 

(b) If (e n ) , (t„) G A, then (e„ * r n ) G A. A is the set of all delta sequences. 
Let A = {(ip n , e n ) : ip n G £, (e„) G A, ip n * e rn = ip m * e n , m, n G A/"} . If 0/>„, e„) , 

(Kn,T n ) G A,ip n *T m = K m * e n ,Vm,n G A/", then we say (?/>„, e n ) ~ (K n ,T„). The 
relation ~ is an equivalence relation in A. The space of equivalence classes in A is 
denoted by B. Elements of B are general Boehmians. 



Between £ and B there is a canonical embedding expressed as ip 



The operation ★ can be extended to B x C — > £> by 



V>„«/> 



(i) ^4 sequence ((3 n ) in B is said to be 5 convergent to (3 in B, denoted by 

P n ~ * A if there exists a delta sequence (e n ) such that (/3 n *e n ), (f3 * e n ) G C, 
V/c, n G A/", and (/3 n * e&) —►(/?★ e^) as n — ► 00, m £, /or every fc G A/". 

(ii) ^4 sequence ((3 n ) in B is said to be A convergent to (3 in B, denoted by 

(3 n —> (3, if there exists a (e n ) G A such that (f3 n — (3) * e n G £, Vn G A/", and 
-,8)*e n -»0flS)i->oom£. 

The following is equivalent for the statement of S convergence: (3 n —> (3 (n —>■ 00) 
in B if and only if there is ip nk ,ip k G C and (e k ) G A such that (3 n — 



and for each k G M,ip nk ^ tpk as n ^ 00 ^ n For further discussion 



see, for example, [1 — 7, 9, 11 — 13, 15 — 16] . 

4 The Space B (s, Q, A,*J of General Boehmians. 

In the present section, we establish necessary and sufficient results required for 
construting the desired space of general Boehmians. 

Theorem 4.1. (The Convolution Theorem) Let ip G S (H) and ip G V {TV) then 

T (V («, a) • dpip (a)) (?) = Tip (a, <;) T (dptp) (?) (12) 
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where TL = IZ+i x 1Z. 
Proof For every ip G S (TL) and ip £V (1Z) , Equ.(8) implies that 

T (ip (a, cr) • dpip (cr)) (?) = / (^(o-) / ^(a,(T - t) e ka dtdcr . 

Jn Jn 

The substitution a = t + y completes the proof of the theorem. Since delta 
sequences (approximate identities) correspond to the dirac delta distribution 
it can be easily established that : 

Lemma 4.2. (i) Te n (?) 1 as n oo, V (e n ) € A. 

(ii) .F (d^) (?) -f 1 as n -► oo, V/3 G ft+i, (e n ) € A. 

(iii) supp (e n • r n ) C supp e n + supp r n , Vn G A/". 
Let A = {(e n ) : (e n ) G A} and £ = : G £} . 
We define an operation * by 

V> (a, ?) * Tip (?) = ^ (a, ?) .F (d^) (?) , (13) 

for every ip G S (TL) and G Q. 

In particular, if ip G *S (7?.) and F</? G (?, then * can be interpreted to mean 

VK?) *JM?) = </>(?) JM?) (14) 

Lemma 4.3 . Let ip G 5 (7Y) and G £7 i/ten ip (a, ?) * Fy? (?) G S (TL) ■ 

Proof Since dptp G Q, by (7-4) , it follows F (dpip) G Q. But the fact G CD (TV) C 
S (1Z) and F maps S (TZ) into 5 (7?.) , by Theorem 1.1, implies 

^(q,s)*^(?)65(H). 

This completes the proof of the lemma. 

Lemma 4.4. Let (f n ),(e n ) G A i/ien (f n *e n ) G A and f n * e m = e m *f n , for 
every n,m G A/". 

Proof Let (f n ) , (e n ) G A then, using Equ. (16) and Equ.(5) we get f n (?)*e„ (?) = 
F (r„ • e„) . But r„ • e n G A. Hence f n *e n G A. 

Next, in A we have r n • e m = e m • r n . Applying the Fourier transform on both 
sides and using Equ. (5) yields 

T n (?) e m (?) = e m (?) t„ (?) . (15) 

From Equ. (14) , Equ. (15) yields f n (?)*e TO (?) = e m (?)*f„ (?) . The proof is therefore 
completed. 

Lemma 4.5. Let ip (a, ?) , k ((3, ?) G 5 (7Y) ana" (e„) G A 6e swc/i i/tai ^(a,?)* 
£n (?) = k (P, ?) * £n (?) ^en ip = k for every ? G 7£, a, /3 G 7£+i. 
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Proof From the hypothesis of the lemma and Equ.(13) we write 

(if> (a,?) -K(P,q))-ke n (?) = 0 

for all n G A/". Upon allowing n — > oo and using Part (i) of Lemma 4.2., we get 
^ (a, ?) = re ?) for all a, /3 € 7£+i and 

This completes the proof of the Lemma. 

Lemma 4.6. Let ip,K £ S and (e n ) G A i/iera t/ie following holds 

(1) (Y> (a, 0 + re (/?, <?)) * e n = tp (a, ?) * e n + re (f3, ?) * e n , for all n€.J\f. 

(2) kip (a, ?) * e n = ip (a, ?) * ke n = k(ip (a, ?) * e n ) , /or a// n G TV, k G TZ. 
Proof is straightforward consequence from definitions. 

Lemma 4.7. Let (e n ) , (f n ) G A and ^ (a, ?) G <S (H) i/ien we /iaue 

O (a, ?) * e„ (?)) * f n (?) = -0 (a, <0 * (e„ (?)) * (f „ (?)) . 

Proof of this lemma can easily be established from Equ.(13) and Equ.(14) . 
Lemma 4.8. Let ip n —>■ tp G S (H) as n —>■ oo and Tip G Q then 

as n — ► oo. 

Proof Let ^ ^ in 5 (H) and .F<£ G Q then, from Equ.(6) and Equ.(13), 



?™P*((^ n -V) (a,?)^(d^) (0) 



< M 



? m P* ty n (a, 0-V (a,?)) 



0 as n -> oo, 0 < M 6 K. 



(16) 



Hence, from Equ.(16) , we get j m k ((ip n — ip) * Tip) — ► 0 as n — ► oo for every 
m,k & M. The proof is, thus, completed. 

Lemma 4.9. Let ip n ^ ip in S (7i) as n — ► oo i/ien 0 ra (a, ?) * e ra (?) — ► ^ (a, ?) as 
n — ► oo /or every (e n ) G A, a G 7£+i. 

Proof of this Lemma is an obvious consequence from Lemma 4.2. The desired 
Boehmian space B (s,G, A,*j is therefore described and, in short, denoted by B. 

We define addition and scalar multiplication in B (s, Q, A,*j by 
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and 



,keK. 



The operation * and differentiation of Boehmians in B are defined by 



and 



e„ 



k*l>n 



Theorem 4.9. The mapping St ^ B (s, Q, A, *^ defined by i (ip) = 
continuous imbedding mapping. 



Proof Let i (ip) = i (k) then 







K*Tn 









is a 



. Using the concept of equivalence 

classes in B [S, Q, A, *J we get (ip * e n ) * f m = (k ★ f m ) ★ e n and, in particu- 
lar, (ip*e n ) *r n = (K*f n )*e n . Considering the limit as n — »■ oo and using 
Lemma 4.2 we establish that ip = k. To derive continuity of the mapping i, let 
■0 (a, ?) —>■ 0 as n — »■ oo then ip (a, ?) ★ e n (?) — »■ 0 as n — »■ oo. Hence 
as n — > oo. This completes the proof of the theorem. 



0 



5 The Extended Fourier Transform for Boehmians. 



Let P £ St be such that j3 



then we define its extended Fourier transform by 



(3 := T$ :-- 



in B. 



(17) 



Theorem 5.1. : St — ► B is a well-defined mapping. 

Proof Let fi x = /3 2 € <S t be such that /?i = ^ and /3 2 = ^ then 0„ (a, a) • 

df}T m (a) = K m ((3, a) • d a e n (a) . Applying the Fourier transform on both sides 
and employing Theorem 4.1 yield 



Fip n (a, ?) T {dpT m ) (?) = TK m (f3, ?) T (d a e n ) (?) . 



(18) 



Hence, from Equ.(13) , Equ.(18) becomes Fip n (a,?) * f m (?) = TK m (/?,?) * 
e n (?) . This implies 



Therefore, 



. The proof is completed. 



Theorem 5.2. TTte mapping Tfi : St —> B is one-one. 
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Proof Let TP\ = Ff3 2 , in B, where JF/3 1 

Ti\) n (a, q) * f m (?) = TK m (ft, q) * l n (?) . 
Upon employing Equ.(13) we get 

Fip n (a, q) T (dpT m ) (?) = Tn m (/?, ?) T (d a e n ) (?) . 
By Theorem 4.1, 

T (ip n (a, a) • dpr m (cr)) (q) = T (« m (P, cr) • ci a e n (cr)) (?) . 
Since .Fis one-one mapping, we get 



. Then 



Hence 



ip n (a, a) • df3T m (cr) = K m ({3, a) • d a e n (cr) . 



en(f) r n (i;) 

That is, /3 X = /3 2 . Hence, the theorem is proved. 

With this analysis, the inverse Fourier transform JF -1 /? can be recovered from 
~P G B by 



(19) 



in 5, where /3 



Theorem 5.3. The mapping T P :B—>Stis well-defined. 

Proof is analogous to that of Theorem 5.1. 
Theorem 5.4. The mapping T~ x p : B — ► St is one-one. 



Proof Let P 1 =/3 2 eB such that P 1 



Tib, 



then 



and P 2 

Ti\) n (a, q) * f m (?) = ^/€ m (a, ?) ★ e n (?) . 
By aid of Equ.(13) , we have 

Ttp n (a, ?) T {dpT m ) (?) = TK m (P, ?) J" (d a e n ) (?) . 
Now, Theorem 4.1 implies 



T {tp n (a, cr) • ci^Tm (cr)) (?) = T (re m (P, cr) • d a T n (a)) (?) . 
tp n (a, a) • ci^r™ (cr) = K m (/?, cr) • d a e n (cr) . 



Therefore, 
That is 

Hence, J- _1 Pi = J-~ 1 P 2 . This completes the Proof of the theorem. 
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Theorem 5.5. T& : S t -> B and T~ x ~0 : B — ► St are linear. 



Proof Let (3 1 ,(3 2 €S and k € 1Z be such that /3 1 
Boehmians implies 

01+02 



tp n »daT n +K n »d a e n 



,02 



. Addition of 
(20) 



Employing Equ.(17) on Equ.(20) , we get 

F(01 + 02) 

Thus, by Theorem 4.1 and linearity of the Fourier transform we get 

F(01+02) 



Equ.(13) implies 

F(01+02) 



Tj)„(a,<;)*T n (s)+TKn (f3,<;)*e n (<;) 



+ 



Further, if k € IZ then 



k (F01) = k 









5n 







Hence, T0 : St — »■ £> is linear. Proof of linearity of x /3 : £> — »■ <St is analogous. 
This completes the proof of the theorem. 

Theorem 5.6. T0 : St —> B is continuous with respect to 5 convergence. 

Proof Let /3 n — »■ (3 in St as n — »■ oo then, there are tp n k and t/> fc in S (H) such that 



0„ 



V'n.fc 



and /? 



where Vfc as n ^ 00 f° r every A; G A/". The continuity condition of 

the Fourier transform implies Ti\) n j. — > as n -> oo, in 5 (W) . Thus, 

as n — > oo. Hence the theorem. 



'^n,k 






5n 







Theorem 5.7. : St —> B is continuous with respect to A convergence. 
Proof Let 0 n —> (3 in St as n — ► oo. Then, we find ^ n G 5 and (e n ) £ A 



such that — f3) • e 
F(((3 n -f3).e n ) 



and ip n — ► 0 as n — ► oo. Hence, we have 
:= J-'V'n 0 as n ^ oo in 5 . Therefore 



? {{0n ~ 0) * £ n) = (^n ~ -F 5 ) * * 0 as 7i ► OO . 



Hence, —>■ T0 as n — ► oo. 
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Comparative Study: By observing the structure of the Boehmian spaces St (S, Q, •) 
and St, it worths noting that, those spaces can be satisfactory interchanged 
in the preceding analysis. In this case, the extended Fourier transform of a 
Boehmian in St (S, Q, •) is a well defined mapping satisfying its desired prop- 
erties: 



Definition 5.8. Let 

by 



V'Ov) 



G St (S, Q, •) then its Fourier transform T is defined 



T 



~±~ 




>%(.)' 


e 




1 M-) J 



(21) 



where ui n (.) = ip (n, .) and e n (.) = d n e (.) . 



From the context, the righthand side of Equ.(21) is meaningful in the sense of 
general Boehmians. 

Theorem 5.9. T : St (S, Q,») —>■ B (S, V, A, *) is well-defined. 



Proof Let 



then ip (n, .) • d m a (.) = <p (m, .) • d n e (.) . Employ- 
ing the Fourier transform and Theorem 4.1. we get Ftp (n, .) T (d m a (.)) = 
Tip (m, .) T {d n e (.)) . 



Hence, 



i CTr 



where u n (.) = ip (n, .) , d n a (.) = a n (.) G A,e n (.) = d n e(.) G A and p (m, 
ip m (.) . Equ.(15) implies J^tOn (•) *<5m = ^ m (•) *£ n - Therefore 



e 



= T 



The theorem is thus completed. 

Theorem 5.10. T : St (S, Q,») —>■ B (S, V, A, *) is one-one mapping. 

See Theorem 5.2. for similar proof. 
Theorem 5.11. The mapping T : St (S, Q, •) — ► B (S, V, A,*) is linear. 

Proof is straightforward consequence from definitions. 

Theorem 5.12. The mapping jF : St(S,Q,») — > B(S,T>, A,*) is continuous with 
respect to G convergence. 

Proof Assume for each f3 G St (S, Q, •) and ip n , ip £ S (Ft) ,e £ Q (1Z) such that 



Pr. 



l/j r 



tp as n — ► oo. Then, continuity of the Fourier 



transform yields ^"V'n — *■ •^V'- Hence, 



as ti — ► oo. This com- 



pletes the proof of the theorem. Rest of results can be treated accordingly. 
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Abstract 

The phenomenon, known as"supersmoothness" was first observed 
for bivariate splines and attributed to the polynomial nature of splines. 
We generalize this phenomenon to smooth functions and higher order 
derivatives. Moreover, we show that locally supersmoothness charac- 
terizes non-smooth curves. 

A MS classification: Primary 26B05, Secondary 26B35 

Key words and phrases: supersmoothness, piecewise bivariate function, poly- 
nomial splines, smooth curve 

1 Introduction 

In this short article we address supersmoothness: a phenomenon where un- 
der certain circumstances continuity of a function of two variables implies 
its differentiability at a point or, consequently, differentiability of a bivariate 
function implies its higher order differentiability at a point. Supersmooth- 
ness was first observed for bivariate splines by Farin in [2]. He considered 
a triangle A partitioned into three subtriangles Ai, A2 and A3 as shown in 
Figure 1. A spline F on this triangulation of A is a function of two variables 
such that for each i = 1,2,3, the restriction F |a;= fi a polynomial. Farin 
proved that if the spline F is differentiable of order n, then it has all (n+l)st 
order partial derivatives at the origin 0 := (0,0). That is for all n > 1: 

(l) F eC n (A) ^ F eC n+1 (0). 

Supersmoothness of splines was observed for trivariate splines in [1], and 
studied in general in [4] and in [5]. This phenomenon has been attributed 
to the polynomial nature of splines. 

'University of South Florida, 4202 East Fowler Ave, CMC342, Tampa, FL 33620, 
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Figure 1: First example Figure 2: Collinearity matters 

In the next section we will demonstrate that basic supersmoothness is a 
rather general property of non-smooth curves, not just polynomials. Loosely 
speaking: if we want to continuously glue two smooth bivariate functions 
along a curve with a "corner" at a point P, the resulting continuous function 
must be differentiable at P, as if to compensate for the singularity of the 
curve. Moreover, locally, supersmoothness characterizes non-smooth curves. 

In Section 3 we address another peculiarity of supersmoothness. We first 
show that property (1) holds for all smooth functions defined over a partition 
of M 2 by n + 2 non-collinear rays emanating from the origin, n > 0. The 
assumption that the rays are not collinear is significant. If just two of the 
rays are parallel the phenomenon of automatic supersmoothness disappears 
alltogether. This can be seen on the following simple example. Consider the 
partition of M 2 by the x-axis. For any n > 0, let f(x,y) be equal to y n+l 
on the upper half plane and zero on the lower one. We now can add any n 
rays emanating from the origin but not along the x-axis. This will form a 
partition of M 2 by n + 2 rays as in Figure 2. Then / has all derivatives of 
order n, yet / g C n+1 {0). 

2 Gluing functions along a curve 

In this section we will show that a version of supersmoothness occurs when 
we glue two differentiable functions along a curve with sharp corners as 
in Figure 3. Namely, we will show that the resulting piecewise function 
is differentiable at every sharp corner of the curve. To some extent this 
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property of supersmoothness characterizes curves with sharp corners. 



In contrast with most of the research on curves in both analysis and dif- 
ferential geometry, we are interested in non-smooth curves. While regularity 
of a curve is defined globally, non-smoothness has to be localized to a point 
P := (x 0 ,y 0 ). 

We limit our considerations to non-self-intersecting curves and adopt the 
following, intuitively clear version of "local smoothness" . Let 7 be the trace 
of a continuous non-self-intersecting curve j(t) : [a, b] — > M 2 , also known 
as a Jordan arc. Without loss of generality assume that 7(0) = P and 
a < 0 < b. 

We shall say that 7 is smooth at P if 7 can be represented as a graph 
of a continuously differentiable function in some neighborhood of P. More 
precisely, 

Definition 1 The trace of a Jordan arc 7 is smooth at a point P if there 
exist open intervals I, J and a function f € C 1 (I) such that 

P=(x 0 ,f(x 0 ))eIxJ, and 7 n(J x J) = {(x,f(x)), x € I}. 

Different (weaker) versions of the following result can be found in many 
textbooks. We provide the proof for completeness. 

Theorem 2 The trace of a Jordan arc 7 is smooth at P if and only if there 
exists a neighborhood U of P and a function h continuously differentiable 




Figure 3: Curves for gluing 



Figure 4: Supersmoothness of 
higher derivatives 
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on U such that 



(2) 



h{x, y) = 0 if (x, y) G 7 n U, and Vh(P) ^ 0. 



Proof. If 7 is smooth at P we use the neighborhood I x J and the C - 
continuous function / from Definition 1 to construct h(x,y) := y — f(x). 
Clearly, h satisfies all the desirable properties. Conversely, without loss of 
generality, assume P = (0, 0) and let h be a C 1 -continuous function on some 
neighborhood U of P, such that h vanishes on 7, and h y (P) 7^ 0. Then by 
the Implicit Function Theorem, there exist open intervals I\ and J\ and a 
(7 -continuous function / such that 

h(x,y) = 0, (x,y) e I\ x h iff V = f(%), % £ h, V G J\- 
We can assume that I\ x J\ C U, which implies that 



We now need to show that there exist perhaps other intervals I Q I\ and 
J C Ji such that 7 coincides with the graph of / in / x J. To this end, 
we consider the inverse image 7 -1 (ii x Ji), which is an open set in [a, b] 
containing zero. Thus, there exists c > 0 such that j(t) := (u(t),v(t)) maps 
(— c, c) into 7 fl {I\ x Ji). We observe that if u(c/2) = 0, then v(c/2) also 
vanishes since / is a function passing through (0, 0). Then we have 7(0/2) = 
7(0) which contradicts the assumption that 7 has no self-intersections. Thus, 
neither u(c/2) nor u(—c/2) vanish. Without loss of generality we can assume 
u(c/2) > 0. Then u{— c/2) must be negative. Otherwise either 7 has a self- 
intersection or / is not a function. Since "y(t) is continuous, its trace from 
t = —c/2 to t = c/2 must coincide with the graph of / from u(—c/2) < 0 to 
u(c/2) > 0. Thus, for / := (u(— c/2), u(c/2)) , and J := J±, the function / 
satisfies Definition 1. ■ 

As a corollary we obtain the promised result on supersmoothness: 

Theorem 3 Let 7CK 2 be the trace of a Jordan arc that divides the open 
disk O into two subsets Oi and O2 as in Figure 3. Further assume that 7 
is not smooth at P £ 7. Let /i,/2 be C 1 functions on fl continuously glued 
along 7, that is, let 



be a continuous function on fl. Then the piecewise function F is differen- 
tiable at P, that is, 



7n(Ii x Jj) C {{x,f(x)), 1G/1}. 



(3) 




(x,y) G tti 
(x,y) G 0 2 



(4) 



V/i(P) = V/ 2 (P). 
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Proof. Consider a C function h = fx — f%- The fact that f\ and f2 are 
continuously glued along 7 means that ^(7) = 0 and by Theorem 2 



Thus, Vfi(P) = V/2(P), and the proof is complete. ■ 

A partial converse of Theorem 3 holds true in the following sense: 

Theorem 4 Let 7CK 2 be the trace of a Jordan arc that divides the open 
disk f2 into two subsets f^i and 0,2- Assume that 7 is smooth at a point 
P € 7. Then there exists a neighborhood U of P and and two differentiable 
functions /i,/2 € C l {U) such that the function 



is not differentiable at P. 

Proof. Let U and h be chosen as in Theorem 2, i.e., satisfying conditions (2). 
Let fi(x,y) := h(x,y) and f2(x,y) = 0. Then, since h(-y fl U) = 0, the 
function F defined by (5) is continuous and not differentiable at P because 



Theorem 4 provides only a partial converse of Theorem 3 because the 
function F is defined locally, in a neighborhood U of P, and not on all of Q. 
We believe that the global version of this theorem also holds and end this 
section with a conjecture. 

Conjecture 5 Let 7 C M 2 be a continuous curve that divides an open disk fl 
centered at P into two subsets £li and ^2- Then 7 is smooth at P if and 
only if we can glue two continuously differentiable functions along the curve 
as in (5) so that the resulting piecewise function F is not differentiable at P. 

3 Supersmoothness of higher derivatives. 

Consider two non-collinear rays v\ and V2 emanating from the origin in M 2 . 
The curve formed by these two rays is not smooth and partitions the open 
unit disk ft into two sectors Ai and A2. It follows from the results of 
the previous section that two differentiable functions f\ and /2 continuously 
glued along the boundary of the sectors as in (5) produce a piecewise function 
F2 differentiable at the origin: 



0 = V/ l (P) = V/ 1 (P)-V/ 2 (P). 




(x,y) efliHU 

(x,y) en 2 nu 



V/ 2 (P) = 0^V/i(P). ■ 



(6) 



F 2 € C(J)) => F2 € c 1 



(0). 
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Farm's observation (1) shows that for three pairwise non-collinear rays em- 
anating from the origin and a piecewise function F% consisting of three dif- 
ferentiable pieces as in Figure 1 the following holds: 

f 3 g cHn) => F 3 G C 2 (0). 

However, as it was pointed out in the introduction, for three non-collinear 
rays amplification (6) may not hold, that is, in general 

F 3 G c(n) & F 3 G C\0). 

In this section we extend this pattern. For a fixed n > 0, we partition the 
open disk O into re+2 sectors Ai, . . . , A n+ 2, by pairwise non-collinear vectors 
(rays) v±,... ,v n+ 2, positioned clockwise as in Figure 4. Then we create a 
piecewise function F n+ 2 by gluing n+2 functions /i, . . . , f n +2 G C n (Q) along 
the rays. Thus for 1 < j < n + 1, the sector Aj is formed by Vj and Uj+i, 
and the sector A n+ 2 is formed by i> n +2 and v\ . We will show that similarly 
to (1) the following holds: 

(7) F n+2 G C n (n) F n+2 G C" +1 (0); 

yet the weaker assumption -F n +2 G C rt_1 (r2) may not imply the associated 
conclusion that F n+ 2 G C n (0). 

We start with a simple lemma that shows that two differentiable func- 
tions continuously glued along a ray v must be differentiable in the direction 
of v. We use D v to denote the directional derivative in the direction of v. 

Lemma 6 Let v = (a, b) be a unit vector in M 2 . Let f and g be continuously 
differentiable functions in an e -neighborhood of the origin in R 2 such that 

(8) f(ta,tb)=g(ta,tb), for all t G [0,e). 
Then 

D v f(ta,tb) = D v g(ta,tb), for all t G [0,e). 
Proof. It suffices to prove the result for t = 0. We obtain 

n./(o)-Bm**-»>-/W- iim /(*■»>-/(■»> 

b y j8) Hm ^a,tb)- g (0) = Um g (to,t&)- g (0) = 
t^o+ t t->-o i 

where the second and the fourth equalities follow from the continuity of D v f 
and D v g, respectively. ■ 

We are now ready to prove statement (7). For brevity, we use F := F n+ 2- 
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Theorem 7 Let functions f\, . . . , / n +2, be n times continuously differen- 
tiable on Q and let F be defined piecewise on each sector Aj by F |a,:= fj, 
j = 1, . . . , n + 2. If F G C n (Cl) then F has all derivatives of order n + 1 at 
the origin; that is, F G C n+1 (0), n > 0. 

Proof. If n = 0, the proof is given in Theorem 3. Let n > 1. We will show 
that for two neighboring functions, say fj and fj+i, all partial derivatives 
of order n + 1 coincide at the origin. Then for every k = 0, . . . , n, 

D k x D n y - k h{0) = D k x D^ k f 2 (0) = ... = D k D;- k f n+2 (0), 

which would prove the theorem. Without loss of generality we consider the 
neighboring functions f± and f 2 . It is clearly enough to prove that 

(9) D k 2 D^ k f 1 (0) = D k 2 D^ k f 2 (0), for every k = 0,...,n. 

Observe that for k > 1, the assumption F G C n {Q) implies that the func- 
tions D k ~ 1 D™~ k fi and D k ~ 1 D™~ k f 2 are continuously glued along the ray v 2 . 
Hence, by Lemma 6 we obtain 

D V2 [D k ^D n v - k h) (0) = D V2 (D k V2 - l D n v - k f 2 ) (0) 

which implies (9) for k > 1. Hence it remains to prove that 

(10) D£/i(0) = D£/ 2 (0). 

Since all the vectors Vj are pairwise non-collinear we can find constants aj 
and f3 j such that v i = ajV 2 + ftjVj for all j = 3, . . . , n + 2. Then 

( n ) D vi =("3A, 2 + /33A; 3 ) ■ ■ ■ (a n +2D V2 + p n+2 D Vn+2 ) 

n+2 

= D V2 p(D V2 D Vn+2 ) + 7 11 D v 3 

i=3 

for some constant 7 and some homogeneous polynomial p of order n — 1. 
Since, by the assumption, p(D V2 ,. . . , D Vn+2 )fi and p(D V2 ,. . . , D Vn+2 )f 2 co- 
incide along the ray t>2, by Lemma 6 

(12) D V2 p(D V2 ,...,D Vn+2 )f 1 (0) = D V2 p(D V2 ,...,D Vn+2 )f 2 (0). 
Similarly, for every k = 3, . . . , n + 2, the functions 

n+2 n+2 

D Vj f k -i and A^/fc 

J=3jVfc j=3,jj^k 
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coincide along the ray v k - Hence, by Lemma 6, for every k = 3, . . . , n + 2, 

n+2 n+2 n+2 n+2 

H A,,/ fe _ x (0) =D Vk j[D Vj f k . 1 (0) = D Vk j[D Vj f k (0) = J] D v .f k (0). 

j=3 j=3 j=3 j=3 

j^k j^k 

Thus, we obtain the following chain of equalities 

n+2 n+2 n+2 n+2 

(13) n D Vj f 2 (o) = n d Vj mo) = • • • = n a^wo) = n d^o). 

j=3 j=3 j=3 j=3 

The last equality follows from Lemma 6 since fi and / n +2 share a common 
edge v\. Thus 

n+2 

Dlf 2 (0) by i= U) D V2 p(D V2 ,. . . , A, n+2 )/ 2 (0) + 7 II D vM°) 

i=3 

n+2 

by ( =' 13) D V2 p(D V2 ,. . .,D Vn+2 )h(0) + 7 J] D Vj h(0) by i= n) ^/i(0). 

3=3 

which completes the proof of (9), and consequently proves the theorem. ■ 
The next result is a direct consequence of applying Theorem 7 to the 
derivatives of the piecewise function. 

Corollary 8 Let functions f\ , . . . , / n +2 , be m times continuously differen- 
tiable on $7, with m > n, and let F n+ 2 be defined piecewise on each sector 
Aj by F n+2 | Aj := fj,j = l,...,n + 2. If F n+2 € C m {9) then F n+2 has all 
derivatives of order m+1 at the origin, that is, F n+2 G C m+1 (0), m > n > 0. 

We finish this section and this article by constructing polynomials (hence 
smooth functions) f\, . . . , /n+2 5 n > 1, such that the spline F n+2 defined by 
i^n+2 |Aj= fj is in C™- 1 ^) yet F n+2 C n (0). We note that if n = 0, it is 
immediately obvious that fi = 0 and f 2 = 1 do not join continuously at the 
origin. The following observation is the key to the construction: 

Lemma 9 Given n > 1, consider the polynomial 

n+l 

9(x,y) •■= ^2 Ci(y + aix) n . 
i=l 

Then the system of equations with the unknowns (ci, . . . ,c n +i): 

Qk 

g(x, 0) =0, for all 0 < j < k <n - 1, 



dxidy k ~i 
has a non-trivial solution. 
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Proof. Indeed for 0 < k < n — 1 and 0 < j < k we have 

1+1 Qk n | 1+1 

g «dZ&p( y + aiXT y=0 = J^W. g C ^ iV + 



y=0 



(n-k)\ 



n+l 

- n ~ k Y i c i a?- h+j = 0. 



i=l 

With s := n — k + j , the system of n equations with n+l unknowns 

n+l 



Cia\ = 0, s = 0, . . . , n — 1, 



has a non-trivial solution. ■ 

Now we can proceed with our construction. As in Figure 4, choose n + 2 
consecutive positioned clockwise rays V{ emanating from the origin whose 
equations are given by the following lines Zj 

Zi : y = 0, Z 2 : y + a 2 ^ = 0, ... , l n+2 : y + a n+2 x = 0. 

Note that without loss of generality we assume that v\ goes along the positive 
direction of the x-axis. Define fx := 0 to be the function between v% and 
Let the function between and v^+i be defined as follows: 

k 

f k := c ilii f° r eacn 2 < /c < n + 2, 
i=2 

with the convention v n +3 := «i. We next define: 

g k (x,y) := f k+1 (x,y) - f k (x,y) = c k+1 (y + a k+1 x) n , for all 2<fe<n + l. 

All partial derivatives of g k of order n — 1 or less vanish for y = —a k+ ix, 
that is, at the line lk+i- It remains to choose the coefficients c 2 , . . . , c n + 2 in 
such a way that / n +2 is glued smoothly to f\ = 0 at Zi, that is, so that all 
derivatives of order n — 1 or less of the polynomial 

n+2 

/n+2 = Cil i 
i=2 

vanish at y = 0. By Lemma 9 this leads to a system of n equations with 
n + l unknowns (c 2 , . . . , c n + 2 ) that has a nontrivial solution. 
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Hence there exists a non-zero homogeneous polynomial f n +2 of order 
n between l n+ 2 and l\ which is C" 1_1 -smoothly glued to f n +i across l n +i 
and C n_1 -smoothly glued to f\ = 0 across l\. Finally f n +2 is a nonzero 
homogeneous polynomial of order n. Thus there exists a partial derivative 
of fn+2 of order n which is a non-zero constant. In particular, its value at 
the origin is not zero, yet the same derivative of /i = 0 is zero. The resulting 
piecewise function F n+ 2 does not have a derivative of order n at the origin. 

Remark 10 The existence of the spline F n+ 2 implicitly constructed above 
also follows from Theorem 9.3 in [3j. Indeed this theorem shows that the 
dimension of polynomial splines of degree n and smoothness n — 1 defined 
over the union of n + 2 sectors is strictly greater than ( n ^ 2 ) ■ The latter 
is the dimension of bivariate polynomials. Thus, there exists a spline that 
does not have a derivative of order n at the origin. We decided to provide a 
development here that would be accessible to an audience not familiar with 
spline theory. 
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Abstract 

Here we present multivariate basic approximation by Kantorovich and 
Quadrature type quasi-interpolation neural network operators with re- 
spect to supremum norm. This is done with rates using the first multi- 
variate modulus of continuity. We approximate continuous and bounded 
functions on WL N . When they are also uniformly continuous we have point- 
wise and uniform convergences. 
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1 Background 

We consider here the sigmoidal function of logarithmic type 

Si(xi) = 1 , = l,...,iV; x := (a;i,...,a;jv) & R N , 

each has the properties lim s, (xi) — 1 and lim Sj (a;,) = 0, i = 1, TV. 

These functions play the role of activation functions in the hidden layer of 
neural networks, also have applications in biology, demography, etc. 

As in [7], we consider 

$i (x^ := ^ (sj (xi + 1) - Si (xi - 1)) , Xi £l,i = l, N. 
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We notice the following properties: 

i) ( Xi ) > 0, V i, € t, 

ii) E^ = -co fa - k i) = 1. v x i e K, 

iii) E^=-oo - fci) = 1, V i, e R; n e N, 

v) $i is a density function, 

vi) 4>j is even: $i (— a;,) = $i (xj), a;, > 0, for i = 1, JV. 
We see that ([5]) 

$< (g<) = ( £ 2^) (l + e^-i)(l + e -^-i) ' i = 1 '-^- 

vii) $j is decreasing on R + , and increasing on R_, i = 1, ...,N. 
Let 0 < /3 < 1, n e N. Then as in [5] we get 

viii) 

oo oo 

$i (nx l -ki)= ^2 $j (|n.Ti - 

fcj = — OO { fcj = — oo 

: \nxi — ki\ > n 1- ^ | : \nxi — h\ > n 1- ^ 

< 3.1992e-™ <1_/ ' > , i = l,...,N. 
We use here the complete multivariate activation function ([4]) 

JV 

${x u ...,x N ) :=<$>{x) —JJSite), iGK" (1) 



i=l 



It has the properties ([4]): 
(i)' <f>(x) > 0, Vie M w , 



We see that 

oo oo 



E ••• E ®(x 1 -k 1 ,x 2 -k 2 ,...,x N -k? 

h\— — OO /C2— — oo fciv— — oo 



oooo oo N N / oo \ 

E E - E 11^(^-^ = 11 E *iO*-*i))=i. (2) 

— oo k2— — oo A)iv— — oo-i— 1 i—1 \ki — — oo / 

That is 
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(ii)' 



CO CO 



<$>(x-k):= ^ - ®(xi-ki,-,x N -k N ) = l, 

k — — oo h\— — co k^— — co fcjv— — co 

(3) 

k := (fci,...,fc n ), Vie R N . 

(my 

CO 

<E> (nx - k) := 

A; — -co 



CO CO 



^2 ^ - ^ $ (nxi - fci, ...,nx N - k N ) = 1, (4) 

— CO /C2— — CO fcjv— — CO 

Vie R N ; neN. 

(iv) ' 

/ $(x)dx = l, (5) 

that is $ is a multivariate density function. 

Here H^H^ := max{|a;i| , |a?jv|}-, £ € R^, also set oo := (oo, ...,oo), 
— oo := (— oo, — oo) upon the multivariate context. 

For 0 < P < 1 and neN, fixed ieM",wc have proved ([4]) 

(v) ' 

[nbj 

§(nx-k) < 3.1992e-™ <1_ ' 3> . (6) 

{k = \na] 
P - all > J- 
1 1 n 1 1 oo n@ 

Let / e C B (R w ) (bounded and continuous functions on R N , N e N). We 
define the multivariate Kantorovich type neural network operators (n e N, V 

x e R N ) 

oo / -*±i \ 

^(Z^)-*^/,^,...,^)^ £ [ nN IS f(t)dtU(nx-k):= (7) 

fc — — oo \ n / 

oo oo / „ fc i + 1 „ fc w + 1 \ / N \ 

J2 - J2 n / tl " -L" /(*i,-,*jv)*i-dtiv) I JjMnaii-ftj) . 

fci= — oo k N =— oo \ IT / \i=l / 

We observe that 

fc + l fcl + l fcjy+l 

[ n f(t)dt= I ... [ f(t 1 ,...,t N )dh...dt N = 

Jk Jkl JkN_ 
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.Jj f (t, + ^, t N + ^ d tl ...dt N = Jjf(t+^ dt. (8) 



Thus it holds 



K n (f,x)= jr [n N Jj f(t+^dt}*(nx-k). (9) 



Again for / e C B (R N ) , N e N, we define the multivariate neural network 
operators of quadrature type Q n (/, x), n € N, as follows. Let 6 = 0jv) € 

N^, r = (n, tat) e Z+, w r = w ri ,... irjv > 0, such that 



JV 



= ^ ... ^ W ri ,...,r N = 1; * G Z 
r— 0 ri— 0 rjv— 0 



and 



<$„* (/) := 5„, fel) ..., feiv (/) := £ Wr / ( £ + ^ ) (10) 

r— 0 



Ev- , / «i . n k N r N \ 

■ L «'r 1 ,...,r w / hr + -fl-, — + . (11) 



n— o vm— 0 



JV 



where g = (ft,..., g*) . 
We define 



oo 



Qn(f,x) :=Q n {f,x u ...,x N ) := ^ 5 nfe (/) $ (na; - fc) (12) 

fc — — OO 

oo oo / iV \ 

:= ^ ... ^ 5„,fc 1 ,..., fcw (/)(n*i( na: <- fc i)). VxeM^. 

fci— — OO fcjy— — oo \z= 1 / 

We consider also here the hyperbolic tangent function tanha;, x € R (see 
also [2]) 

tanha; := & — . (13) 

It has the properties tanhO = 0, — 1 < tanha; < 1, V x € R, and tanh(— x) = 
— tanha;. Furthermore tanha; — > 1 as x — > oo, and tanha; — > — 1, as x — > — oo, 
and it is strictly increasing on R. 

This function plays the role of an activation function in the hidden layer of 
neural networks. 

We further consider ([2]) 

* (x) := * (tanh (x + 1) - tanh (x - 1)) > 0, Viel. (14) 

We easily see that * (—a;) = >3> (x), that is * is even on E. Obviously is 
differentiable, thus continuous. 
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Proposition 1 ([2]) * (x) for x > 0 is strictly decreasing. 

Obviously \& (x) is strictly increasing for x < 0. Also it holds lim * (x) = 
0 = lim * (x) . 

x — >oo 

Infact $ has the bell shape with horizontal asymptote the x-axis. So the 
maximum of * is zero, * (0) = 0.3809297. 

Theorem 2 ([2]) We have that Y%L-oo ®(x-i) = l, Vi£R. 
Thus 

CO 

^2 V (nx - i) = 1, VneN, Viel. 

i— — oo 

Also it holds 

oo 

*{x + i) = 1, VseK. 

— oo 

Theorem 3 ([2]) It holds V(x)dx = l. 

So * (a;) is a density function on R. 
Theorem 4 Le£ 0 < a < 1 and n £ N. ii ftoZds 

oo 

^ <e 4 -e- 2 " (1 " Q> . 

{fc = — oo 
: \nx — k\ > n 1- " 

In this article we also use the complete multivariate activation function 

N 

e (a*, xjv) : = e (x) n * (*<) ' 1 = e M " w e N - ( 15 ) 

»=i 

It has the properties (see [3]) 
(i) Q(x) > 0, Vie R w , 
(ii) 

OO CO OO CO 

^ 0(a;-fc):= ^ X Q fai - *i> —>sjv - = 1, 

fc— — CO fei = — CO k2— — CO fcjv— — CO 

(16) 

where fc := (h, k N ), Vie K^. 
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(iii) 

OO 

© (nx - k) := 



k— — oo 

OO OO oo 



^2 ^2 •'• ^2 ®( nx i ~ ki,...,nx N - k N ) = 1, (17) 

A;i— — oo k2 — — oo fcjv— — co 

V x G R N : n G N. 

(iv) 

/ e(x)dx = i, (is) 

that is 0 is a multivariate density function. 
By [3] we get 

(v) 

OO 

e(nx-k) < e 4 ■ e~ 2n(1 ~ 0) , (19) 

k — — oo 
- - x\\ > \ 

n 1 1 oo n p 



0 < /3 < 1, n G N, xe 



We also define the following Kantorovich type neural network operators, 
f eC B (K w ), TV G N, n G N, V jc G M w , similarly to (7): 



t k + l 

L n (f,x) := L n (f,x 1 , ...,x N ) := ( n N / / (t) df | 9 (nx - k) := 

fe= 



fc = -oo \ 17 n 

oo oo / + ' \ / N 

e - e /(ti,-,* W )*i-A W )(n*( 

— OO k.N— — OO \ n n / — l 



(20) 



Similarly to (9) it holds 



L n (f,x)= £ (n N Jj f(t+^<uj€>(nx-k). (21) 

Finally we define, similarly to (12), (for any x G K w ) the following quadrature 
type neural network operators 



oo 



T n (f,x):=T n (f,x 1 ,...,x N ):= £ 5 nk (/) 6 (nx - k) (22) 



k — — oo 



:= E - E *»(/) n $ ( Mi-fci ) 1 

fci = — oo kN — — oo \i=l / 



G 
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where S n k (/) is as in (10), (11). 

For / <G Cb (M. n ) we define the first multivariate modulus of continuity 

Wl (/,/*):= sup \f(x)-f(y)\, ^>0. 
x,y e R N 

\\x-y\L < h 



(23) 



Given that / <E Cjj (M. N ) (uniformly continuous functions on R w ) we get that 

limwi (/, h) — 0, the same definition for ui\. 

h— >u 

In this article we study the pointwise and uniform convergence of operators 
K n , Q n , L n and T n to the unit operator / with rates. We are inspired by [1], 
[2], [3], [4], [5], [6], [7]. 



2 Main Results 

We present 

Theorem 5 Let f e C B (R N ) , 0 < 0 < 1, x e R N , n, N e N. Then 
1) 

\K n (f,x) -f(x)\< Ul (f, + (6-3984) H/l^ =: Pl (24) 



2) 



Proof. We have that 



II^(/)-/IL<pi- 



K n (f,x)-f(x) = 



(25) 



[n N I f (t+-)dt\$(nx-k)- f (x) ^ $(nx-k) 

k^^ oo \ / k^= oo 



E 

k— — oo 

oo 

E 

k— — oo 



n N f[t+-)dt\-f(x) 



L\ f [ t+ 'i ] ^- J: ■■' ^' ] •" 



$ (nx -k)= (26) 
$ (nx - k) . 



Hence 

oo 

\K n (f,x)-f(x)\< 



k — — oo 



n 



N 



t+-)-f(x) 



dt 



<S> (nx - k) (27) 
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E 

J fc = — oo 
I II- 



/(*+-)-/(*) 



dt 



$ (nx - fc) + 



x < -is 

Woo — nP 



E 

{fc = — oo 
\\k _ a;|| > A 
\ \ n Woo 









Jo 







/3 



$ (nx - fc) < 



(6) 



{|»- 

v II n 



^ $ (nx - k) < (28) 



x\\ > —5 

II 00 nf 



1 1 



^(/'- + ^)+( 6 - 3984 )ll/llooe- 



,(1-/3) 



proving the claim. ■ 
We continue with 

Theorem 6 Let f e C B (K w ), 0 < /3 < 1, x e 1 N , n, JV e N. Then 
1) 



1 1 



,(1-/3) 



\Q n (f, x )-f( x )\<u 1 [f,- + —) + (Q.mM)\\f\\ ao e- n = Pl , (29) 



2; 

WQn (/) - /IL < Pi- 

Proof. We notice that 

00 00 
<2« (/, x) - f (x) = 5 nk (/) $ (na; - k) - f (x) ^ $ (nx - fc) 



(30) 



k — — 00 



fc— — 00 



fc— — 00 
00 / 6 



- E EM/ 

fc=-oo \r=0 v 

Hence it holds 

00 / 6 

\Qn(f,x)-f(x)\< E' 

fe= — 00 \r=0 



E (Snk(f)-f(x))$(nx-k) 
fc r 



n n6 



f (x) $ (nx - fc) . (31) 



, fc r 
n ntf 



/(*) 



$ (nx - fc) 
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E 

s k = — oo 
111" 

kiln 



(l>/( 

\r=U ^ 



k r 
n n6 



X \L ^ w 

oo / e 

E E 

\r=0 



fl k +- 

1 n n0 



fix) 



fix) 



- - X\\ > 
In II oo nP 



$ (nx -k)+ (32) 



$ (nx - k) < 



(6) 



v II n 



&(nx-k) < (33) 



= — oo 
x\\ > —r 

II oo nP 



Wl l / '^ + ^J +(6 - 3984)ll/ll - e_ 



,(1-/3) 



proving the claim. ■ 
We further state 



Theorem 7 Same assumptions as in Theorem 5. Then 
1) 

\L n (/, x)-f(x)\< Ul (f, I + ±) + 11/11^ 2e 4 e - 2 " <1 ^ ) =: p 2 , (34) 



and 

\\L n (f)-f\\ 00 <P2- (35) 
Proof. As in Theorem 5, using (19). ■ 

Theorem 8 Same assumptions as in Theorem 5. Then 
1) 

\T n (f,x)-f(x)\<p 2 , (36) 

and 

2) 

l|r„ (/)-/!!„,< ft,. (37) 

Proof. As in Theorem 6, using (19) ■ 

Conclusion 9 When f e (C B (R N ) n C v (R N )), then K n (/, a;) / (x), 
Qn if, x) -> / (a;), L„ (/, a;) -»• / (x), T„ (/, a;) -»• / (a;), pointwise, as n -> oo, 
and /T„ (/) -> /, Q„ (/) -> /, L„ (/) -> /, T„ (/) -> /, uniformly, as n -> oo, 
a/Z at i/ie speed of 0 < /3 < 1. 
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Asymptotics for Szego polynomials of Polya type 
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Abstract 

We characterize limits for Szego polynomials of fixed degree k with respect 
to measures formed by convolving m < k point masses with convex combi- 
nations of Fejer kernels. The polynomial limit as is shown to be the same for 
all kernels in this class, which includes the Poisson and Fejer kernels. The 
moments of such kernels are convex functions for positive values of the index. 
Our result generalizes recently-proposed methods for frequency estimation. 
Keywords: Szego polynomial, orthogonal polynomial, frequency 
estimation, Poisson kernel, Fejer kernel. 

1. Introduction 

Szego polynomials are a class of monic, orthogonal polynomials with re- 
spect to measures on the unit circle, and have been studied extensively. See 
[5, 9, 12, 13] for background. In frequency analysis, the measures are often 
estimates of the spectral measure of a random process such as sinusoids in 
noise. In [1, 2] measures are formed by convolving the Poisson and Fejer 
kernels, respectively, with the sum of point masses Y^j=\ a j^ v where 5e j is 
the point mass measure at 6j, the aj are positive, the 9j are distinct. (We 
identify the unit circle with the interval [— Both are examples of ap- 
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Tabic 1: Poisson and Fcjcr kernels 



kernel 


density 


moments iph(^) 


h 


Poisson: 


MO) = 


1-r 2 


r \*\ 


1-r 


| iy | 2 




Fejer: 


MO) = - 

n 


"sin(n#/2)l 2 
_ sin(0/2) J 


n 


1 

n 



proximate identities iph with h — > 0 as either r — > 1 or n — > oo, respectively, 
as indicated in Table 1, where x + = max{x,0}. In [1] it is shown that the 
case where iph is the Poisson kernel arises as the spectral estimate in the 
"i?-process" technique of frequency estimation proposed in [8], where, in an 
effort to deal with the non-uniqueness of polynomial limits, the moments of 
the periodogram are multiplied by those of the Poisson kernel. In the "V- 
process" proposed in [11], the moments of the periodogram were multiplied 
by those of the wrapped Gaussian, resulting in a different polynomial limit. 
Our results here and the remarks in the introductions of [1, 2] will give the 
limit polynomial when the moments of the periodogram are multiplied by 
those of any one of a class of kernels. 

We denote by Pk(z,/i) the the Szego polynomial of degree k with respect 
to the measure fj,. For any kernel iph, we have the weak-star limit 

m m 

lim i/; h * «A = Yl a i 6e J W 

j 1 3=1 

(See, e.g., [7] for discussion of properties of kernels, or approximate identities.) 
However, for m < k Pk(z,Yl%=i a j^Oj) is n °t uniquely defined; furthermore, 

2 
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the associated Szego polynomials of fixed degree k do not necessarily con- 
verge. That is, fih — > Y^JLi a j^6j does not guarantee existence of the limit 
lini/j^n Pk(z, Hh) even if fj,^ converges strongly. (See [1] for an example.) On 
the other hand, any limit polynomial will have m zeros at the "signal" lo- 
cations 9j (the terminology owing to the fact that Y^j=\ a j$9j i s the spectral 
measure of a purely sinusoidal process). The limit behavior of the remaining 
k — m "extraneous" zeros and the problem of distinguishing them from the 
signal zeroes have been subjects of study in the literature. 

In [1, 2] it is shown that Pk(z,iph * zCj=i ^j^) do converge; in fact to 
the same limit. In each case, the extraneous factor is the Szego polynomial 
of degree k — m with respect to a related measure. 

In the present paper we prove a conjecture of the authors in [3] and 
characterize the limit polynomial for a class of kernels which includes the 
Poisson and Fejer, and whose moments iph(£) are convex functions of £ for 

e > o. 

2. Background 

Given a measure, /x, on the unit circle, the k th Szego polynomial Pk(z,/i), 
with respect /i, is the polynomial in the complex variable z which attains the 
minimum 

min f \p(e ie )\ 2 d^9) = f \P k (e M ^)\ 2 d^O), (2) 

where is the set of monic polynomials of degree k. 

The prediction error power, which we denote p*;(/i) is a multiple of the 
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minimum attained in (2): 



Pk 




(3) 



The Pk(Zj fi) are also characterized by the orthogonality property 



7T 



P k (e", f t)p{e tB )d f ji{0) = O 



(4) 



— TT 



for any any polynomial p of degree less than k. 

The reflection coefficients of the P k (z,ii) are the constant terms 



We denote by P£(z,f/) the reverse polynomial: P£(z,f/,) = z k P k (l/z, p). The 
zeros of P* are obtained from those of P by reflection in the unit circle. 
Equivalently, the coefficients are reversed and conjugated. Note that we 
have \P*(e ie ,p)\ = \P k (e ie ,p)\, and that P fe *(0,//) = 1. 

3. Kernels of Polya type 

A positive function / satisfies the Polya criterion if it is non-increasing, 
even, and if fix) is convex for x > 0. Such functions are the characteristic 
functions of positive measures. (See, e.g., [4], p482.) 

In [3] the authors define sequences, densities, and kernels of Polya type: 
If (f)(n) = a n = f(n) for some function / satisfying the Polya criterion, then 
{a n } and is a sequence and density, respectively, of Polya type; {iph} is a 
kernel of Polya type if iph is a density of Polya type for each value of h. We 
see that the Poisson and Fejer kernels are kernels of Polya type. 



R k (fj) :=P k {0,p). 



(5) 



4 
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Let <J) n denote the Fejer kernel as in Table I. Then tp(6) = Yl^Li a n0n(#) 
is a density of Polya type if a n > 0 and Y^=i a n — 1- Now suppose that 
A N : = {ajv n } is a sequence of sequences with 



oo 



^2a N>n = l for all N = 1,2,3,... (6) 

71=1 

lim dN,n = 0 for all n = 1,2,3,... (7) 

TV— >-oo 

It is easy to see that 

oo 

= J2 aN ^w ( 8 ) 

n=l 

satisfies the properties of an approximate identity with N — > oo. Thus 
ipA N {6) is a kernel of Polya type, and we have the weak-star limit 

m m 

^a n * a M -»■ Yl a i 5e > ■ ( 9 ) 

3=1 3=1 

We define kernels ipA h for continuous parameter h — > 0 similarly. For exam- 
ple, it is not too hard to show (see [3]) that the Poisson kernel is given by 
a r ,n = (l—r) 2 nr n ~ l , while the Fejer kernel corresponds to A N = {0, 0, 0, 1, 0, 0, ...}, 
with 1 in the iV-th position. 

The following was conjectured in [3]. We will assume that A N is indexed 
with discrete parameter N — > oo. The continuous case h — > 0 is similar. 

Theorem 3.1. Suppose An — > 0 and let ipA N be as defined in (8), where 
4> n {6) is the Fejer kernel and the 9j are distinct in (1). Then for each k > m 

m m 

Bm P k (z, iP AN * «A ) = p k-m{z, v) l[(z - e^) (10) 

where 



N^oo 

3=1 3=1 



m m 



de 

3=1 V+3 
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Remarks: Thus the extraneous limit factor is the degree k — m Szego 
polynomial with respect to the measure v, and the limit is the same as in 
the case of the Fejer and Poisson kernels, which are special cases. It is also 
follows that when the moments of the periodogram (or any spectral estimate 
which converges weak-star to point masses as in (1) are multiplied by those 
of a kernel of the form 20, where An is any sequence satisfying 6 and 7, and 
limits are taken first with the periodogram index approaching infinity, the 
limit of the Szego polynomials is given by 10 and 11. The justification for 
this is given in the introduction of [1]. 

The proof of Theorem 3.1, is an extension of Theorem 2.1 of [2]. We first 
extend supporting results of [2]. We will use the notations 

m 

:= i>A N * ^oijSoj, ( 12 ) 
j'=i 

and 

C := e* 

where the latter represents an arbitrary point on the unit circle. 

Lemma 3.1. Under the hypotheses of Theorem 3.1, the following hold. 

i The sequence {Pk(z, /xjv)} o,s N — > oo has a limit point, and all limit 
points are of the form Q(z) YYjLi( z ~ e%0J ) where Q is a monic polyno- 
mial of degree k — m. 

ii The reflection coefficients R^Hn) o^e bounded away from the unit circle 
uniformly in N . 

iii Pk(z,fj,N) and the m zeroes which approach the 9j do so at the rate 
0(1/N). 



6 
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Proof: To establish % note that the P k (z,fj, N ) are monic polynomials with 
zeros contained in the unit circle, so {Pk(z, fi^)} has limit points, and by 
Proposition 2.1 of [1], all of these are of the above form. 

We establish ii using the arguments of Corollary 2.1 of [2]. For each n, we 
have the following representations of 4> n (6) * Y^f=i a j$8j (PL (12) and (16)). 

m 

(0n*X^A)' = 

m 

\g n (C)\ 2 := i^^.|C(«- 1 ) + e ^C (n " 2) + --- + e t(n - 1) ^| 2 (13) 

(14) 



n . 



. f x v 2E7=i%(l-cosn(c9-c9,))n^lC-e 



i6»p|2 



where g is a polynomial of degree n — 1 with all zeros outside the circle. Using 
(13) we can express the convolution (12) as 

(oo \ m 

n=l J j=l 

oo / m 

= E aN > n [ * 

n=l \ j=l 

oo 

= 2>Ar,nMC)| 2 (15) 

n=l 

The sum in (15), regarded as a function of the complex variable z on the 
plane, is a convex combination of subharmonic functions, so it is subhar- 
monic. Using (15) with (3), we then write 

Pk(^N) = ^~ I \P k ((,fJ>N)\ 2 dfi N 
In J 

1 

27 



r [ n \p:(c,^N)\ 2 f2 a ^\9n(o\ 2 de, 

' n J ~* n=l 
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> \PZ(0,fi N )\ 2 ^a N , n \g n (p)\ 2 

n=l 

TCI OO ^ 

= E a i E ~ aN ' n > ( 16 ) 



i n 

j=l n=l 



On the other hand, using (14) we can express (12) as 

m6) - 2 2_,-"N.n nji.K-e"''! 2 ( ' 

Now using (3) with (17), we replace P k with HJLiiC — e^ ) in (2) to obtain 

PM < - rf[\c-e^\ 2 

71 J - 7T j=i 

^ 1 E7=i - cosn(9 - 0,)) 11^ IC - e^| 2 
x 2^ a ".» n-JC-e^l 2 

m oo 



j=l n=l 



The estimates (16) and (18), and the relation ([6]) \Rk+i(nN)\ — 1 — 



Pk(PN)/Pk+i(PN), now give |i4| < y'l - ^ to establish m. 

To establish Hi, we use (8) and 4> n (6) from Table PFtablel to write 

oo 

$A N {£) = £aiV,n0n(0) 
n=l 

= E^,n(l-5 + ( 19 ) 
n=l 

= £ ajv>B (l-^) + + £ a^„(l-^) + . 

n=l " n =N+l 

We see from the form of 20 that ipA N {^) can be expressed as a power series 
in 1/N, so Hi follows from [1], Corollaries 2.1 and 2.2. 
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Without loss of generality we will write 

Pk{z^ N ) = Q N (z)Uf =1 (z - wf ] ) , (20) 
where Qn — >■ Q and Wj N ^ — > e l6j for j — 1, 2, 3, m, and 

\ W \ N) -e^\<^ (21) 



for some constants, Lj, as in (24), [2]. 



Proof of Theorem 3.1: The argument is an extension of Theorem 2.1, 
[2]. We show that the limit factor Q in Lemma 3.1 has the orthogonality 
property which characterizes Pfc_ m (z, v). 

We can use this orthogonality property with (17) and (20) to write 



Qn(C)t(C) II(c - ™f } ) 

J'=l 

E"°^ { n^ic-e^T J ^ = ° 



X 

n 



for any polynomial T(z) of degree fc - 1 or less. In particular, if T(z) = 
t(z) YYjLii 2 ~ with an arbitrary polynomial of degree k — m — 1 or 
less we have 

U7=i((-^ N) ) 



I 



Qn(0 t(Q 



nr=i(c-^- 



X 



-, / m m 

E E^ 1 " cos ^ " *;)) II IC - e^l 

n \j=l V+d 



x d0 = 0. (22) 
Re-arranging factors in (22) gives 

(JV)\ 



/I IV 
Qn(o m n(c- 

.7=1 
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X 



1 / 

E - a *>» E 



Q. 



n 

n 

X d# 



0=1 



(1 - COS 71(0-^-)) 



0. 



(23) 



Let N be large enough so that the intervals (9j ~ + jj) are disjoint, 
and consider the integral of the integrand in (22) separately over the union 
of these intervals and its complement. Let Ij(N) = (9j — jj, 9j + -L) and let 
X N be the indicator function for the set [— ir, it) \ U 1 jL 1 Ij(N). Then (22) gives 



>y{N,C)Xn(0) d0+ f <y{N,£) d9 = 0, 



(24) 



Where ^{N,9) is the integrand in (22). We show that both integrals in (24) 
converge to zero. 



Claim: For each j, 

a N,n 



for constants My 



(C-«0 



(at) 1 — cosn(9 — fy) 



C-e* 



< M,- 



(25) 



Proof of Claim: Without loss of generality, assume that 9j = 0. In the 
present context, (29) of [2] becomes 



\(-wf ) \<min{2,\9\ + ±}. 



(26) 



Now from (21), (26) and the bound 



|C - 1| > \9\/2 for |0| < Ti 



(27) 



it follows that 



E 



k-«T) 



1 — cos n9 



c-i 



<2j> JV>B (|0| + -^) 



1 — cos n6> 



9 



(28) 



10 
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First consider 0 < \9\ < j^. Since 1 ^ se < 1, 1 c ^ ne < n, so considering the 
partial sum on the right-hand side of (28) we have 



X>,n(l*l + ^) 



n=l 



1 — cos n9 



9 



N 



< ^^(1 + £,•)(-) 

71=1 

N 

< ( 1 + L j)^2 a N,n- 



n 



(29) 



n=l 



Letting N — > oo we see that the left-hand-side of (25) is less than 2(1 + Lj), 
establishing the claim for 0 < \9\ < 1/N. 
For \9\ > l/N, (21) and (27) give 



C - w 



(N) 



c-i 



< 1 + 



\W 



(TV) 



IC-il 



< 1 + 



2 h 
N\9\ 



< 1 + 2L,. 



Thus the left-hand-side of (25) is less than £ n aj V)n (l + 2L j )(2) = 2 ( 1 + 2L j)- 
This establishes the claim. 

Using (25) we see that the integrand in (23) is bounded uniformly in N, 
so that the second integral in (24) converges to zero as N — > oo. It follows 
that the first integral in (24) also converges to zero. That is, 



lim 

iV-s-oo 



J 7(iV,C)< 



X N d9 = 0 



(30) 



By expanding the terms in the factor (1 — cos n9), and keeping in mind 
that aN = 1, we can express 7 (AT, () as 

m ((- _ m m 

7=1 ^ ; .7=1 



QN(C)t(C)Yl 



11 ( C _ e *,) 



11 
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m m 
Yl % COS < 9 ~ II IC " e i9p \ 2 , (31) 



X 

n 

i =1 p¥=3 



The first term on the right remains unchanged from the situation in [2] , and 
thus, by Ci convergence to unity of the factor Y\T=i 77 — w^t^n, given in 
Lemma 2.3 of [2] , as N — > oo its integral on [— n, ir) \ U"1 1 / ) (A^) converges to 



/' 



Q(C)*(C)E^niC-^| 2 df. (32) 



The theorem can then be established by showing that this integral is zero; 
indeed, in that case from the fact that t is arbitrary and the orthogonality 
condition (4) it would follow that Q is the desired Szego polynomial. To 
show that (refforthchar) is zero, in light of (30), it suffices to show that the 
integral of the second term in (31) on [— n, ir) \ U™ =1 / 7 (iV) converges to zero. 

Using (25) and Lemma 2.3, [2], we see that the second term is a product 
of a bounded factor and a factor which converges to 1 in L\. Thus, by Lemma 
2.4, [2], the limit of its integral can be expressed. 



/i i ^ 1 1 v 

QiOW) E °^ E a i cos < e - B i) II IC - eWp I 2 dd ■ ( 33 ) 
n j=l p^j 

Exchanging summation and integration gives 

„ m m 

E^-" / Q(omJ2^ cosn ^- e ^Il^- eiep \ 2de - ( 34 ) 

The integral in 34 appears in [2], Equation (41); we see that the integral 
is a constant times the real part of the n th Fourier coefficient of a continuous 
function. Thus, the sum in (34) is a convex sum of the real parts of these 
coefficients, which approach zero as n — > oo by Riemann-Lebesgue. on the 



12 



Asymptotics for Szego polynomials of Polya type, 
Michael Arciero, Lewis Pakula 



264 



other hand, by (7), we can make the partial sum for n < N as small as we 
wish by choosing N large enough. Thus we can conclude that the limit (34) 
is zero to finish the proof. 
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On one nonclassical problem for a 
multidimensional parabolic equation 
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P.O.BOX 259, Dodoma, Tanzania 
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August 5, 2014 

In this work we study the problem with the nonlocal integral condition of 
the first type for the multidimensional heat equation. Applying the connection 
between nonlocal and inverse problems we investigate the associated inverse 
problem. The existence and uniqueness of the generalized solution are shown 
using Galerkin method. 

Keywords: Integral condition, inverse problem, parabolic equation 

1 Introduction 

Mathematical modeling of some physical processes leads to the problems with 
nonlocal conditions for partial differential equations. These are conditions con- 
necting either values of unknown solution and its derivatives on boundary of 
the process or values of unknown solution within the region of the process. 
A special class of nonlocal problems includes integral conditions. Integral con- 
ditions are naturally generalization of discrete conditions. These conditions 
commonly arise in situations where the boundary of the process is inaccessi- 
ble (heat conduction, processes in liquid plasma, dynamics of ground waters, 
thermo-elasticity and some technological process). 

Problems with nonlocal conditions for parabolic and hyperbolic equations 
have been intensively studied in the previous years. The first papers devoted to 
second-order partial differential equations with nonlocal integral conditions go 
back to Cannon [1] and Kamynin [2] . Later their results were extended [3] , [4] , 
[5], [6]. 

In this paper we consider a problem with the nonlocal condition in the form 
of the first order integral operator. The existence of the solution is proved for a 
special case. 
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2 Preliminary notes 

Consider the equation 

u t — Au + c(x)u = f(x, t) (1) 

in the cylinder Qt — {(x,t) :ieSl,ie (0,T)}, where € R n is a bounded 
domain with a smooth boundary <9f2, St = {(x,t) : x € dfi, t e (0,T)} is a 
lateral surface of Qt, with the initial condition 

u(x,0) = ip(x), xeTi, (2) 

and the nonlocal condition 

K(x,t)u{x,t)dx = E(t), ie(0,T), (3) 

Jn 

where functions <p(x), K(x,t), E(t) are known. 

Let the term f(x,t) of the equation (1) can be represented as a product 
of functions fi(x) ■ f2(t)- As the equation (1) is linear, f{x,t) is a product of 
functions of different variables, the coefficient c(x) depends on a single variable, 

Ou 

so the trace of the derivative — — on the lateral surface of the cylinder Q T also 

on 

can be represented as a product of functions 



du 
dn 



= q(t)g(x). (4) 

St 



LetV^)^^ 



dn 



r(t) = ~^y- Then the condition (4) becomes 



du 
dn 



r{t)i>(x). (5) 



We shall consider the problem (l)-(3), (5). Since the function r{t) is un- 
known, this problem can be represented as the inverse problem with respect to 
the pair of functions (u,r). The condition (3) plays role of a condition of an 
integral overdetermination [7], [8]. 
Assume that 

K(x,t) e ^(flx [0,T]), E(t) e Wi(0,T), ip(x) e C 1 ^); (6) 

f(x,t) e L 2 (Q T ), c(x)eC(U). (7) 

Let a pair (u,r) be a solution of the problem (1)- (3), (5). Multiply the 
equation (1) by the function K(x,t) and integrate it over Q. It follows from 
integration by parts that 

E t + {-K t + cK)udx+ / K x u x dx- / Kfdx = r(t) / Ktp(x)ds. 
Jn Jn Jn Jen 



2 



On one nonclassical problem for a 
multidimensional parabolic equation 
Olga Danilkina 

268 



Hence 



E t + Kudx+ / K x ii x dx— / Kfdx 
Jn Jn Jn 



(8) 



where h(t) = / K(x, t)tp(x) ds, K = -K t + cK. 
Jan 



Lemma 2.1 Let the conditions (6), (7) hold and 

E(0) = [ K(x,0)<p(x)dx. (9) 
Jn 

Then problem (l)-(3), (5) is equivalent to the problem (1), (2), (5), (8). 

Proof. As we have shown a solution of the problem (l)-(3), (5) ia also a solution 
of (1), (2), (5), (8). It remains to prove the converse. 

Assume that the pair (u, r) ia a solution of (1), (2), (5), (8). From the 
condition (8) it follows that 

r(t) / K(x,t)ip(x)ds = E t + / {-K t + cK)udx+ / K x u x dx- / Kfdx. 
Jon Jn Jn Jn 

Using the condition (5) we obtain 

E t = / K t udx+ / KAudx- / Kcudx+ / Kfdx. (10) 
Jn Jn Jn Jn 

On the other hand, the equation (1) implies the equality 

/ Ku t dx= I KAudx + I Kfdx- I cKudx. (11) 
Jn Jn Jn Jn 

Comparing (11) and (10) we see that E t — K t udx+ / Ku t dx. Therefore 

Jn Jn 

we have the following Cauchy problem for / Ku dx: 

Jn 

j t J^Kudx = E u (12) 

/ K(x,0)u(x,0)dx = E(0), (13) 
Jn 

where the condition (13) follows from the compatibility condition (9). 

We note that the Cauchy problem (12)-(13) has the unique solution / Ku dx = 

Jn 

E(t) [9]. Lemma is proved. 
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Definition 2.2 Following [10], we define as V%(Qt) a Hilbert space which con- 



sists of all elements ofW 2 ' (Qt) with the norm: 

\u\ 2 = ess sup / u 2 dx + / u 2 x dxdt. 
o<t<TJn Jq t 

We define W 2 X (Q T ) = {u(x,t) e W 2 \Q T ), u(x,T) = 0}. 

We shall inroduce a generalized solution of the problem (1), (2), (5), (8) 
using the standard method [10]. To this end we assume that (u, r) is a solution 
of (1), (2), (5), (8), multiply (1) by n(x, t) g W 2 (Qt) and integrate the obtained 
identity over Q T . It follows from (2), (5) and integration by parts that 

/ {—ur]t + u x r\ x + curf) dx dt = / ripr]dsdt+ 

J Qt J St 



fndxdt+ / ipr)(x,0)dx. (14) 
Jn 

Definition 2.3 A pair of functions (u,r) is said to be a solution of the prob- 
lem (1), (2), (5), (8), ifue V 2 {Q T ), r(t) g L 2 (0,T) andV V (x,t) g W^{Q T ) 
functions u(x, t),r(t) satisfy the integral identity (14), equality (8) and r(0) = 1. 



3 Main result 

Theorem 3.1 Let the conditions of Lemma 2.1 hold, and 

0 < c 0 < \c{x)\ < ci, / K(x,t)ip(x)ds>h 1 >0, (15) 
Jan 

I K 2 dx< K 0 , I Kl dx < K u 0 < t < T, K 0 , K x > 0; (16) 
Jn Jn 

E t (0)+ / K(x, 0)ip(x) dx + / K x (x,0)<p x (x)dx- 
Jn Jn 

- I K(x, 0)f(x, 0) dx = I K(x,0)i>(x)ds. (17) 
Jn Jan 

Then there exists a unique solution of the problem (1), (2), (5), (8). 

The proof of the theorem 3.1 is organized as follows. First we prove that a solu- 
tion of the problem satisfies an integral identity, obtain a number of inequalities 
and apply Grownwall's lemma to get an energy estimate. To prove existence we 
construct approximations of the generalized solution by Facdo-Galcrkin method. 
Then we obtain a priori estimates to guarantee convergence of approximations. 
Finally, we show that the limit of approximations is the required solution. 



4 



On one nonclassical problem for a 
multidimensional parabolic equation 
Olga Danilkina 

270 



Lemma 3.2 Let the function u(x , t) € V 2 (Qt) be a solution of the problem (1), 
(2), (5) with given function r(t) £ L 2 (0,T). Then 

^ f u 2 dx + f u 2 x dxdt = ^ [ ip 2 dx — f cu 2 dx dt+ 
2 Jn Jq t 2 Jq Jq t 

+ ur(t)ip(x)dsdt + fudxdt for t e [0,T]. (18) 

JSr JQt 

Proof. Let function r(t) e L 2 (0,T). Assume that function u e W 2 (Qt) is a 
solution of (1), (2), (5) and hence, u(x,t) satisfies the integral identity (14) for 
all r)(x,t) e wf(Q T ), v(x,T) = 0. We take r](x,t) as 

»<*•'> = { V rilVx, 

From integration by parts in (14) it follows that u(x,t) <G W 2 (Qt) satisfies 
the integral identity (18). We shall prove that a function u(x,t) £ V 2 {Qt) also 
satisfies this identity. Consider a sequence of the functions u m £ W 2 (Qt) which 
satisfies (14) and hence, (18): 

\ l (u m ) 2 (x,T)dx+ [ (U™) 2 dxdt+ [ C{u m ) 2 dxdt= \ [ if 2 dx+ 

2 Jo Jq t Jq t 2 Jq 

+ [ r^u m dsdt + [ fu rn dxdt. (19) 

Functions of W 2 (Qt) form a dense set in V 2 '°(Qt) [10] and hence, in V 2 (Qt)- 
Therefore, there exists a function u* <G V 2 (Qt) such that \u m — u*\q t — > 0 as 



m -> 00, that is ess sup / (u m - u*) z dx + / (u™ - u* x ) 2 dx dt ->• 0 
o<t<TJa Jq t 

So, the functional sequences {u m }, {w™} converge strongly to the u* , u* x in 

L 2 (Q) and L 2 (Q T ) respectively. 

The next step is to prove that the sequence u m converges strongly to the u* 

in L 2 (Qt)- To this end consider functions (fk(x), k = 1, 2, . . . which form an 

orthogonal basis in L 2 (Sl). Then for an arbitrary e > 0 we can find such number 

N e that every function u(x) € W 2 (Q) satisfies inequality ([10], p. 529): 

n e 

\\u\\ 2 L2{n) < 2j2(u^k) 2 + 2e 2 \\u\\ 2 wim , (20) 

where N E does not depend on u. Functions u m — u* belong to W 2 {£1) for every 

t € [0, T], to = 1, 2, . . . and therefore, (20) with an appropriate choice of e gives 

1/2 

us |K - W *||1 2(Q) < 2 I - U *,^ fe ) 2 ) <||! 2( o). Hence, 



5> m - U "> fe ) 2 

V/s=l / 
7 ° fc=l 



u1L Wt ) < 2 / X> m u\ Vk ) 2 dt + \\u™ <||| 2(Qt) . (21 ) 
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Passing to the limit in (21) as m — > oo and using strong convergence u m (x, i) 
in £ 2 (£!) an d u™ in L 2 (Qt) we obtain that the sequence u m also converges 
strongly to u* in L 2 {Qt)- 

Once again consider the equality (19) for functions u m (x,t) and prove that 

lim / r(t)ip{x)u m dsdt = ( r(t)iP(x)u* dsdt. (22) 

Note, that a function u € W^ity, where domain f2 has a smooth boundary, 
satisfies the inequality ([11], p. 77): 



Estimate 
(23): 



/ u 2 ds < I (eu 2 + a{e)u 2 ) dx 
Jdn Jn 

-trary, value of a(s 

/ rtpu m dsdt — / ripu* ds 



>dn Jo. 

where e > 0 is an arbitrary, value of a(e) is defined by f2. 



(23) 



, using the Cauchy inequality and 



rtpu m dsdt — / rtpu* ds dt 

JS-r 



r 2 ip 2 ds dt 



r^{u m -u*)dsdt 

{u m -u*f dsdt^j < 

[ (u™ - u* x ) 2 dx dt + a(e) f {u m -u*) 2 dxdt 
Then, using strong convergence u m to u* in W 2 ' (Qt), we see that 
/ ripu m dsdt- / ripu* 



< 



ip ds) x 



x e 



ds dt 



— > 0 as m — y oo. 



Note, that 



/ 



c(x)(u m ydxdt 



<c,\\u m \\l 2(QT)l 



I /(*, 



t)u m dx dt 



<\\fM\\ L2{QT) \\u m \\ L2(QT y 



(24) 



(25) 



It follows from (22), (24), (25) and strong convergence of u m (x,t) to u*(x,t) 
that we can pass to the limit as m — > oo in (19). As the result, we obtain (18) 
for the function u e V 2 {Qt)- 

Lemma 3.3 Let the function u(x,t) be a solution of the problem (1), (2), (5) 
with a given function r{t) e L 2 (0,T). Then 



u\q t — Const. 



(26) 
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Proof. By Lemma 3.2 the solution u(x,t) of the problem (1), (2), (5) satisfies 
the integral identity 

^ f u 2 dx+ f u 2 dxdt = ^ f p 2 dx— f cu 2 dxdt+ f urtjj dsdt+ f fudxdt. 
2 Jn Jq t 2 J Q Jq t J St Jq t 

Using the e-inequality for the surface integral, the elementary inequality for the 
last term and (15), we obtain 

^ f u 2 dx + ( u 2 dxdt<^- ( p 2 dx + C\ f u 2 dx dt + ^ f f 2 dx dt+ 
2 Jn Jq t 2 Jq Jq t 2 Jq t ' 

+ — I u 2 dsdt+ £ -l r 2 ip 2 dsdt+-[ u 2 dxdt. (27) 
2e Js-r 2 J St 2 J Qt 

Using inequality (23) for the 4th term of (27) we get 

^ f u 2 dx + ^ f u 2 dx dt < ^ f ip 2 dx + ^ f f 2 dx dt+ 
2 Jn 2 Jq t 2 J n 2 J Qt 

+ 1 (2 Cl + 1 + a(e)e- 1 ) f {z m f dxdt + ^ f (p m ) 2 dt, where G = f ^ 2 ds. 
2 Jq t 2 J 0 J dn 

Denote F(t) = [ p 2 dx+[ f 2 dxdt + Ge[ (p m ) 2 dt, M = 2c 1 + l + a(s)e~ 1 . 

Jn JQ-r Jo 

Then 

/ u 2 dx+ / u 2 x dxdt<M u 2 dxdt + F(r). (28) 
Jn Jq t Jq t 

Hence, / u 2 (x,t) dx < Ml u 2 dx dt + F(t). Applying GronwalPs inequality 
Jn Jq t 

f T f F(t) 
to the last expression, we obtain / u 2 dxdt< — ^ (e Mr - l) . Then from 

Jo Jn M 

the (28) it follows that u 2 dx + u 2 x dx dt < F(r)e Mr . As r e [0, T], then 

Jn Jq t 
\ u \v 2 (q t ) — Const. Lemma 3.3 is proved. 

4 Proof of the Theorem 3.1 

Existence. Let the solution of the problem (1), (2), (5), (8) be the sequence 
{(ii m , r m )}, m = l,2, .... defined as 



rm{t) = W) 



Et+ f Ku m - 1 dx+ [ K x u™~ x dx- [ Kfa 
Jn Jn Jn 

f (-u rn r h +u x ri r lx +cu m ri)dxdt= f r m (t)^(x)r 1 dsdt+ 



(29) 
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+ / frjdxdt + / <pr](x, 0) dx, (30) 
Jq t Jo 

Vr](x,t) G W%(Q T ), v(x,T) = 0, Vm= 1, 2, and u° = 0. 

First, we prove that the pair (» m , r m ) is well-defined, that is, for every func- 
tion r m (t), defined by (29), there exists a solution u m (x,t) of the problem (1), 
(2), (5) which satisfies (30). We shall use Galerkin method. Let us temporarily 
omit the superscript of the functions u m (x,t) and r m {t). 

Let ipk(x) be a basis in W 2 1 (fi), and {ip k , <Pi) — S l k . We define approximations 

N 

u N = c k (t)<pk{x), where the functions c k (t) are defined by 
fe=i 

d f 

— (u N ,ip k ) + (u^,ip kX] ) + (cu N ,ip k ) = (f,ip k )+ r(t)ip(x)<p k ds, (31) 
at Jan 

<£(0) = (<p,<p k ), k = 1, . . . ,N. (32) 
The equalities (31) form the system of N ordinary differential equations: 

f t c^(t) + Ac^(t) = F k (t) (33) 

with bounded coefficients and summable on [0, T] free terms of the equation as 
follows from the conditions (6), (7). Therefore, (33) with (32) define values of 
c£(t) ([9], p.27). 

We multiply each equation of (31) by its own c k , sum obtained equalities 
from k = 1 to k = TV, integrate with respect to t from 0 to t\, t\ <T and obtain 

1 f {u N fdx+ f (u^) 2 dxdt=l f V 2 {x)dx- f c{u N fdxdt+ 

2 in Jq h 2 Jn Jq h 

+ ( u N r(t)tp(x)dsdt+ [ fu N dxdt. 

JS H JQ tl 

Then by Lemma 2.1 we have the estimation (26) for the function u 

\u n \ Qt < Const. (34) 

We shall prove that the sequence {«*} has a subsequence in L%{£i) which 
converges uniformly with respect to t on [0, T] . Thereby, we shall show that 
lN,k(t) — (u N (x,t),(p k (x)) converge uniformly on [0,T]. 

From (34) it follows that the functions lN,k(t) are uniformly bounded. Let 
us show that they are equicontinuous on [0, T] for a fixed k and an arbitrary 
N > k, that is \l N ,k{t + At) - l N ,k{t)\ -> 0 when At -> 0. 
From (31) it follows that 



t+At ^ rt+At rt+At 

—l Ni k(i)dt+ / (u% t , <fikx j )dt+ / (cu N ,ip k )dt 
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ft + At rt+l±l p 

= / {f,<Pk)dt+ / / r(t)ip(x)ip k ds dt. 
Jt Jt Jan 



t+At 



Therefore, 



/t+At 
(|«. <Pkx,)\ + \(cu N , <Pk)\ + \(f,<Pk)\ + 



r(t)ip(x)tp k ds 



)dt. 



Applying the Cauchy inequality, (6), (7), (34) we obtain 

(■t+At 



J \u^.ipkx 3 \dxdt < AtC oust \\ip kx \\ L2m , 



r-t+At j. 

/ / \cu N ip k \ dx dt < AtConst H^fcxllwn) 

J t J S~2 

/t+At 
\r{t)\ j tp(x)ip k ds 



an 



dt -» 0 as At->- 0; 



/•t+At /■ 

/ / \f<p k \dxdt<At\f\ 

Qt,t+At IIVfc|ll,2(n) ' 

Therefore |Zjv,fe(* + At) — Zjv,fe(^)| < s(At) Hv/c II w^(O)' wnere e(At) — > 0 as 
At — > 0 and e(At) does not depend on N. It means that Ix.k, N — k, k + 1, . . . , 
are uniformly continuous with respect to t. 

Then we choose a subsequence N m for which the functions Zjv m ,fc(i) converge 
uniformly on [0, T] to some continuous function l k (t) for every k — 1, 2, .... 



Define the function u = ^ l k (t)ip k (x). Let us show that the sequence 



.at„ 



fe=i 



weakly converges to w(x,i) in £ 2 (r2) uniformly with respect to t € [0, T]. To 
this end we consider an arbitrary function ip(x) G L,2{£1). We shall show that 
(u Nm - u, if) -+ 0 as N m -+ oo. We have 



(u Wm -u,ip)= u Nm - u,^2(ip,<p k )<Pk = ^{v,Vk){u Nm - u,ifk)+ 



k=i 



u Nm — u, 



\ fc=s+l / 

Estimate the second term on the right-hand side part of (35): 



(35) 



fc=s+l y 



< l« 



X] ((p,<^fc)(y5fc 
fc=s+l 
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= \\u N ™-u\\ 2 



\k=s+l J 



where R(s) is the remainder of the convergent Fourier series, Mi does not depend 
on N m . We choose such s that MiR(s) is less than e\ > 0. 
Consider the first term on the right-hand side part of (35): 

s s 

^2(ip,(p k )(u Nm -u,tp k ) = ^2((p,tp k )(i Nm ^ k - i k ). 

k=l k=\ 

From the uniform convergence of ln m ,k to l k in [0, T] it follows that for fixed 

s 

s the sum ^^(y, tpk)(lN m ,k — h) can be made less than an abitrary small number 

k=l 

uniformly for every t £ [0, T] . Therefore, | (u Nm — u, ip) \ < e\ for every t £ [0, T] . 
It means that the sequence {u Nm } weakly converges u(x,t) in L 2 {H) uniformly 
for t in [0,T]. 

Therefore, the sequence {u Nm } has a subsequence which weakly converges to 
the function u in L 2 (Qt) with u^ m . Applying the property of weak convergence 
for the limit function also we have that |u|q t < Const. Hence, u £ V 2 (Qt)- 

We need only to show that this limit function is a required generalized solu- 
tion. To show that (14) is valid we multiply (31) by d k (t) £ C^O, T], d k {T) = 0, 
take the sum with respect to k from 1 to N' < N and integrate the result with 
respect to t from 0 to T. We have 

j\-(u N ,*?') + «,<) + (cu N ,<S> N '))dt = j\f,$ N ')dt+ 

+{<p(x),$ N '{x,0)) + [ [ r(t)ip(x)$ N ' dsdt, (36) 
Jo Jon 

N' 

where ® N ' (x,t) = ^d k (t)ip k {x). 
fe=i 

Since the functions & N , $f , $^ £ L 2 {Qt) and subsequence m""" weakly 
converges in L 2 (Qt), so it is possible to pass to the limit in (36) for the chosen 
subsequence N m with a fixed N' . This gives us (36) for u(x, t) £ V 2 (Qt)- 



f (-(u,$f)+(u Xj ,^:)+(cu,$ N '))dt= f (f,^ N ')dt+ 

Jo Jo 

+ (p(x),<S> N '(x,0)) + [ [ r(t)yj{x)$ N ' dsdt, (37) 

00 

As the set $ = (J § N> is dense in W%{Q T ) [12], it follows that the limit 



iV'=l 



relation is fulfillednfor every function $(x,t) £ W 2 {Qt) and hence, u is the 
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solution of the problem (1), (2), (5). Thus, the pair (u m , r' m 



) is defined correctly. 
We shall prove that the sequence {(u m ,r m )} is fundamental. Assume that 



m+l _ m 



u m , p m = r m+1 - r m . Then from (29), (30) we obtain 



p m (t) = 



h(t) 



[ Kz m ~ 1 dx + [ K x z 
Jn Jn 



m—l 



dx 



and 



{-z m r H + z™r lx +cz m r l )dxdt= f p m (t)tp(x)r) ds dt, 

Qt St 



(38) 
(39) 



Vi?(s,t) G WHQt), v(x,T) = 0, Vm= 1, 2, .... 
Consider |b m |lz, 2 (o,T)- From (38) it follows that 



Using the Cauchy inequality we obtain 



(p m ydt<^ 



K 2 dx 



m-l\2 



ydx) + 



f Kldx)(f 
Jn / \Jn 



{z^fdx 



dt<M^-% 2{Qr) 



(40) 



where positive constant M depends on K, h, T. From (39) and lemma 3.2 the 
following equality is valid 

1 [ (z m ) 2 dx+ f (z x n fdxdt = - [ c(z m ) 2 dxdt + [ z m p m i>dsdt. (41) 

2 Jn Jq t Jq t Js t 

From (41) and arguments of the proof of lemma 3.3 we obtain that 

\z m \v 2{ Q T ) < V^Gexp [( Cl + a(e)(2 £ )- 1 )r] \\p m \\ L2{0 , T y (42) 
Therefore, from (40), (42) it follows that 

\z m \v 2 (Q T ) < V^GMexp [(d + a ( £ )(2 £ )- 1 )r] \z m - l \ v , ( Q T y 
||p m ||L 2( o,r) < yfiVGMexp [(d + a(e)(2 £ )- 1 )r] b™" 1 ^^). 
Choose £o > 0 and 0 < <r < 1 such that 0 < ^/eqVGM < ^ and 
exp[( Cl +a( eo )(2 £o )- 1 ) ( 7] < Then \z m \ v , (Qa) < ^V^), 



l|p m ||L 2( o, CT ) < s l|p" , - 1 |U a (o,<.), Vm=l, 2, where Q T = fix(0,4 

Hence, the sequence {(u m ,r m )} is fundamental in V2{Q a ) x L 2 {Q 1 <j). It 
means that there exists the unique pair of functions {u,r) G V2{Q a ) x £2(0, a) 
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such that u m — > u in V2(Q a ) and r m — > r in £2(0, cr). 

Letting m — > 00 in (29), (30), we obtain that the pair (u, r) is a local solution 
of the problem (1), (2), (5), (8) in the cylinder Q a . Taking into account the 
compatibility condition (17) we can see that r(0) = 1. 

Uniqueness. Suppose there exist two different pairs of solution (ui, ri), (tii, ri) € 
V~2(Qcr) x £2(0,0-). From the section 2 it follows that 

3 3 

K - u 2 \v 2 (Q a ) <^\ui- u 2 \v 2 (Q t7 ), Iki - r 2 ||L 2 (o,a) < ^Iki - r- 2 |U 2 (o,a)- 

Hence, u\ = u 2 in V 2 (Q a ) and n = r 2 in L 2 (0,cr) and the solution of the 
problem (1), (2), (5), (8) is unique in the cylinder Q a . 

Now we are to prove the existence and uniqueness of the solution in the 
whole cylinder Qt- Let t > a u(x, a) — ip(x, a), where ip(x, cr) be a value of the 
local solution u(x, t) when t = a. 

Repeating described calculations for a < t < 2<r we obtain 

Q 

\ z lv 2 (Q a , 2a ) < lv 2 (Q a , 2a ), 

lb m |U 2 (.,2 CT) < ^|b m - 1 |U 2 (a,2a), Vm=l,2, .... 

From these inequalities and sections 1,2 it follows that there exist the unique 
solution of the problem (1), (2), (5), (8) as a < t < 2a. 

Repeating these arguments, for a finite number of steps we conclude that 
there exists the unique solution (u,r) of the problem (1), (2), (5), (8) in the 
whole cylinder Q T . 
This ends the proof. 



5 Conclusion 

In this research we consider the problem for the multidimensional parabolic 
equation with the first order nonlocal integral condition which cannot be reduce 
to the second order nonlocal condition as it can be done in one-dimensional 
case. We establish the connection between nonlocal and inverse problems and 
applying this useful result to prove existence and uniqueness of the solution of 
the nonlocal problem. 

Acknowledgements 

The author would like to acknowledge Ludmila S. Pulkina for her consistent 
assistance and support and Fabio A. C. C. Chalub for his useful comments. 



12 



On one nonclassical problem for a 
multidimensional parabolic equation 
Olga Danilkina 



278 



References 

[1] Cannon J.R., The Solution of the Heat Equation Subject to the Specification of 
Energy, Quart. Appl. Math., 21, 155-160 (1963). 

[2] Kamynin L.I., On a boundary value problem in the theory of heat conduction 
with nonclassical boundary conditions, Comp. Mathem. and Math. Phys., 4(6), 
1006-1024 (1964). 

[3] Samarsky A. A., On some problems of the theory of differential equations, Dif- 
feren. uravn., 16(11), 1925-1935 (1980). 

[4] Ionkin N.I., The solution of one boundary value problem of the theory of heat 
equation with non-classical bundary condition, Differen. uravn., 13(2) 294-304 
(1977). 

[5] Pul'kina L.S., Non-classical equations of mathematical physics, Publishing House 
of the Institute of Mathematics , 231-239 (2005). 

[6] Kozhanov A.I., On one non-local boundary problem with variable coefficients for 
heat equation and Aller's equation, Differen. uravn., 6, 763-774 ( 2004). 

[7] Kostin A.B, Prilepko A.I., On some problems of boundary condition reconstruc- 
tion for a parabolic equation. I, Differen. uravn., 1, 107-116 (1996). 

[8] Kostin A.B, Prilepko A.I., On some problems of boundary condition reconstruc- 
tion for a parabolic equation. II, Differen. uravn., 11, 1519-1528 (1996). 

[9] Pontryagin L.S. Ordinary differential equations. 4th edition, Scince, Moscow, 1974. 

[10] Ladyzhenskaya O.A. ,Solonnikov V.A., Ural'ceva N.N. Linear and quasi-linear 
parabolic eqations, Scince, Moscow, 1967. 

[11] Ladyzhenskaya O.A, Boundary value problems of mathematical physics, Scince, 
Moscow, 1973. 

[12] Mikhaylov V.P., Partial differential equations, Scince, Moscow, 1976. 



13 



J. CONCRETE AND APPLICABLE MATHEMATICS, VOL. 13, NO.'S 3-4,279-300 ,2015, COPYRIGHT 2015 EUDOXUS PRESS LLC 

279 



Multivariate Fuzzy-Random Perturbed Neural 
Network Approximation 

George A. Anastassiou 
Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152, U.S.A. 
ganastss@memphis.edu 

Abstract 

In this paper wc study the rate of multivariate pointwise and uni- 
form convergences in the g-mcan to the Fuzzy-Random unit operator of 
perturbed multivariate normalized Fuzzy-Random neural network oper- 
ators of Stancu, Kantorovich and Quadrature types. These multivari- 
ate Fuzzy-Ranfom operators arise in a natural way among multivari- 
ate Fuzzy-Random neural networks. The rates arc given via multivari- 
ate Probabilistic-Jackson type inequalities using the multivariate Fuzzy- 
Random modulus of continuity of the involved multivariate Fuzzy-Random 
function. Also some interesting results in multivariate Fuzzy-Random 
Analysis are given of independent merit. 
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Key words and phrases: Fuzzy-Random analysis, Fuzzy-Random neural 
networks and perturbed operators, Fuzzy-Random modulus of continuity, Fuzzy- 
Random functions, Jackson type probabilistic inequalities. 

1 Fuzzy Random Analysis Basics 

We begin with 

Definition 1 (see [16]) Let fi : R — > [0, 1] with the following properties: 

(i) is normal, i.e., 3 x 0 G R : (i(xq) = 1. 

(ii) fi (A.x + (1 - A) y) > min{^ (x) , [i {y)}, V x, y e R, V A e [0, 1] (fj, is 
called a convex fuzzy subset). 

(Hi) \i is upper semicontinuous on R, i.e., V x 0 e R and V e > 0, 3 neigh- 
borhood V (xq) : /U (x) < /j, (x 0 ) + e, V x £ V (x 0 ) . 
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(iv) the set supp (/x) is compact in R (where supp(/i) := {x G R; fi (x) > 0} ). 

We call /i a fuzzy real number. Denote the set of all /x with R^r. 

E-9-i X{x a } <= R^, for any xq € R, where X{x 0 } * 5 ^ e characteristic function 

at Xq. 

For 0 < r < 1 and /x G Rjc define [/x] r := {x e R : /x (x) > r} and 
[fj]° := {x e R : /x(x) > 0}. 

Then it is well known that for each r € [0, 1], [/u] r is a closed and bounded 
interval of R. For it, v € R^- and A e R, we define uniquely the sum u © v and 
the product A 0 u by 

[u©i>] r = [< + [<, [A 0ii] r = A [it] r , Vre[0,l], 

where [u] 7 + [v] 7 means the usual addition of two intervals (as subsets of R) and 
X[v] r means the usual product between a scalar and a subset of R (see, e.g., 
[16]). Notice l0ix = it and it holds u®v = v@u, \Qu = uQ\. If 0 < n < r 2 < 1 
then [u] r2 C [u] ri . Actually [txf = [Z',^" 



V r e [0, 1] . 
Define 



by 



where [v] 7 



. where u^ < u+\ u^\u^ e 



D : Rjr x Rjr — > R + U {0} 

\ fl M (r) (r) (r) \\ 

D (it, v) :— sup max < ix_ — v_ , uy — v + \> , 



(r) (r) 

i>_ , i>Y 



r€[0,l] 

u,v £ Rjr. We have that D is a metric on Rjr. Then 



lp,D) is a complete metric space, see [16], with the properties 

D (it © w, v © w) = D (u, v) , V «,t),w € R;f, 
D (fc 0 ix, k 0 u) = |fc| D (it, v), Vu,ce Rjr, V fc e R, 
I? (tx © i>, w © e) < D (it, w) + D (i>, e) , V ix, v, w, e e R^. 



(1) 



Let /, g : R — > R^- be fuzzy real number valued functions. The distance between 
/, g is defined by 

D* (f,g) :=su V D(f(x),g(x)). 

(r) (r) 

On R^r we define a partial order by "<": it, v G R^-, ix < v iff ix_ < v_ and 



itf <i;^, Vre [0,1]. 
We need 

Lemma 2 (75/,) For ant/ a, oeR:a-o>0 and any it e Rjr we /tai;e 

£> (a 0 ix, 6 0 ix) < \a-b\ ■ D (u,o) , (2) 
where o e Rjr is defined by o := X{o}- 
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Lemma 3 ([5]) 

(i) If we denote o :— X{o}> then o <G R^r is the neutral element with respect 
to ©, i.e., u © o = o © u — u,y u e Rjr. 

(ii) With respect to o, none of u G Ry, h/o has opposite in Rjr. 

(Hi) Let a,b G R : a-b > 0, and anyu G Rjr, we have (a + b)Qu — aQu(BbQu. 
For general a, b G R, the above property is false. 

(iv) For any A G R and any u, v G Rjr, we have Xo(u(Bv) = \Ou(B \&v. 

(v) For any A,/i£l and u G Rjr, we have A 0 (ji 0 u) = (A • /f) 0 u. 

(vi) If we denote \\uWp := D(u,d), V u G R^, i/ien H'H^ /ias t/ie properties 
of a usual norm on R^, i.e., 

\\u\\ F = 0iffu = d, ||A0u||^ = |A|-NU, 
llue^^lHI^+IHI^, \\u\\ F -\\v\\ F <D(u,v). (3) 

Notice that (R^, ffi, 0) is not a linear space over R; and consequently (Rp, IHIjr) 
is not a normed space. 

As in Remark 4.4 ([5]) one can show easily that a sequence of operators of 
the form 

L n (/) (x) := f {xk n )®w n>k {x), n G N, (4) 

fc=0 

denotes the fuzzy summation) where / : R d — > Rjr, x/^ G R d , d G N, 
w ni fc (x) real valued weights, are linear over R d , i.e., 

(A 0 / 8 Ii 0 g) (x) = A 0 L n (/) (a;) 0 // 0 L n (g) (x) , (5) 

VA, fi G K, any z G M d ; /, 5 : M d -> Mjf. (Proof based on Lemma 3 (iv).) 
We further need 



Definition 4 (see also [14], Definition 13.16, p. 654) Let (X,B,P) be a prob- 
ability space. A fuzzy-random variable is a B-measurable mapping g : X — > Rjr 
(i.e., for any open set U C R^, in the topology ofR^r generated by the metric 
D, we have 

g- 1 (U)^{seX:g(s)eU}eB). (6) 

The set of all fuzzy-random variables is denoted by L^{X,B,P). Let g n ,g G 
Cjr (X,B, P), n G N and 0 < q < +oo. We say g n {s) q '"^ an g (s) if 

lim f D(g n (s),g(s)) q P(ds) = 0. (7) 

Remark 5 (see [14], p. 654) V f,9 € C r {X,B,P), let us denote F : X -> 
R+ U {0} &y F (s) — D (/ (s) ,5 (s)), s G X. .Here, F is B-measurable, because 
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F = G o H , where G (it, v) = D (u, v) is continuous on x R^-, and H : X — > 
Rjr x R^, H (s) = (/ (s) , g(s)), s € I, k B -measurable. This shows that the 
above convergence in q-mean makes sense. 

Definition 6 (see [14], P- 654, Definition 13.17) Let (T, T) be a topological 
space. A mapping f : T — > Cj? (X,B,P) will be called fuzzy-random function 
(or fuzzy-stochastic process) on T. We denote f (t) (s) — f (t,s), t GT, s e X. 

Remark 7 (see [14], p. 655) Any usual fuzzy real function f : T — > Rjr can 
be identified with the degenerate fuzzy-random function f (t, s) = f (i), V t e T, 

sel. 

Remark 8 (see [14], p. 655) Fuzzy-random functions that coincide with prob- 
ability one for each t e T will be consider equivalent. 

Remark 9 (see [14], p. 655) Let f,g : T -> C^(X,B,P). Then f © g and 
k 0 / are defined pointwise, i.e., 

(/ © 9) (*, s) = f (t, s)®g (t, s) , 

(k 0 f)(t,s) = k® f (i, s) , t eT,s e X. 

Definition 10 ('see a/so Definition 13.18, pp. 655-656, [14]) For a fuzzy- 
random function f : R d — > Cp{X,B,P), d e N, we define the (first) fuzzy- 
random modulus of continuity 

n { P (f,5) Lq = 

sup | I?" (/ (x, s) , / (y, s)) P (ds)) ':x,!/eM J , \\x - y\\ h < 5 j , (8) 
0 < 6, 1 < q < 00. 

Definition 11 (70/j Pere 1 < q < +oo. Le£ / : R d £^ (X,B,P), d G N, 
&e a /izzzy random function. We call f a (q-mean) uniformly continuous fuzzy 
random function overR d , iffM e > 0 3 S > 0 -.whenever \\x — y\\ t < 5, x,y e R d , 
implies that 

f (D(f(x,s),f(y,s))) g P(ds)<8. (9) 
We denote it as f e Cp q R (R d ) . 

Proposition 12 ([9]) Let f e . T/ien (/, r5) Lg < oo, any (5 > 0. 

Proposition 13 ([9]) Let f,g : R d -> C^(X,B,P), d <= N, fee /uzzj/ random 
functions. It holds 

(i) fl\ {f,5) Lq is nonnegative and nondecreasing in 6 > 0. 
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(ii) limO^ = (f,0) Lq — 0, iff f & C% 

0\.\J 

(Hi) (f,s 1 + s 2 ) Lq < sif* + (/,fc) L „ > 0. 

H fiP (/.n*) L « < 5 > 0, n e N. 

H (/, XS) Lq < \X] tip (/, S) L9 < (A + 1) of } (/, <5) L9; A > 0, J > 0, 
w/iere [•] is the ceilling of the number. 

(vi) nf ] (/ 0 g, 8) Lq < n { P (/, tf) i4 + Of > ( 5 , <5) L9 , 5 > O. Fere / © 5 zs a 
fuzzy random function. 

(vii) 0.^ (/, is continuous on R +) /or / e C^, (R d ) . 

We give 

Definition 14 (77/,) Lei / (i, s) be a stochastic process from R d x (X, B, P) into 
R, c? € N, w/iere (X, 2?, P) is a probability space. We define the q-mean multi- 
variate first moduli of continuity of f by 

toi{f,S) Lt := 



sup :x,yeR d , \\x - y\\ h < 6 



(10) 



S > 0, 1 < q < oo. 

For more see [7]. 
We mention 



Proposition 15 (/<?/,) Assume that fl\ (f,S) Lq is finite, S > 0, 1 < q < oo. 
TTien 

«P (/, «) L , > sup max (,f W , «s) , O x M r) , } . (11) 

re[0,l] 1 v ' L " v /Lq) 

The reverse direction "< " "is not possible. 

Remark 16 ([9]) For each s <G X we define the usual first modulus of continuity 
off(;s) by 

(/(■,«), 5):= sup D(f(x,s),f(y,s)), S > 0. (12) 

x,y£R d 

Therefore 

D"(f(x, S ),f(y,s))< (JP(f(;s),S)y , (13) 
Vsel and x, ye R d : \\x - y\\ h < 5, S > 0. 
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Hence it holds 



L 



f D" (/ (x, s) , f (y, a)) P (dsfj 9 < (ojP (/ (-, s) , 6)) * P (ds) 



(14) 



V x,y£R d : \\x - y\\ h <5. 
We have that 



i 

dP(f,S) LV <^J x (jP(f(.,s),6)yP(ds)y, (15) 

under the assumption that the right hand side of (15) is finite. 
The reverse "> " of the last (15) is not true. 

Also we have 

Proposition 17 ([6]) (i) Let Y (t,oj) be a real valued stochastic process such 
that Y is continuous int € [a, b]. Then Y is jointly measurable in (t,ui) . 

(ii) Further assume that the expectation (E\Y\)(t) € C([a,b}), or more 
generally J a (E \Y\) (t) dt makes sense and is finite. Then 

E (^j a Y(t,u)dtj = (EY)(t)dt. (16) 

According to [13], p. 94 we have the following 

Definition 18 Let (Y, T) be a topological space, with its a-algebra of Borel 
sets B := B(Y,T) generated by T. If {X, S) is a measurable space, a function 
f : X — > Y is called measurable iff / _1 (B) € S for all B € B. 

By Theorem 4.1.6 of [13], p. 89 / as above is measurable iff 

f- 1 (C) e S for all C e T. 

We would need 

Theorem 19 (see [13], p. 95) Let (X,S) be a measurable space and (Y,d) be 
a metric space. Let f n be measurable functions from X into Y such that for 
all x G X, f n (x) — > f (x) in Y. Then f is measurable. I.e., lim /„ = / is 

n^oo 

measurable. 
We need also 

Proposition 20 Let f,g be fuzzy random variables from S into Rjr. Then 

(i) Let ceR, then c 0 / is a fuzzy random variable. 

(ii) f © g is a fuzzy random variable. 
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For the definition of general fuzzy integral we follow [15] next. 

Definition 21 Let (£!,£, /x) be a complete a-finite measure space. We call F : 
Cl — > Rj: measurable iffV closed B CI the function F^ 1 (B) : — > [0, 1] defined 
by 

F- 1 (B) (w) := supF (w) (x) , all w e ft (17) 

x£B 

is measurable, see [15]. 

Theorem 22 ([15]) For F : Q —> Ryr, 

F (w) = | (> W (w) , F} r) (tu)) |0 < r < l} , (18) 

i/ie following are equivalent 

(1) F is measurable, 

(2) V re [0, 1], F W , F} r) are measurable. 

Following [15], given that for each r € [0,1], F^~\ F^ are integrable we 
have that the parametrized representation 

| (^J F { _ r) dfi, J F^d^j |0 < r < 1 J (19) 

is a fuzzy real number for each 4eE. 
The last fact leads to 

Definition 23 ([15]) A measurable function F : Q — > Rf, 

F{w) = H ,F} r) («;)) |0 < r < l} 

is called integrable if for each r e [0,1], F^'- 1 are integrable, or equivalently, if 
F± ^ are integrable. 

In this case, the fuzzy integral of F over AeSis defined by 

J Fd^i := | (^j F^d/i, J F^dfij |0 < r < 1 J . 

By [15], F is integrable iff w — > ||.F (w)!^ is real-valued integrable. 
Here denote 

Hull^ := D (u,o) , Vae%. 

We need also 
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Theorem 24 ([15]) Let F,G : O -> be integrable. Then 

(1) Let a, b S R, then aF + bG is integrable and for each A € S, 

[ (aF + bG)d[i = a [ Fd^i + b [ Gdfi; (20) 

J A J A J A 

(2) D (F, G) is a real- valued integrable function and for each A e E, 

D^J Fdfi,J Gd^j < J D (F, G) d/j,. (21) 



In particular, 



J Fd^i 



< 



JjF\\ r d». 



(22) 



Above \x could be the Lebesgue measure, in this article the multivariate 
Lebesgue measure, with all the basic properties valid here too. 
Basically here we have 



Fdfi 



F^dfi, I FX'dn 
'a 



i.e. 



[j/d^ ' ' = J^dfi, Vre [0,1]. 



(23) 



(24) 



Next we state Fubini's theorem for fuzzy number-valued functions and fuzzy 
number- valued integrals, see [15]. 

Theorem 25 Let Si, and (Q2, ^2, H2) be two complete a -finite measure 
spaces, and let (f2i x f22,Ei x ^2, Hi x M2) be their product measure space. If a 
fuzzy number-valued function F : fii x CI2 — > M^r is x ^-integrable, then 

(1) the fuzzy-number-valued function F(-,uj 2 ) ■ wi — > F(aj 1 ,w 2 ) * s Mi" 
integrable for uj 2 € ^2, H2~ a - e -j 

(2) the fuzzy-number-valued function uo 2 — > / n -F W2) ( w i) * s M2" 
integrable, 

and 
(3) 



Jn 



Fd{n x x /x 2 ) 



fix xf2 2 



We further mention 



n 2 \Jn 



F (u}i,u 2 ) dii x (uJi)j d[i2 (u> 2 ) 
F(u 1 ,cj 2 )dn 2 (w 2 ) ) d/Xi ( w i) • 



(25) 
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N 

Theorem 26 Let f : f\ [a-i,bi] — * (X,B,P), be a fuzzy-random function. 

i=l 

/-> \ -> N 

We assume that f I t , s j is /uzz?/ continuous in t € J| [a*, 6j], /or any sel. 

Then J N f I t ,s) dt exists in Ry- and it is a fuzzy-random variable in 
n KA] v ' 

s e x. * _1 

Proof. By definition of fuzzy integral we notice here that 

/(7,a) dt = 



/ M (T, s) dt, y w ^ /| r) (T, s) dt I |0 < r < 1 I , (26) 



/- 



i=i 



where d f is the multivariate Lebesgue measure on f[ [ a i, h]. Because / ( t , s ) 

is fuzzy continuous in t, we get that f±^ (t , sj,0 <r <1, are real valued con- 
tinuous in t, for each s £ X. Hence the real integrals f N f+^ ( t, s) dt 

i=l 

are multivariate Riemann integrals that exist, for each s£l. 
Thus f N f ( t ,s) dt € Mjf, i.e. it exists. 

i=l 

By Theorem 19 and the definition of multivariate Riemann integral we get 

that f jv f+ ^ ( t ,s)dt are P- measurable functions in s e X. 
n K,M V ) 

i = l 

Taking into account (24) and Theorem 22 we derive that f N f (t, s) dt 

i=l 

is a fuzzy-random variable insgX. ■ 

2 Main Results 

We arc morivated by [9], [11], [12]. 

Here the activation function b : R d — > R + , d e N, is of compact support 

B := II [-Tj-,^-], Tj > 0, j = 1, ...,d. That is & (x) > 0 for any x e B, and 

i=i 

clearly b may have jump discontinuities. Also the shape of the graph of 6 is 
immaterial. 

Typically in neural networks approximation we take b to be a d-dimensional 
bell-shaped function (i.e. per coordinate is a centered bell-shaped function), or 
a product of univariate centered bell-shaped functions, or a product of sigmoid 
functions, in our case all them of compact support B. 
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Example 27 Take b(x) — (3 (xi) (3 (x 2 ) .../? [xd), where (3 is any of the following 
functions, i = 1, d : 

(i) (3 (xj) is the characteristic function on [—1,1] , 

(ii) j3 (xj) is the hat function over [—1,1], that is, 

!1 + Xj, — 1 < xj < 0, 
l-Xj, 0<Xj<l, (27) 
0, elsewhere, 



(Hi) the truncated sigmoids 

(3{Xj): 



1+e _ Xj or tanhxj or erf (xj) , for Xj E [—Tj,Tj] , with large Tj > 0, 
0, x 3 ER- [-Tj,Tj], 



(iv) the truncated Gompertz function 
( _ -0 



[3(xj) = 



x 3 E [-Tj,Tj] ; a, 13 > 0; large Tj > 0, 
0, Xj ER- [-Tj,Tj], 



The Gompertz functions are also sigmoid functions, with wide applications 
to many applied fields, e.g. demography and tumor growth modeling, etc. 

Thus the general activation function b we will be using here includes all kinds 
of activation functions in neural network approximations. 

Here we consider functions / <G Cp" R (R d ) . 

Let here the parameters: 0 < a < 1, x = (x\,...,Xd) E K d , n E N; r — 
(>!,..., r d ) e N d , i = (ii,...,i d ) € N d , with ij = 1,2,..., rj, j = l,...,d; also let 

n r 2 r d 

Wi — Wi lt ...,i d > 0, such that zC ■•■ S w ii,—,*d ~ 1> m brief written as 

i 1 = l i 2 = l i d = l 

r 

^2 Wi — 1. We further consider the parameters k — (k\,...,kd) € Z d ; \i i 
i 

(/V-'MiJ e K+, ^ = (^ 1 ,...,^J e R+; and A, = A il; ... ii(J , ft = p iu ..., id > 0. 
Call i^ in = min{i/ il ,...,!/<„}. 

In this article we study in q-mean (1 < q < oo) the pointwise and uniform 
convergences with rates over Mr, to the fuzzy-random unit operator, of the fol- 
lowing fuzzy-random normalized one hidden layer multivariate perturbed neural 
network operators, where s E X, (X,B,P) a probability space, n E N, 

(i) the Stancu type 

(H™ (/)) (x, s) = (H™ (/)) ( Xl , x d , s) = (28) 

e£t_„» (£ © / -)) © 6 K-" (* - £)) 



10 



Multivariate Fuzzy-Random Perturbed Neural 
Network Approximation 
George A. Anastassiou 

289 



\ti=l i d = l V 1 / 

E£,_„. - e£=_„. * S - f) . S - 5 )) 

(ii) the Kantorovich type 

(*,*)= (29) 

EZU^C* 1 - (*-*)) = 

S - X (£■■■£ "'- ' (,/ • <•)" • 

fei=— n 2 fed =— n 2 \»i = l »d=l 

(30) 

and 

(iii) the quadrature type 

2 / r* \ 

E« E «* 0 / (I + -) 0 b (n 1 - (» - 1)) 
(M^ R (/)) a) = ^ 5 ^ = 

(31) 

2 2 / r l* r d* / ^ ^ \ \ 

Efc 1= -n 2 ■■■ Efe d = -n 2 E ••■ E w ii,...,id © / ( + ^ ' ■"' if + ^ ' S ) 1 0 
yii=l i<j = l N ' / 

E^-„ 2 ... E£=_„ a 6 (i 1 - (-i - W) . - . S - 5)) 



Similar operators defined for c?-dimensional bell-shaped activation functions and 
sample coefficients / (^) = /(^ L ,...,^ 1 ) were studied initially in [9]. 
In this article we assume that 

n> .™* d} fa + \ Xj \, Ip}, (32) 
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sec also [3], p. 91. 

So, by (32) we can rewrite the operators as follows ([•] is the integral part 
and [•] the ceiling of a number). 

We denote by T = (T 1; ...,T d ), [nx + Tn a ] = ([nxy + T in a ] , [nx d + T d n a }), 
\nx - Tn a ] = (\nxi - T\n a ~\ , \nx d - T d n a ]). It holds 

(i) 

(H™ (/)) (x, s) = (H™ (/)) ( Xl , x d , s) = (33) 

(ii) 

«*(/)) (*,*) = 

eBx-X-i (£ (» + © /o^ / (* + «) *) © & (*-*)) 

(34) 

[nxx+Ttn"}* [nx d +T d n a ]* / ri* r d * 

E - E E -E - ( n • /'< < • 

ki = \nxi-T 1 n a ] k d = [nx d -T d n<*] \ii = l i<j=l 

S-fF*^ ...// (*i + + X 1 :;;;;;-) ^-^) 0 

Wnzi+Tm"] ^[n^d+Tdn-] , / 1-a / h\ i_ a / _ fed \ \ 

l^k 1 =[nx 1 -T 1 n<='] ■■■ l^k d =[nx d -T d n<>] U V 1 \ Xl n ) ' "■> 11 \ Xd nil 

(35) 



b[n 1 - a (x 1 -^],...,n 1 - a (x d kd 



and 

(iii) 



n J \ n 



r* 



«*(/))(*,«) = ^ +Tnn] y 

(36) 



12 



Multivariate Fuzzy-Random Perturbed Neural 
Network Approximation 
George A. Anastassiou 



r hi+ T i»"]« 

^fc 1 =fTlX 1 ~T 1 Ti a l 



*i=r 



So if 



i 1 -" {*i - 'it) 



< Tj, all j — 1, d, we get that 



For convinience we call 



n 



[nx+Tn a ] . . u\\ 



< 



= \nx—Tn a ~\ 



b | n 1 "" I x x 



n 



[nx 1 +T 1 n a ] [nx d +T d n a ] 

E ••• E 

We make 

Remark 28 i/ere always k is as in 

-n 2 < nxj - T 3 n a < kj < nxj + T 3 n a < n 2 , 
I) We observe that 



k + \i i 



n + Vi 



< 



< 



k 



k 



n + Vi 



n + v l 



Next see that 
k 

— X 

n + Vi 



< 



k k 
n + Ui n 



— x 



+ 



+ 



n + Vi 



h + n + vf 



n 



< \\^\\ h , \\n h 

- n(n + uf ln ) n 1 -" 



.. llfclUHI, 2 , l|r|| tl 

< ; — H ; =: (*) . 

1 — a v ' 



n(n + vf 1D ) n 
We notice for j — l,...,d we get 

\k 3 \<n\x 0 \+T 0 n a . 
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Hence 



1/2 



<\\n\x\+Tn a \\ h <n\\x\\ l2 + \\T\\ l2 n a , 



where \x\ = (\xi\ , \x d \) . 
Thus 



(*)< 



(n||x|| i2 + ||T|| i2 n«)||^|| ;2 \\T\\ h 



n(n + vf n ) 



n 



l-a ' 



So we get 



k 

n + vi 



< (n\\x\\ l2 + \\T\\ l2 n«)\\ Vl \\ l2 | ||T|| ti 

r,l-a 



\ x\ 



n + uf 



INUir|| Ja 



|T|[ 



Hence it holds 



n 1 -" (n + ^ nin ) n 1 - 
k + p { 



n + v { 



— x 



< 



h 



n + vf n 
II) We also have for 



+ ^ imi« 1 + 



(n + vf n ) 



that 



0<tj < 



t H x 

n + Pl 



n + p, 



; 3 = 



n + p< 



+ 



k + X; 



n + Pi 



+ 



n + Pl 



n + Pi 



+ 



— x 



k + Xj 
n + Pi 

< 



< 



k 



d dXi 
+ 



n + Pi n + Pi 

d(l + Xj) 
n + Pi 

d{l + Xi) 



n + Pi 
k 



x 



n + p t 



n + Pt 



< 



+ 



n + Pi 
d{l + Xi) 



k k 




k 




+ 


X 


n + Pi n 




n 



< 



+ 



n + pi n(n 



, + Pi ) »*»'i+„i- ^ 



14 



Multivariate Fuzzy-Random Perturbed Neural 
Network Approximation 
George A. Anastassiou 

293 



d -^l + ^- (n\\ X \\ h + \\T\\ h n°) + ^ = 
n + p i n(n + pj v 1 1 ' n L a 

d(l + \j) | Pi\\x\\ h | Pl \\T\\ h | \\T\\ h = 
n + Pi (n + pi) n 1 ~ a (n + p i ) n 1_Q 



p i \\x\\ li +d(\ i +i)\ i + \\T\\ h 



n + Pt 



,1-a 



1 + 



Pi 



n + Pi 



(51) 
(52) 



W^e /iawe found that 



k + Xi 

t+ -x 

n + p t 



< 



At ||x|| ;i +rf(A a + l) ^ | \\T\\ h 
n + Pl ' 



1 + 



III) We observe that 



k i 


< 


k 


1 


i 


- + x 


X 


+ - 




n nr 


h 


n 


h n 


r 



n + Pi 



n 1 a n 



(53) 



(54) 



Convergence results follow. 

Theorem 29 Let f e (R d ) , 1 < q < +oo, x e R d and n e N such that 
max 



mas (Tj + \xj\,Tj ). (I • n • I. 7, I). TTiera 



/ D«((H™(f)) (x,s),f(x,s))P(ds 
Jx 



s)) < 



+ 



,1-a 



imi tl + 



HL 2 l|T|| i2 



(n + i/? 



»i=l id = l 



b 2 iFllt + llMil^ 



,1-a I IMHi, + („ + I/ min) 



L5 

(55) 



(56) 



Li 



where i — (ii, id) ■ 

As n — > oo, we gei i/ia< 



(if ™(/))(*,,)''-^ '/(*,-) 
roitt raies a£ the speed zrr=^- 
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Proof. We may write 

k=\nx-Tn a ] \i=l V 7 / W 

(57 

We observe that 

D((H™(f)) (x,s),f(x,s)) = 

'(5! 



^k=[nx-Tn a ] \*=1 

[nx+Tn a ]* / r* /, , x \ u<~,l-at„ k 

E E 

,fe=rna:-Tn°] \i=l 



n-YVi J I V (x) 



;+Tn Q ]* / r* / , \ 



6 (»'-«(*-*)) 



fc=|~rsx-Tn<*l \i=l 

[nx+7V»]. x 6(nWx- *)) \ - 

E E"<® /(*,*) q 1 V a;) tJ M < 



V (a;) \ ^— ^ V V n + ia 



Hence 



(61 



fc=rna;-Tn a ] V y \»=1 V V 7 

Thus it holds so far that 

D((H™(f)) (x,s),f(x,s))< 



1 

jT I>« ((if™ (/)) (or, 5) , / (x, s)) P {ds)j " < 
^ V (a;) 
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[nx+Tn a ] , , i 



E 

k=\nx-Tn"^ 



V(x) 



v*=l 



ft + /i, 



n + Z/,; 



(46) 

< (63) 



proving the claim 



n + z/f 



+ ^=s imii 1 + 



'Nl, 2 \\T\\ l2 
(n + vf n ) 



Li 



Corollary 30 (to Theorem 29) Let x e f[ [-7j>7j] c Rd > 7j > 0, 7 := 

i=i 

_ j_ 

Hi, ...,~f.,) and 11 €N such that n > max {T,-+7,-,T,- "j. JTien 

~ : 1 ,!\ J 



f Di((H™(f))(x,s),f(x,s))P(ds) 



< 



°°> n [-7j>7 3 -] 

3 = 1 



(n + ^ min ) 



(64) 



We continue with 



Theorem 31 All assumptions as in Theorem 29. Additionally assume that 
f (t, s) is fuzzy continuous in t € for each s € X . Then 

J x D" {(K™ (/)) (x, s) , / (x, s)) P (da)) 9 < 



^(/. r M -„:r +i) )^o 



ri r d 



j4s n — > 00, we yet 



n + PtJ J Li 

Pi 



(65) 



rates at the speed ^t=^- 

Proof. By Remark 5 the function F (t, s) := D (j (t + £±^-, sj , / {x, s)) is 

B- measurable over X with respect to s. Also F is continuous in t € M d , similar 
reasoning as in explanation of Remark 5, for each sel. 
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Thus for F(t,s), by joint measurability theorem of Caratheodory, see [1], 
p. 156, we get that F (t, s) is jointly measurable over R d x X. Hence in what 
follow we can apply Fubini;s theorem. 

We may rewrite 

[nx+Tn a ]* / r* -i_ , , . s \ 

« R (/)) (x,s)= £ £ Wi (n + P .f 0 / " " f( t+ ?±±,s)dt) 

k=\nx-Tn^ \i=l ^ V n + Pl J ) 

0 1 v^) ■ (67) 

We observe that 



fc=|"™:-Tn«l \»=1 ^ 



(s-*)) 

"T" (EM» + ft ,^/-;(, s ,,)e^pl))'l 

fe=[nx-T„«l \i=l - 70 / " W / 

(68) 

fc=[7lx-Tn<*] v y 



V(jc) 

k=\nx-Tn a ] v y 



\*=1 

That is it holds 



X> (n + Pl ) d Jj +Pt D^f (t + 



) ■/(■'■■••<■) ) ] 



£±£, a )./(.,-.*)),// |. ,70) 
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Hence (let p, q > 1 : i + \ = 1) 



[nx+Tn a ] ,( l- a I k\\ 

D«((K™(f))(x,s),f(x,s))P(ds)) < £ ~ " 



h — [nx—Tn a ] 



V{x) 



k + Xj 
n + Pi 



,s),f(x,s))dt\ P(ds) 



(71) 



(by Holder's inequality) 



[nx+Tn a ] 

< E 

k=[nx~Tn a ] 



V(x) 



( n + Pi) L 



\i=l 



X 



1 



(by Fubini's theorem) 



[nx+Tn a ] 

E \ 



b(n^(x- k -)) (* („ + p .) 



V(aO 



E 



l (™ + Pi) p 



(8) 



[ria;+Tn a ] 

E 



6 (n 1 - (*-*)) / * (n + Pi f 



V{x) 



E 



l (n + Pi) p 



., k + X t 

t H x 

n + Pl 



dt 



q \ (53) 



< 



1/ Li 



[nx+Tn a ] 

E 

k= \nx—Tn a ~\ 



6 (n 1 - (*-*)) / * (n + Pi ) d 



V(z) 



E w * 



(ra + pj" 



i oW /, /p i w Jl +d(A i + i)\ jmi^ 



n + Pi 



+ 



n 



l-a 



1 + 



n + Pi 



n + Pi 



(73) 



(74) 



i / / Li 



proving the claim. ■ 

The case of g = 1 goes through in a similar and simpler way. 
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Corollary 32 (to Theorem 31) Let x e f[ [-lj,l 3 ] C R d , > 0, 7 : 

i=i 

_ x 

(7i,---)7d) and n ^ N such that n > max ^{Tj + 7^-, TTierc 



A" 



(x, S ),/(x, S ))P(d,s) 



< (75) 



i=l ^ 

We finish with 



P,ll7ll ;i +rf(A« + l)^ , IITII^ (i+ r 



n + Pl 



n 



1-a 



n + Pi J J L« 



Theorem 33 All as in Theorem 29. Then 



Efl ((M™ (/)) ( x , a) , / (x, a)) P (ds) 

0 (F) ( f W T Wh , 

"1 + 



< 



(76) 



As n — > 00, we ge£ i/iat 



(M™ (/))(*,*) /(*,«) 
iwi/i raies af i/ie speed ^t=^. 
Proof. We may rewrite 

[nx+Tn"}* / r* , , 

(/))(*,-)= E E^®/u + ^.- 



y(x) 

(77) 



We observe that 



D((M™(f))(x,a),f(x,a)) 



[nx-\-Tn a ]* 



D 



E [E^©/^ + ^.-i 1 ■ 

,fcfni-Tn°l \t=l x 



t/(x) 



[ra+Tn°]t / r* \ 

E E^ 0 /^' 5 ) 0 

t=fni-Tn°l \i=l / 



6 ( n i-g (i) 



T'Mg^,^.,,,,,,,. (78) 

fc^nz-Tn"! V ; \i=l V V 
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Hence it holds 



/ D*((M™(f))(x,8),f(x,a))P\ 
Jx 



(da)) < 



["^1 b ( n i-*( x _k)) 

k= \nx— Tn a 1 



V(x) 



DUf( k + -,s),f(x, S ))P(ds)) I (7!)) 



x 



[nx+Tn a ] 

E 



V(x) 



» n 1 Q n 



(80) 



proving the claim. ■ 

Corollary 34 (to Theorem 33) Here all as in Corollary 30. Then 



j x D*{{M™{f)) (x,s),f(x,s))P 



(ds) 



< 



°°. n [-7j,7j] 

3 = 1 



0 tn ff \\ T \\h , 



(81) 



Comment 35 v4iZ i/ie convergence fuzzy random results of this article can have 
real analogous results for real valued random functions (stochastic processes) 
using Qi (f,S) Lq , see (10). 
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NOTES ON THE GENERALIZED HANKEL INTEGRAL TRANSFORM 
AND ITS EXTENSION TO A CLASS OF BOEHMIANS 
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Abstract 

In this paper we establish certain spaces of Boehmians for the generalized Hankel 
integral transform l v -,a,w,k,x- We estimate the generalization l 9 ^ a w . k A of l V ;a,w;k,\ an d 
explore some of its properties. Continuity of l g ^ a w . k A with respect to 5 and A - 
convergence is also discussed in some detail. 

Keywords: l m a,w,k,x Transform; l 9 r ^. a w . k A Transform; Generalized Function; Boehmian 
Space. 

1 INTRODUCTION 

Classical integral transforms have found their application in various areas of math- 
ematics, mathematical physics, engineering and some other differential equations 
that arise in certain physical problems. As some physical situations are governed 
by differential equations whose boundary conditions are not enough smooth but are 
generalized functions; it was of great importance to extend some classical integral 
transforms to generalized functions. Among those integral transforms that have ap- 
plications in the space of Boehmians we recall, but are not limited, some such as : 
Fourier transform [17] ; Radon transform [16, 19] ; Stieltjes tranform [20] ; Hartley - 
Hilbert and Fourier - Hilbert transforms [15] ; Hartley transform [6, 13] ; diffraction 
Fresnel transform [5] ; Fresnel wavelet transform [9] ; Hilbert transform [18] ; Fourier 
sine (cosine) transform [11] ; Ridgelet transform [1] ; Hankel [24] ; Wavelet [25] , and 
many others to mention but a few. 

In addition to this sequence of integrals, this paper investigates the integral 
transform [2] 

(l m *,w;k,xf) (*) = ^ / J J» (A (Zt)*) t W f (t) dt, (X > 0) , (1) 

with r] G C (Re > — 1) , a G C, w G C, k > 0 and A > 0, j M is the Bessel function 
of the first kind of order fi, f G Co is a continuous function of compact support on 
(0, 00) for the range of parameters that indicated. 
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The substitution a = w=^,\ = k = l gives the classical Hankel integral [10] 
(l v f)(x)= f°° (xt)3 3v (xt)f(t)ab, (2) 

J 0 

Tj € C, Re (ij) > — 1; x > 0, whereas, the substitution X = k,a = w = - — - is in fact 
a modified Hankel transform 



(3) 



77 G C,Re(7?) > -1; k > 0;x > 0 . 

Let / be a complex-valued function defined on (0, oo) . Then, the generalized 
Hankel transform (1) has thoroughly been investigated on the space l v<r of those 
complex- valued Lebesgue measurable functions defined on (0, oo) such that 



/oo 
|*V (*)!'■ 
0 



dx\ r 
x J 



where 1 < r < oo and \\f\\ v ^ = esssupx v \ f (x)\ , v £ (—oo, oo) . 

By 7 (t) we denote the maximum value function given by [1, (16)] 

7 (r) = max^,^, (4) 

where — I — T = 1 and 1 < oo. 

r r 

By Y we denote the Mellin - type convolution product of first kind [10, 12] 

/oo 
y- 1 f(ty- 1 )g(y)dy, (5) 
o 

and, by V we denote the Schwartz' space of test functions of compact support defined 
on (0, oo) . 

Properties of the product T are enumerated as [3, 4] 

(i)(fYg)(t) = (gY f)(t); 

(n) ((/ + 9) Y h) (t) = (fYh) (t) + (gTh) (t) ; 

(in) (af T g) (t) = a (g T /) (t) , a is complex number ; 

(vi)((fYg)Yh) (t) = (fY(gYh))(t). 

For a complete investigation, we recall the following theorem [2, Theorem 4 (9)] 



Theorem 1 Let 1 < r < oo and 7 (r) be given as in (4) . If 1 < r < 00 and 
7 (r) < k (v — Re (w) — 1) + | < Re (77) + |; then for all s > r such that 

8 > (k(v- Re (w) - 1) + ^ 

and - + -7 = 1, the operator l v -a,w;k,x belongs to (l v>r , h- v+ Re( w - a ),s) and is 
further a one-to-one mapping from l v ^ r onto h-v+Re(w-a),s ■ 
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2 NECESSARY THEOREMS 

Theorem 2 Let f,g be l\ functions denned on (0, oo) and x > 0. Let x denote the 
product defined by the integral equation 

/oo 
y Re ^f(xy)g(y)dy. (6) 
o 

Then, we have 

(l V ;a,w;k,X {f Y g)) (x) = (l v -a,w;k,\f X ff) (x) , 

whenever the integrals exist. 
Proof Let f,g € ii. Then, the Fubini's theorem gives 

(l„-,k,x(frg))(x) = x° J™ Jfl (\(xt)^t w (fr g )(t)at 

/OO /* oo 

^ 3v(\{xt)$)t w J q f{ty- 1 )g(y)y- 1 dydt. 

Hence, change of variables yields 

(W*a(/Y <?))(*) = j^{xyY J^ 3lx (\{{xy)z^)z w f{z)dzy w --g{y)dy 

/oo 
i/^ ( W;M/) (xy)g(y)dy. 
o 

Hence, the theorem is completely proved. 



Theorem 3 Let /, g and h be Zi functions defined on (0, oo); then we have / x 
(grh) = (fxg)x h. 

Proof By using definitions (5) and (6) , we obtain 

/oo 
y Re( W -a) f {xy) {gYh) {y) dy 
0 

/oo / ;»oo \ 

q y Re(w - a) (J q t^giyt-^h^dtUy 

/OO f'OO 
t- l h{t) / y R < w -^f(xy)g{yt- 1 )dydt. 
o Jo 

As earlier, change of variables and Fubini's theorem yield 

/oo roo 
h(t) / (tz) Re ^f(x(tz))g(z)dzdt 
0 ./ 0 

/OO r'CO 
t w -"h{t) / ^^/((xtJ^J^CzJdzd* 
o V o 

/oo 
t Re(w_CTj (/ x g) (xt) h (t) dt. 
0 



i.e 



i.e 
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That is, 

(fx(grh))(x) = ((fxg)xh) (x) . 
This completes the proof of the theorem. 

For more convenience, let us consider the case where r = s and v = 
Therefore, we state and prove the requirements of construction. 

Theorem 4 Let / G l VjT and g G V. Then, / x g G l Vjr . 
Proof Let / G i„ r and g G X> be given; then we have 



Re (w - a) + 1 



/oo 
ix« (/x 5 ) (x)r 
0 



, y Re(l " ^ / ff (y) dy 

0 



dx 

x Jo 
By Jensen's inequality, we get 

\x v (f x 5 ) (x)| r - < / / 
o x J o J o 

/OO /'CO 
/ 
o J o 1 

dx 

(since — is a measure on 

x 



dx 

x 



V Re^-a) \r dX 

x y j {xy)g{y)\ dy — 

I x 

B.e(w-tr) r dX 

x y f{xy) \g{y)\dy— 



(0, oo) we can apply Jensen's inequality) 



i.e 



< 



y H g (y) 



dx 



\{xy) v f{xy)\ r -)m 

0 x 



Applying change of variables for (7) and using the fact that / G l Vjr imply 



\x v (fx g)(x)\ rdx < 

o x 



y 



(Re(ui— cr)— v)r+l 



/oo 
\z v f(z)r 
0 



dz 

z 



< M 



where 



f 00 dz 
"/ \z v f{z)\ r -, 
Jo z 

M= f y^ w ~ a) - v)r+1 g(y)\dy. 

J K 



Therefore, 

\\f*9\\ v , r <M\\f\\^ . 

The proof of the theorem is therefore completed. 

2.1 CONSTRUCTED SPACES OF BOEHMIANS 

Let us denote by A the set of all sequences (S n ) G V such that 



(8) 



/oo 
S n (x) dx = 1, 
0 



(9) 
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/oo 
\5 n (x)\dx < A, A G R,A > 0, 
o 



(10) 



supp(5 n (x) —>■ 0 as n —>■ oo, (11) 

then every sequence (5 n ) satisfying the equations (9) — (11) is called a delta sequence. 
Following theorems are needful for establishing the space ftfjfx of Boehmians. 

Theorem 5 Let / G l VjT and 4>,tp eV; then f x (cj) Y ip) = (f x <fi) x tp . 

Similar proof is already given to Theorem 3. Hence, we prefer we omit the 
details. 

Theorem 6 Let fi, fa G l Vj1 . and 4>i,4> 2 G £>; then we have 

(*) (/l + /2) X^ = /lX^|/ 2 X 

(ii)Let /„ — »■ / as n —>■ oo; then for every 4> G V we have /„ x </> — »■ / x 0 as 
n — > oo . 

Proof of this theorem is straightforward. It follows from simple integration. 

Theorem 7 Let / G l v>r and (<5 n ) G A; then / x S n — ► / as n — > oo in 

Proof Let / G i„ jr and (<5 n ) G A. Since the space V is dense in l V)T we can easily 
choose a G V such that 

ll/-«ll<e, (12) 

e > 0. 

By using (8) and (12) we get that 

\\(f - a) x S n \\ < M \\f - a\\ < Me. (13) 
Now, for each fixed x and y G (0, oo) , we define a function g such that 

g{y) = y x a [xy) . 

Therefore, g (y) G V and g(l) = s' u_1 a(a;). Hence, it is uniformly continuous 
on (0, oo) . Thus, for every choice of 0 < e, there can be found 5 > 0 such that 
\g (y) — g (x)\ < e whenever \y — x\ < 5. 

Since supp 8 n — > 0 as n — > oo there is an integer n\ G N such that 

supp S n C [—6, 5] , Vn > n\. 



In addition, let [a, b] be a bounded set such that supp a C [a, 6] . Hence, a (x) = 
0,Vx£ [a-<$,6 + 5]. 



306 



S.K.Q. Al-Omari 



Moreover, the fact that \(g (y) — g (1))| < e and Jensen's inequality imply 

/OO l>CO . R j . 

^ y (y e TO " « (zy) (y) dy - a (») 5n (*)J dy 



a x 



i.e 

i.e 
i.e 



< 



o Jo 

oo ;»oo 

x v / |(5(y)-5(l))| r |^(y)|dydx 

0 J 0 

6+5 



dx 

x 



/b+d / i-oo \ 
e r / K(y)My Ux 
a-S \J 0 / 

< e r (6 - a + 25) iV, 



(14) 



where 



iV 



l*n (y)|dy. 



Hence, by using (12) , (13) and (14) , we, for large values of n, write 

||/x^-/||; r < ||(/-a)x<5 n ||; r + ||ax ( 5 n -a||; r + ||a-/||; r 
< Me + e r (b - a + 25) N + e 
= (M + e 7 "" 1 (6 - a + 25) iV + l) e. 



Hence, / x 5 n —>■ f as n —>■ oo. 

D,A, 
K Z > 

A typical element in nf^'f^ is denoted by the equivalence class of quotients as 



The Boehmian space k? ,A 'J is therefore well defined. 

*>v,r 5 " 



{^ n } 



where {/„} G Z„ jr and {w n } G A. 



Definition 8 (i)The sum of two Boehmians 
by 



{/n} 

K}. 



{gn} 
W>n}J 



G k?' A 'J is defined 



.K}_ 



{gn} 



{/n x ip n +g n X w„} 



(ii)The multiplication of a Boehmian by a scalar in Kfj^ is defined by 



a 



{fn} 



{fn} 

K}. 



{W n } 



a G C, the space of complex numbers. 

(m)The operation x and the differentiation in nf'^ are defined by 



{fn} 
{u n } 



{9n} 



{fn x 9n\ 

{u) n T ip n } 



and V a 



{fn} 



{V a fn} 



Similarly, the reader can establish the space k.j 

Definitions for hkij -y CCLII be stated as follows. 



PAY 



307 



on a generalized Hankel integral transform and its extension to ... 

Definition 9 (i) The sum and scalar multiplication in K^fy are defined as 



{fn} 



+ 



{9n} 



and 



{fn} 



{fn V "<K + gn Y ^n} 



{w„} 



a 



{/n} 
{^n} 



{«/n} 



(ii)The operation T and the differentiation in nf'^'y are also given as 



\{fn}' 


T 


" {9n} ' 




" {fn Y g n } ' 


and £> a 


[{/n}" 






.K}_ 


Lou. 




_{uj n T V„}_ 









Definition 10 Let 



{/n} 



G nf^y ; then, by vertue of Theorem 2, we define the 



generalized Hankel transform Z^ e CT w . fe A of 



{/4 
K}. 



as 



( 


[{/n}~ 




{lr);cr,w;k,\fn} 






)- 


{^n} 



n;<J,w;k,\ 



which belongs to the space k?' A 'J . 

*>v ,r 5 

Theorem 11 The mapping in (15) is well - defined. 

Let f U \ = \^ n } G k? ,A, J ; then we have 
_Wn}\ LK}J lv ' r ' Y 

fn Y e m = g m T uj n . 
Employing the mapping (15) and Theorem 2 imply that 

lri;a,w;k,\fn * = ^"q;a,w;k,X9m * ^V, 
tt I ^"n:a,w,k,\fn} {ln;a,w;k,X9n} . T>,A,Y 

Hence, — — r \ ~ — \ \ m k, ' 



(15) 



(16) 



(17) 



Wn} 

Therefore, 



{ ln;<j,w;k,\fn} 



"1 * ' 



This completes the proof of the theorem. 

Lemma 12 l 9 J^„„„ , , is an isomorphism from /cf' A ' Y into n?' A 'J . 
Proof Let us first establish that Z£ e „„., , is one-to-one. 
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Given C,t«;fc,A 



{fn} 
Wn} 



jge 

n;a,w;k,\ 



{dn} 

K} 



. Then, it follows that l m a,w;k,\fn 



ICS 



e m = lri;a,w,k,\g m x 0J n . Therefore, Theorem 2 impl 

lrj;<r,w;k,\ (fn Y Cm) = lq;o ,w;k,\ (dm Y w n) • 

Employing the transform l v -a,w,k,\ implies f n T e m = g m Y uj n . That is, 



[Un}~ 






.{ w n}_ 




Lk>J 



Now we establish that lt e „ „„, , is onto. 

7y ,CT j (£/ jA,j/\ 



Let 



{^jj;(j,to;fc,A/ra} 



G *X^x Y be arbitrary; then l m a,w;k,\fnXu m = l m „,w;k,\fm 



x 



w„ for every choice of m,n G N. Hence, l m a,w;k,\ (fn Y u> m ) = l m a,w;k,\ (fm Y w„). 
That is, 



{/n} 
. _{w„}_ 

This complete the proof of the lemma. 



?j;o-,M>;fc,A 



{^;cr,to;fe,A/ra} 



The product T can also be extended to k?' A 'J in the sense that 



»7;<7,u>;fc,A 



{/n} 

.K}_ 

i.e 



Y 



i.e 



i.e 



Hence, by Equation 15, we obtain 

{/n} 



Tj;a,w,k,X 



.{W n }_ 



Y 



l ge 

rj;a,w;k,\ 



{fn Y 0} 
lr);<j,w;k,\ (fn Y 0) 

{lri;<r,w;k,\fn x 0} 
{w n } 



((By Equation 15)) 



((By Theorem 2)) 



{ l"r);a,w;k,\fn\ 
Wn} 



jge 

mcr,w;k,\ 



{fn} 

.K} 



x 4>. 



Theorem 13 The mapping Z^ e ( 
to 5 and A - convergence 



mtj,w;k,\ ' i„, r ,Y 



* 1 k?' A, J is continuous with respect 

*"V,r i 



Proof We show first that l 9 J~„ x : k, 
to 5 - convergence. 



k?' A 'J is continuous with respect 



Let /3 n -i- /3 in K^J A y as n — ► oo. Then, there are and in Z„ )r such that 



{fn,k} 



and f3 



' {ft} ' 

_Wk}_ 
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and f n>k f k as n oo for every fc G N. Therefore l v -a,w;k,xfn,k -> l v -a,w;k,xfk as 
n — ► oo in £„ r . Therefore, 



{^J7;cr,io;fc,A/n,fc} 



{ lr};a,w;k,\fk} 
Wk} 



as n -> oo in k 
That is 



/fle 

n;a,w;k,X 



T>,A,Y 



{/ra,fc} 



l 9£ 

ri;a,w;k,X 



{fk} 
Wk] 



as 77, — ► oo m k 



X>,A,Y 



Now, we establish the continuity of A with respect to A - convergence. 

Let {/3 n } ,/? G 'Hjfy ^ e gi ven sucn that /?„ ^ /3 in i^fjfy as n ^ oo. Then, 
we find {/„} G Z„ )r and {w n } G A such that (/3 n — (3) T u;„ = ^ 1 '' : 



/„ — »■ 0 as n —>■ oo. Therefore 
Hence, we have 
as n — > oo in l v r . Therefore 



fn and 



lr);a,w;k,\ {fn Y Wfc) 



{lri;a,w;k,\fn * 



— ln;cr,w;k,\fn * 0 



^n;a,w;k,X ((@n P) T w n) ~ (^ ;0 -,io;fe,A^ri ^n;a,w;k,X^) 



x w„ — ► 0 as n — ► oo. 



Hence > C.tsifc.A^n ^ l9 v -„, W ;k,xP as n ^ oo. 
The proof of this theorem is completed. 
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ELASTIC STRING WITH INTERNAL BODY FORCES 



IGOR NEYGEBAUER 



Abstract. The internal body forces arc included into the model of an elastic 
string. That allows to consider the steady state problems for infinite string. 
The body forces are considered as nonlocal forces. Variational formulation of 
the string problem is given using the principle of virtual work. Some analytical 
solutions of the stated boundary value problems are presented. 



1. Introduction 

The models of an elastic string are considered in many papers and books [1], 
[2], [3], [4], [5], [6], [7], [8], [9], [14], [16]. These models do not use any constitutive 
law for the internal body forces and they cannot give a solution of the steady state 
problem for the infinite string. There are exist MAC models in mechanics [10], [11], 
[12]. The MAC model for an elastic string is given in [13], where an additional 
term in form of a local internal body force was added to the string equation. That 
string model can consider infinite strings with zero displacements at infinity. This 
paper consider the nonlocal internal body forces and that allows to use arbitrary 
boundary conditions at infinity. 



2. Internal body forces 



The internal body forces could be considered from two points of view. The first 
one is that these forces are physical forces with their specific law. The second one 
is that the additional body forces are some corrections to the stated physical model 
to include the specific solutions into the MAC model. We will not go into detailed 
physical considerations of the deformations of a string like [13]. The constitutive 
law for the internal body forces of a string is taken in the following form: 



(2.1) 



/ = /i + h 



where 0 < x < L, L is the finite length of the string, L < oo, the first force /i is the 
resultant force of interactions between a given internal point of a string and other 
internal points. 

r-L 



(2.2) h = 



1 



ai [u{x] - u(x')] + a 2 



d 2 u 
dx 



2 (*) 



d u 
dx 2 



(x') 



dx'+ 



(2.3) 



a 3 



d 4 u 
dx^ 



(x) 



dx 1 



(x') 



dx' = 



Key words and phrases. Mechanical models, elastic string, internal body forces. 
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(2.4) 



a lU (x) + V2t^(x) + {x) - (ft, 



where a\, a 2 , a 3 are the material constants and the constant (ft equals 



(2.5) 



ft 



LJo 



d 2 u 

aiu(x') + a 2 -^(x') 



a3 dx* {x) 



dx'. 



The local internal body force ft was considered in [13] in the form 



(2.6) 



ft = a x u{x) + a 2 ^(x) + a 3 -^(x). 



The second force f 2 is the resultant force of interactions between a given internal 
point of a string and the boundary points. 



(2.7) 
(2.8) 
(2.9) 
(2.10) 



h = ft Hx) - u(0)] + ft 



f(0) 



+ft 
d 2 u 



d 4 u d 4 u , n . 



9a; 2 9a: 2 
+ ft [u(x) - u{L)\ + 



dx 2ix) -d^ iL) 



+ ft 



rP'n f)^n 
2fru{x) + 2ft ^ (ft + 2ft (ft - C 2 , 



where ft , ft , ft are the material constants and the constant C 2 equals 



(2.11) C 2 = ft [«(0) + u(L)} + ft 



d 2 u 



d 2 u 



d 4 u , n . <9 4 u, . 



/ = 7l «(x) + 72 _(a;) + 73 _( a ;) - ft 



The force / 2 was taken as / 2 = 0 in [13]. Then the equation 2.1 will take the form 
(2.12) 

where C — (ft + C 2 and 

(2.13) 7l = ax + 2ft, 72 = a 2 + 2ft, 73 = a 3 + 2ft. 

If the length of the string is infinite then u(oo) in the equation (2.11) will be replaced 
by the parameter p which could obtained satisfying the boundary condition. 

3. Statement of the problem 

Many books and papers consider the statement of the string problem, for example 
[3], [14], [15], [17]. The equation of one-dimensional motion of the string is taken 
in the form 



(3.1) 



_ d 2 u d 2 u . 

T0g x - 2 -f = Pg^- q (X,t), 



where ft) is the constant tension applied to the string, x~ is a Cartesian coordinate 
of a cross-section, 0 < x < L, L— is the length of the string, p— is the density of 
mass per unit length, u— is the transversal displacement of a cross-section, t— is 
time, q(x, t)— is the density of the transversal external body forces per unit length. 
The density of the transversal internal body forces per unit length is taken in the 
form of Eq. (2.12). 
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The following boundary conditions could be taken into consideration: 
(3.2) u(0) = u 0 ,u(L) = u L , 

d 2 v d 2 v 
(3.3, |«(0) -O.&D-O. 

The transversal forces at the ends of the string is given by 
(3.4) P(0) = -Tou'(O), P{L) = T 0 u'{L). 

4. Principle of virtual work and boundary conditions 

Consider a string with fa = 0. That means that the non-local internal body 
forces are included into the string equation. 

4.1. Case a 3 = 0. Consider the steady state problem given by the eq. (3.1) at 
a 3 = 0 

On Q^u 

(4.1) T °d^2 ~ aiU ~ a2 ~d x 2 + G + q = °' 

Let 5u(x) is a virtual displacement of the string and P(0), P(L) are the transversal 
forces acting at the end points of the string. Then multiplying the Eq. (4.1) by Su 
and integrating the result from 0 to L we will get 

f L ( d 2 u d 2 u \ 

(4.2) (T 0 —- aiU -a 2 ^+C + qj5u(x)dx = Q. 

We can use the integration by parts and transform the integral 

(4.3) / (T 0 - a 2 )u"5udx = (T 0 - a 2 )u'8u\^ I (T 0 - a 2 )u'5u'dx. 
Jo Jo 

If we substitute the eq. (4.3) into the eq. (4.2) then we obtain 

(4.4) / [(T 0 -a 2 )u'5u' + a 1 uSu-CSu-q5u\dx-(T 0 -a 2 )u'Su\o 
Jo 

or 

( 4 - 5 ) / I 6 [i T o - a 2)u 2 + a lU 2 ] dx = { (C + q)6udx+(T 0 -a 2 )u'Su\o. 
Jo 2 Jo 

The last term in the eq. (4.5) equals zero according to the prescribed boundary 
conditions eq. (3.2). Then the following variational problem is obtained: 

(4.6) S [ l [(T 0 - a 2 )u 12 + a lU 2 - 2qu] dx - 2 [ CSudx = 0. 

io 2 Jo 

The external transversal forces at the ends of a string should be calculated as 

(4.7) P(L) = T 0 u'{L),P{0) = -Tou'(O). 

If we accept the existence of the potential energy and the potential energy of a 
string is introduced in the form 

(4.8) n = \ [ [(T 0 - a 2 )u' 2 + am 2 ] dx 

2 Jo 

then the principle of virtual work could be applied: 

(4.9) SU = S'W, 
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where the variation of the potential energy is 

(4.10) m=\s ( [a lU 2 + (T 0 - a 2 )u' 2 } dx. 

2 Jo 

The virtual work of the external forces q, P and of a part of internal forces is 

(4.11) 5'W = [ (C + q)Sudx + P5u\L , 

J o 

where P is the transversal force applied at the ends of the string. If we substitute 
the eqs. (4.10), (4.11) into the eq. (4.9) then the following equation will be available 

(4.12) 5 j * [a lU 2 + (T 0 - a 2 )u' 2 } dx = J (C + q)Sudx + P5u\^. 

Subtracting eq. (4.12) from the eq. (4.5) we will get 

(4.13) [(T 0 - a 2 )u' - P] Sufi = 0. 

The eq. (4.13) shows that the following boundary conditions at the ends of the 
string could be applied: 

(4.14) P(L) = (To - a 2 )u'\ L ,P(0) = -(T 0 - a 2 )u'\ 0 
or 

(4.15) u 
is prescribed. 

4.2. Case a 3 ^ 0. Consider the steady state problem given by the eq. (3.1) 

& 2 u 0 2 u 0 u 

(4.16) T 0 — - ai u a 2 — a 3 — + C + q = 0. 

Let 5u(x) is a virtual displacement of the string and P(0), P(L) are the transversal 
forces acting at the end points of the string. Then multiplying the Eq. (4.16) by 
Su and integrating the result from 0 to I we will get 

f L ( d 2 u d 2 u d 4 u \ 

(4.17) ^ lT 0 ^-a 1 u-a 2 ^-a 3 ^+C + qj6u(x)dx = 0. 

We can use the integration by parts and transform the integrals 

(4.18) / a 3 u""6udx=[a s u'"Su\o - a 3 u'"5u / dx = 
Jo Jo 

(4.19) = a 3 u'"6u\% - a 3 u"6u'\% + [ a 3 u"5u"dx, 

Jo 

pL pL 

(4.20) / (T 0 - a 2 )u"Sudx = (T 0 - a 2 )u'5u\^ j (T 0 - a 2 )u'8u'dx. 
Jo Jo 

If we substitute the eqs. (4.18), (4.19), (4.20) into the eq. (4.17) then we obtain 

(4.21) / [(T 0 - a 2 ) u'Su' + a x u5u + a 3 u" 8u" - (C + q)5u] dx- 
Jo 

(4.22) -(T 0 - a 2 )it'<Mo + a z u "' 5u \o - a 3 u"8u'\% = 0 
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or 



(4.23) / \s [(T 0 - a 2 )v! 2 + a lU 2 + a 3 u" 2 } dx = 

Jo 2 



(4.24) 



/ (C + q)Sudx + [(T 0 - a 2 )u' - a 3 u'"] <Ho + a 3 u"Su'\%. 
Jo 



The last two terms of the eq. (4.24) equal zero because of the boundary conditions 
eqs. (3.2) and (3.3). Then the following variational problem is obtained: 

(4.25) S [ \ [(T 0 - a 2 )u 2 + a lU 2 + a 3 u" 2 - 2qu] dx - 2 / CSudx = 0. 
Jo 2 Jo 

The external transversal forces at the ends of a string should be calculated according 
to the eqs. (4.7). 

If we accept the existence of the potential energy and the potential energy of a 
string is introduced in the form 



(4.26) II = \ [ [(T 0 - a 2 )u 12 + a lU 2 + a 3 u" 2 } dx 

2 Jo 

then the principle of virtual work could be applied: 

(4.27) SU = S'W, 
where the variation of the potential energy is 



(4.28) SU = h [ [a lU 2 + (T 0 - a 2 )u' 2 + a 3 u" 2 } dx. 

2 Jo 



The virtual work of the external forces q, P and of the part of the internal forces is 

(4.29) S'W = [ (C + q)5udx + P5u\^ 1 

Jo 

where P is the transversal force applied at the ends of the string. If we substitute 
the eqs. (4.28), (4.29) into the eq. (4.27) then the following equation will be 
available 

(4.30) S J ^ [a lU 2 + (T 0 - a 2 )u' 2 + a 3 u" 2 } dx = (C + q)Sudx + P5u\%. 

Subtracting eq. (4.30) from the eq. (4.23), (4.24) we will get 

(4.31) [(T) — a 2 )u — a 3 u" — P] 8u\q + a 3 u"5u'\Q = 0. 

The eq. (4.31) shows that the following boundary conditions at the ends of the 
string could be applied 

• either u" = 0 or v! is prescribed, 

• either P = —a 3 u"' + (T 0 — a 2 )u' or u is prescribed. 
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5. Examples of string with local internal body forces 

5.1. Example of string without internal body forces. Consider a simple par- 
ticular example to show that the theory of the string with internal body forces has 
solution, where the classical problem does not have any one. 

Let us take the steady state problem without any given distributed external 
forces and the length of the string is infinite. Then the classical equation is 

If the boundary conditions are 

(5.2) u{0) = u 0 ^ 0, tt(oo) = 0, 

then it is easy to see, that the solution of the stated problem Eqs. (5.1), (5.2) does 
not exist. 

5.2. Example 1 of string with internal body forces. Consider now the same 
steady state problem for the string with the internal body forces. The differential 
equation of the problem at a 3 — 0 is 

d 2 u d 2 u 

(5.3) T 0 -— -a 1 u-a 2 -y^ = 0. 

The boundary conditions are the Eq. (5.2). The solution of the problem (5.2), (5.3) 
with internal body force exists and equals 

(5.4) u = u 0 cxp(Ax), 
where 



(5.5) A = — 



Oil 



To - a 2 



The above solution Eq. (5.4) exists if 

(5.6) T 0 > a 2 . 

The first of the eqs. (3.4) gives the following value of the transversal force applied 
at the origin 

(5.7) P(0) = -Tou'(0) = -T 0 u 0 X = T ^ 0 ^ . 

The second of the eqs. (4.14) gives the external transversal force applied at the 
origin 

(5.8) P = -(To - a 2 )u'(0) = WM^o - a 2 ). 

5.3. Example 2 of string with internal body forces. If we consider more 
general problem with internal body force and ^ 0, then the differential equation 
of the problem will take the form 

d 2 u d 2 u d 4 u 

(5-9) T °d^- aiU - a2 d^- a3 d^=°- 
The boundary conditions arc taken the Eqs. (5.1), (5.2): 

(5.10) u(0) = u 0 ^ 0, u(cxo) = 0, 

,~ , n d 2 u .. „ d 2 u , . 

(5.11) ^(0) = 0 I ^(oo)=0. 
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The boundary conditions Eqs. (5.11) are obtained as follows - we require that the 
equation Eq. (5.1) without body forces should be satisfied at the boundary or we 
can use the variational conditions. 

The solution of the problem with internal body forces Eqs. (5.9), (5.10), (5.11) 
exists and equals 



(5.12) 
where 

(5.13) 



u 0 



A 2 - A 1 



(A 2 exp Xix — \f exp X 2 x), 



Al,2 



I Tp - a 2 ± ^(T 0 - a 2 y - 
2a 3 



where two inequalities should be fulfilled. The first inequality is the Eq. (5.6) and 
the second one is 



(5.14) 



(T 0 - a 2 ) 2 - 4q; 1 q:3 > 0. 



The external transversal force applied at the origin according to the variational 
approach is 



(5.15) P(0) = -(T 0 - a 2 )u'(0) + a 3 u"'{0) 
The eq. (3.4) gives another expression of P: 

(5.16) P(0) = -Tou'(O) 



Uoy/ai (y/ctiai + T 0 - a 2 ) 



V^To - a 2 + 



yjT 0 -a 2 + 2^/a x a 3 



If the left hand-side of the Eq. (5.14) equals to zero, then the solution will take 
the form 



(5.17) u = u 0 ^l + 
where 

(5.18) A = 
Then the transversal end forces are 



A.-t 



exp(— Xx), 



2ai 



To - a 2 



(5.19) P(0) = -(T 0 - a 2 )«'(0) + a 3 u"'(0) = u 0 
and 



ai(T 0 - a 2 ) 



2a\a 3 



(T 0 - a 2 f 



(5.20) 



P(0) = -Tou'(O) - 



T 0 M 0 \/ai 
2(T 0 - a 2 ) 



correspondingly. 

The considered example of the string problem shows that the introduced internal 
body forces allow to obtain solutions in the cases, where the classical problem does 
not have any solution. 
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6. Examples of the string with nonlocal internal body forces 

6.1. Example 1 of string with finite length. Consider the problem 

(6.1) T 0 u" - (ai + 2ft)u + \ [ a lU dx + fiiiuo + u L ) = 0, 

^ Jo 

(6.2) u(0) = u 0 ,u(L)=u L . 
Let 

(6.3) 7i=ai+20i, 
and the constant is 

1 f L 

(6.4) C = — / aiudx + /3i(u 0 + Ml). 

^ Jo 

Then the equation(6.1) will take the form 

(6.5) T 0 u" - 7l u + C7 = 0. 
The general solution of the equation (6.5) is 

(6.6) u = A ie kx + A 2 e- kx + — , 

7i 

where Ai , A 2 are arbitrary constants and 

(6.7) k - 

If the equation (6.6) is substituted into the equations (6.2) and (6.4) then the 
following system of the three linear algebraic equations with respect to C,Ai,A 2 
will be obtained. 

(6.8) a x {e kL - l)A 1 - a x (er kL - 1)A 2 - 2^kLC = -fhkL{u 0 + u L ), 

(6.9) A 1 +A 2 + —C = u 0 , 

7i 

(6.10) e kL A 1 +e- kL A 2 + — C = u L . 

7i 

This system of equations could be easily solved and the solution of the problem will 
be the equation (6.6). 

6.2. Example 2 of the string with infinite length. Consider the problem given 
in example 1. Let L — > 0. It is supposed that the solution should be bounded. Then 
the equation (6.6) shows that 

(6.11) Ai=0. 

Then the equations (6.8), (6.9), (6.10) will take the form 

(6.12) C= y(«0 + «co), 

C 

(6.13) u 0 = A 2 + — , 

7i 

(6.14) Uoo = — . 

7i 
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Substituting the equation (6.12) into the equation (6.14) and simplifying the result 
the following consequence follows 

(6.15) Uq = Uoo. 

The equation (6.15) the contradicts to the real situation when we can apply the 
boundary conditions independent on both ends of a string. Therefore the statement 
of the problem should be improved. Let 

(6.16) T 0 u" - 7iu + C = 0, 

(6.17) u(0) = u 0 ,u(oo) = Uqo, 
where 

L 



i r 

3.18) C = — I a.\udx + (3\(uo + p), L 

L Jo 



p is a parameter which will be defined later. Following the solution of the examples 
1 and 2 the equations (6.12), (6.13), (6.14) will take the form 

(6.19) C=^-(u 0 +p), 

C 

(6.20) u 0 = A 2 + — , 

7i 

C 

(6.21) uco = — • 

7i 

The equations (6.19), (6.20), (6.21) give 

(6.22) A 2 =u 0 - Uoo , 

(6.23) p = 2 Uco - u a . 
Then the solution of the given problem is 

(6.24) u = {u Q - M 00 )e" fea: +Uoo- 
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Abstract 

In the first part we present a new characterization of finite dimensional 
Hilbert spaces in terms of minimal projections. If a finite dimensional 
Banach space X = (E n , || ■ ||) has the property that for every subspace V 
in X, the orthogonal projection from X onto V has the minimal norm, 
then the space X has to be isometric to the Hilbert space. 

In the second part we estimate the norms of minimal projections onto 
subspaces of X as operators from 1™ to 1% . In the case of hyperplanes the 
obtained bound is proved to be optimal. 

1 Introduction 

In this paper we will consider a finite dimensional Banach spaces X — 
(K'\ 1 1 ■ 1 1). The symbols S(X) and B(X) will, respectively, denote the unit 
sphere and the unit ball of X. We will use (•, •) to denote the standard 
inner product on R" and identify the dual space X* with (K n , | ■ 1 1») where 

\\x\l :=sup{(x,y) :yeS(X)}. (1) 

If V is a linear subspace of X then the set of all projections from X onto 
V is denoted by P(X, V). A projection Q from X onto V is called minimal 
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if 

\\Q\\=\(V,X) = mf{\\P\\:PeP(X,V)}. (2) 

If X is a Hilbert space (i.e., ||x|| = ||x|| 2 := \J (x, x)) then, for any 
subspace V of X, the orthogonal projection Pv onto V is the unique 
projection of norm one. In particular, the projection Pv is minimal, i.e., 
it has the least norm among all projections onto V. The main result of 
section 1 is the reverse statement: 

Theorem 1. If for every subspace V C X = (R", || ■ ||) the orthogonal 
projection is minimal then Y is isometric to a Hilbert space. 

Since the minimal projection onto every one-dimensional subspace of 
any Banach space has norm 1, the theorem will directly follow from the 
following statement: 

Theorem 2. If for every one- dimensional subspace V C X — (K n , | ■ ||) 
the orthogonal projection onto Y has norm 1 then X is isometric to a 
Hilbert space. 

Is is worth mentioning that there are many other characterizations 
of Hilbert spaces through projections (see a survey paper [7] for detailed 
information) and the relation between minimal projections and other class 
of projections (orthogonal or radial) is also being investigated (see [2], [6] 
and [10]). The results of Section 1 can be viewed in terms of characterizing 
minimal projections in the original norm || • || through minimality in 
norm. This leads to section 2 where we investigate the minimal projections 
equipped with p — > 2 norm (that is we will consider the projections as 
operators from i™ to Z£ ■)■ We can define a p — > 2 norm of a linear operator 
L : K n -> R" as follows 

||L||p-2= sup ||L!c|| a . (3) 
IMIp=i 

We obtain the theorem (see Theorem 11 and Theorem 12): 

Theorem 3. Forp > 2, the norms of all minimal projections as operators 

i _ i 

from lp to 1% are bounded by n 2 p . Additionally, for the class of minimal 
projections onto hyperplanes, this estimate is optimal (whenn is even) and 
the bound is attained for the hyperplane T := kerl = {x : Y17=i Xi ~ 0}- 

It is interesting to note that obtaining the sharp estimate for the norms 
of minimal projections onto hyperplanes in £p is an open problem (except 
for the cases p — l,2,oo, see [10]) although it is conjectured that the 
hyperplane T := kerl = {x : 5^™=i Xi = 0} ^ s tne worst possible case 
([ll])- 

2 Characterization of Hilbert Spaces. 

The purpose of this section is to establish a characterization of finite 
dimensional Hilbert spaces in terms of minimal projections. 

Before we prove the Theorem 2 we will need to define a few preliminar- 
ies (see Chapter 2 in [1]). By Hahn-Banach theorem, for every x £ S(X) 
there exists a functional / G S(X*) such that f(x) = 1. A point x £ S(X) 
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is called smooth if such functional is unique. The space X is called smooth 
if every point in S(X) is smooth. A well-known characterization of smooth 
points is the following 

Theorem 4. A point x G S(X) is smooth if and only if the norm | ■ | 
is Gateaux differentiable at x, i.e., for every y G S(x) the following limit 
exists 

.. Ilx + Aw II - \\x\\ ,, . ... 
hm II ^ "J := p'(x,y). (4) 

A point x G S(X) is called an exposed point if there exists a functional 
/ G S(X*) such that f(x) = 1 and for every y G S(X), y / x, f(y) < 1. 

Finally, the space X is called strictly convex if, for any x,y G S(X), 
x / y and all t G (0, 1) we have 

||te + (l-t)y|| < 1. (5) 

In a strictly convex space every point x G S(x) is an exposed point (see 
remark after Theorem 1, Chapter 2 in [1]). 

We are now ready to address the proof of Theorem 2. We will start 
with the following 

Lemma 5. If X = (K n , || ■ ||) the orthogonal projection onto every one- 
dimensional subspace of X is minimal then X is strictly convex and smooth. 

Proof. If every orthogonal projection is minimal then, in particular, every 
orthogonal projection onto a one-dimensional subspace is minimal hence is 
of norm one. Now, assume that X is not strictly convex. Then there exists 
two distinct vectors u, v G S(X) such that w(t) = tu + (1 — t)v G S(X) 
for all iG [0,1]. Since 

(w(t),u-v) =t\\u-vf 2 + ({u,v)-\\vf 2 ), (6) 

we can choose t G (0, 1) such that 

(w(t),u-v)^0. (7) 

Since 

to(s) = su + (1 - s)v = w(t) + (s - t)(u - v) G S(X), (8) 

we obtain 

w{t) + a(u - v) € S(X) (9) 

for all a in some interval (— e, e). 
We have 

P w(t) ( W (t) + a(u v)) = (^-Mt) + *(« - «)) |j^ (10) 



\\w(t)\\ 2 2 +a{w(t),u-v) 



w 



(t)\\ 



w(t) (11) 



and since w(t), w(t) + a(u — v) G S(X) wc conclude that for all a G (— e, e) 

l|P. (t) H > \\p w(t) ( W (t) +a{ u- V ))\\ = Mml + ^u-v) (12) 
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By (7) we can choose a £ (— e, e) such that a {w(t),u — v) > 0, hence 
||-Pw(t)|| > 1 contradicting the assumptions of the lemma. 

To prove that X is uniformly smooth, we observe that for every or- 
thogonal projection P on X, the adjoint P* is an orthogonal projection 
on X* = (K'MI ■ ||„) and ||P|| = ||P*||. Thus, in particular, the orthogonal 
projection onto every one-dimensional space in X* has norm 1 and X* is 
strictly convex. This implies that X is smooth (see Theorem 2, Chapter 
2 in [1]). □ 

Theorem 6. Let X = (E n , | ■ ||) be a normed space. The following are 
equivalent: 

(i) X is a Hilbert space, i.e., ||-| = ||-|| 2 . 

(ii) For every subspace V C X, the orthogonal projection onto V is 
minimal. 

(in) For every one- dimensional subspace V C X, the orthogonal pro- 
jection onto V is minimal, i.e., has norm one. 

Proof. The implications (i) => (ii) => (Hi) are obvious. We will prove that 
(Hi) implies (i). Observe that if V is a one-dimensional subspace of X 
spanned by a vector u £ S(x) then every projection Q onto V has the form 
Qx = f(x)u for some / € X* with f(u) = 1. Additionally ||Q|| = ||/||. 
If Q has norm one then / G S(X*). Since, by the previous lemma, every 
point u £ S(X) is smooth there exists the unique functional f u £ S(X*) 
such that fu(u) = 1 and thus there exists the unique projection onto V of 
norm one: Qx — f u (x)u. By the previous lemma, u is an exposed point: 

(u + kcrf u )f]S(X) = {u}, (13) 

i.e., u + ker/„ is the unique hyperplane tangent to the sphere S(X). 
Finally, since Q is the orthogonal projection, we have 



and 

/<• = irV ( 15 ) 

The above arguments means that ker f u = u ± :={x€X: {u, x) — 0} 
and hence at every point u on the sphere S(X) the (unique) tangent 
hyperplane at this point is perpendicular to the vector u. This, combined 
with the smoothness of S(X) , gives a convincing geometric argument that 
S(X) must be the Euclidean sphere. In a sequel we present a formal 
proof of this. Since the norm || ■ || : E n — > E is smooth, it is Gateaux 
diffcrentiable at every x 7^ 0 and for every u G S(X) 

lim — + Xy f - — = (y) = ^ y) \ X W (16) 
a^o A 1 11-11 yy > \\ x \\l y ' 

Since the norm is a Gateaux diffcrentiable Lipschitz function on a finite- 
dimensional space, it is Frechet differentiable away from zero (see [5]) 
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and its Gateuax derivative in the directions of unit basis vectors give the 
gradient of 1 1 ■ 1 1, i.e., 



V(IWI)= l«- X - (17) 

On the other hand 

v f imi \ = ||x|| 2 .v(|M|)-|M|.y(|M| 2 ) (lg) 



|*|j2-v(|M|)-|MI-^% 



If 

As a result, using (17) we obtain 

\x 



(19) 
(20) 



X 2 



= 0. (21) 



Hence 

W=C||x|| 2 (22) 
which is what we set out to prove. □ 

Remark 7. It is interesting to note that the part (Hi) in the statement 
of the theorem 6 cannot be replaced by 

(Hi') For every two-dimensional subspace U C X the orthogonal pro- 
jection onto U is minimal; 

or by 

(tii") For every subspace of U C X of codimension 1, the orthogonal 
projection onto U is minimal. 

Indeed, A. Komisarski [4], constructed an example of a three dimen- 
sional Banach space X, not isometric to a Hilbert space, such that all 
minimal projections onto every two-dimensional supspaces are unique, or- 
thogonal and have the same norm A > 1. 



3 Minimizing the norms of projections as 
operators from 1™ to l^. 

In this section we will investigate the projections as operators from 
to /J- For a fixed subspace V, we will minimize the norm of all such 
projections onto V. The goal will be to find the maximal norms of all 
minimal projections. 

Definition 8. For any linear subspace V o/t™ we define 

A P ^ 2 (V,t") = inf{||P|| p ^ 2 : P G P(R", V)}, (23) 

and 

A^ 2 = sup{A p ^ 2 (^M n ) : dim V = N}. (24) 
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Observe that 

Remark 9. Geometrically speaking, the norm of a projection 

P:(RMH|i)->(V,|H| 2 ) (25) 
is the smallest constant C such that 

P(% Nl )cC-(%|| a nV). (26) 

As a result, 

Remark 10. Fix p < 2. For any linear subspace V 7^ 0 of R", the 
orthogonal projection Py : £ p — > (V, || ■ | 2 ) has norm one. Hence 

\ P ^ 2 (V,R") = 1 (27) 

and 

A£+a = 1 (28) 
The main result of this section is the following theorem 
Theorem 11. Fix p > 2 and consider R". For N > 1 we have 



<n2 p. (29) 



Proof. Take q such that i + i = 1. Considering the dual projections we 
can see that 

X P ^ 2 (V,R n ) = inf{||P|| p _> 2 : P G P(R n , V)} (30) 
= inf{||P*|| 2 ^ : P* G P(R n ,V)} = A 2 _n(V,R"). (31) 

Hence 

Ap-aCV.R") < ||iV||2-„ (32) 

where Py is the orthogonal projection onto V. Noting that Pv(B(£™)) — 
B(£p) fl V and using Remark 9 we can observe that 

||JV|| 2 -, = \\Id/v\\2^ q (33) 

and 

\ p ^ 2 (V,R n ) < \\Id/ v \\ 2 ^ q . (34) 

For a fixed N, the union of all subspaces of dimension N gives the whole 
space 1". As a result 

)£+2 = Sup \ p ^ 2 (V,R n )< Sup ||Jd/vH|2-*, = ||/d||2-M|. (35) 
dim V = N dim V = N 

Once can easily compute the last quantity using the classical inequality 
between power means (see [3]). For q < 2 we have 



< " , (36) 
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with "=" if and only if \xi\ = c, for all i. Using the above inequality we 
get 

/ n \ 1 /l 

\\Id(x)\\ q = \\x\\ q =r£\x^j (37) 

/ n \ V2 

<n 1/9 - 1/2 f^|^| 2 J =n5-?||a;|| 2 . (38) 

□ 

We will show now that the estimate in the above theorem is essentially 
the optimal. 

Theorem 12. Fix p > 2 and consider R", where n is an even integer. 
Then 

A^^n'-p. (39) 

Proof. Consider the hyperplane T := {x : Y^i=i x * = 0}- Any projection 
onto T is given by 

n 

P z a: = a:- (^Xi) ■ z, (40) 

i=l 

for some z such that 5Z" =1 z i — 1- Let 

1 ™ 

Q* = s--(Z>i)-(l,->l)- (41) 
1 

4—1 

Using standard averaging argument (see [9] and [12]) we will show that, 
for any z, we have ||Q|| p ->2 < |-Pz|| P ->2- Fix any permutation a G S n , 
we will denote 2 CT = (z CT (i), z CT (n))- One can easily see that ||-P z || p -> 2 = 
||^IIp->2 and 

Hence ||Q||p^ 2 < ||^||p^2 and \ p ^ 2 {T,R n ) = ||Q|| p -» 2 . Assume n = 2fe, 
take a: € S(£ p ) such that 0:2; = — ^yjj and X2»-i = ^tjj, f° r * = 1, 
Then ||Q(x)|| 2 = n^i As a result 

= IIQIIp-2 = A p _> 2 (T,R n ) < A£" 2 < n'-p, (43) 

which completes the proof. □ 

Essentially the above theorem shows that T := kerl = {a; : Y17=i Xi ~ 
0} is the maximal hyperplane for minimal projections considered as a 
operators between £ p and t% spaces. 
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